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Dynamics of defect-induced dark solitons in an exciton-polariton condensate
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We study theoretically the emission of dark solitons induced by a moving defect in a nonresonantly pumped
exciton-polariton condensate. The number of created dark solitons per unit of time is found to be strongly
dependent on the pump power. We relate the observed dynamics of this process to the oscillations of the drag force
experienced by the condensate. We investigate the stability of the polariton quantum fluid and present various types
of dynamics depending on the condensate and moving obstacle parameters. Furthermore, we provide analytical
expressions for dark soliton dynamics using the variational method adapted to the nonequilibrium polariton
system. The determined dynamical equations are found to be in excellent agreement with the results of numerical
simulations.

DOI: 10.1103/PhysRevB.97.155304

I. INTRODUCTION

Exciton polaritons are bosonic quasiparticles formed as
a superposition between a photon mode and a quantum
well exciton, which exist in the strong coupling regime in
semiconductor microcavities [1–3]. The increased interest in
exciton polaritons is caused by their unusual properties, such
as extremely low effective mass and strong exciton-mediated
interparticle interactions [4,5]. The low effective mass allows
for the creation of Bose-Einstein condensates at temperatures
much higher than in the case of ultracold atomic gases [6,7].
In some material configurations, the critical condensation
temperature can be higher than room temperature [6–10].
Exciton polaritons are also characterized by a finite lifetime.
Due to the escape of photons through the mirrors of the
microcavity, condensates need to be continuously pumped by
an external laser pump or electrical contacts to compensate for
the decay of particles. Moreover, polariton condensates can
behave as a superfluid, which was observed in open-dissipative
systems [11,12].

These exceptional properties of polariton quantum fluids
bring the possibility to observe topological and nonlinear
excitations such as solitons and quantized vortices [11,13–15].
Additionally, recent theoretical work predicted the existence
of solitary waves in polariton topological insulators [16,17].
The diversity of nonlinear effects makes polariton condensates
a promising area for the investigation of quantum nonlinear
photonics. In this work, we focus on one of the types of
nonlinear excitations, which is a dark soliton.

Dark soliton is a nonlinear excitation created when the
effect of nonlinearity compensates the dispersion present in
the system. It has the form of a localized density dip on
a continuous wave background [18]. The density dip in the
wave function separates regions with the same amplitude but
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different phases [19–21]. This nonlinear wave is a fundamental
excitation observed in many physical systems [22]. It should
be noted that experimentally there is a high degree of control
over the polariton system. Moreover, nonlinear excitations can
be created optically or by defects already existing within the
sample, as already demonstrated in multiple studies [23].

Nonlinear excitations in polariton quantum fluids have been
studied in many theoretical and experimental works. Histori-
cally, the first experimental observations of dark and bright
solitons were presented, respectively, in Refs. [11,15]. These
works initiated extensive research in this field. Over the last
few years, research on polariton solitons led to the observation
of new phenomena such as generation of gap solitons in
one-dimensional periodically modulated microwires [24] and
oblique half-dark solitons [25,26]. However, generation of dark
solitons in a nonresonantly pumped polariton condensate is still
an experimental challenge. In this work, we have developed a
theoretical description of this problem, which may facilitate
the experimental realization.

Many previously reported experimental results are accu-
rately modeled by the Gross-Pitaevskii equation (GPE). The
use of GPE makes it possible to describe the fundamental
properties of dark and bright solitons in a polariton condensate,
such as their dynamics, stability, and continuous emission [27–
34]. Successful creation of nonlinear excitations and their ma-
nipulation gave rise to a new concept of information processing
based on vortices and soliton dynamics [35–37]. It is important
to note that using dark solitons or quantized vortices for
information processing devices requires a precise description
of nonlinear dynamics, which is the aim of our work.

We describe the dynamics of dark solitons in a quasi-one-
dimensional nonresonantly pumped polariton condensate. In
contrast to previous works [38–43], we take into account the
effects of the hot uncondensed reservoir. We consider a dark
soliton train generated by a defect moving with a constant
velocity, which can be created by an aditional off-resonant
laser beam via the dynamic Stark effect [44]. Both the soliton
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creation process and subsequent dynamics are analyzed in
detail with various physical parameters. We determine the
conditions necessary for soliton creation and link them to the
analytical condition for stability of the polariton condensate.
In addition, we determine the analytical form of soliton
trajectories in the variational approximation, which turns out
to reproduce numerical results very accurately. While the final
formulas are identical to those obtained by the perturbation
method [27], the derivation within the variational approach is
more transparent and easier to implement in the general case.
Finally, we discuss the realation of dark solitons generated by
the defect to exact Bekki-Nozaki hole solutions of the complex
Ginzburg-Landau equation.

The paper is structured as follows. In Sec. II, we present
a detailed description of the system under consideration.
Next, we describe the model based on the open-dissipative
Gross-Pitaevskii equation and present some relevant polariton
condensate properties. In Sec. III, we show examples of dark
soliton generation and their continuous emission based on
numerical simulations. We present drag force oscillations and
show how the number of emitted solitons and oscillation
period depend on the pump field intensity. The influence of the
condensate stability on the dynamics of generated dark solitons
are investigated as well. In Sec. IV, we present theory based
on the adiabatic approximation and variational approximation
for dark solitons [20,21] adapted to our model. We derive
analytical equations for dark soliton trajectory, velocity, and
acceleration, and compare them to numerical simulations. In
Sec. V, we discuss the similarities and differences between
tanh-shaped dark soliton solutions an Bekki-Nozaki holes. In
Sec. VI, we summarize our work.

II. MODEL

A. Moving obstacle in a quasi-one-dimensional
polariton condensate

In the present work, we consider a quasi-one-dimensional
semiconductor microcavity created by modern semiconductor
technology (e.g., molecular beam epitaxy). This method allows
the growth of structured photonic microstructures. Using the
ion etching techniques, one can create structures enabling pho-
ton and exciton confinement in a one-dimensional microwire,
see Fig. 1. As demonstrated in Ref. [44], the dynamic Stark
effect (DSE) with a far detuned laser beam allows for the
creation of a dynamical potential, and in particular, an optically
induced defect. The DSE creates an effective potential for the
polaritons without the excitation of the exciton reservoir. In
our work, we modeled this effect by introducing an effective
optical potential V (x,t) acting only on the polariton wave
function, without additional excitation of the reservoir density.
Perturbation of the polariton field caused by DSE is a possible
method of dark or bright soliton generation [45]. The change
in the spatial position of the laser spot responsible for the
creation of the defect could be performed with a spatial light
modulator (SLM) or a rapidly tilting mirror, which is driven
by a piezoelectric element or an electrically controlled screw.

We model the defect potential with a Gaussian function

V (x,t) = Vme
− (x−vdef t)2

l2 , (1)

FIG. 1. Schematic presentation of the considered system. A
quasi-one-dimensional semiconductor microwire provides an effec-
tive spatial confinement. Polaritons are generated optically using a
nonresonant excitation. The second laser beam, localized and detuned
from the polariton energy, creates a dynamical optical defect moving
with a constant velocity. The optical defect is due to the dynamic Stark
shift.

where Vm is the amplitude of the potential, l is an ef-
fective width of the Gaussian profile, and vdef is the ob-
stacle velocity. The position of the optical defect is con-
trolled by the detuned laser source. In the considered case,
the created potential strains the polariton quantum fluid,
which allows for the observation of interesting behavior
and nonlinear effects such as Cherenkov radiation, super-
fluidity, or continuous soliton generation. A similar con-
figuration has been used in recent works [38–40,46–53]
and a black-hole analog laser configuration [47,54,55]. How-
ever, we consider here the configuration with a stationary
condensate and a moving defect, in contrast to the fixed defect
and a flowing condensate. This configuration is characterized
by a larger region of stability [56]. A conservative quantum
fluid, such as an atomic Bose-Einstein condensate, described
by the nonlinear Schrodinger equation, is characterized by
two different behaviors separated by the Landau criterion. As
shown in [46], effects observed in the system strongly depend
on the critical condition for the flow velocity. Above the critical
velocity, the steady flow solution vanishes by merging with an
unstable solution in the usual saddle-node bifurcation. This
unstable regime is marked by a continuous emission of gray
solitons [46,49,57]. As will be shown below, this behavior
can be also observed in a nonresonantly pumped polariton
condensate, but only in the weak pumping regime, when
P ≈ Pth, where Pth is the condensation threshold.

B. Open-dissipative Gross-Pitaevskii equation

We describe the considered system using the open-
dissipative Gross-Pitaevskii equation (ODGPE) [58]. This
equation governs the time evolution of the complex polariton
order parameter �(x,t) and is coupled to the rate equation
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describing the uncondensed exciton reservoir nR(x,t):

ih̄
∂�

∂t
= − h̄2

2m∗
∂2�

∂x2
+ i

2
(R1DnR − γC)� + U� + V �,

(2)

∂nR

∂t
= P (x,t) − (γR + R1D|�|2)nR, (3)

where m∗ is the effective mass, P (x,t) is the exciton generation
rate given by the pumping laser profile, and R1D is the
stimulated scattering rate. We assume that the stimulated
relaxation of polaritons from reservoir to the condensate is
given by a linear term R1DnR(x,t). In the above, U (x,t) is
the effective potential determined by the blueshift caused by
interactions

U (x,t) = gC |�|2 + gRnR, (4)

where gC and gR are the interaction coefficients describing the
interactions between the condensed polaritons and between
the reservoir particles and the condensate, respectively. The
finite lifetime of polaritons and the reservoir τC , τR are
described by loss rates γC = 1

τC
and γR = 1

τR
. It should be

noted that when polaritons are confined in a one-dimensional
semiconductor quantum wire, the system parameters must
be rescaled as compared to the two-dimensional case. The
nonlinear interactions coefficients and the stimulated scattering
rate are (R1D,g1D

C,R) = (R2D,g2D
C,R)/

√
2πD2, where D stands

for the width of the microwire, see Fig. 1.
It is useful to introduce dimensionless parameters in the

ODGPE system [56]. We introduce dimensionless space,
time, wave function, and material coefficients according to
x = ξ x̃, t = τ t̃, � = (ξβ)−1/2�̃, nR = (ξβ)−1ñR, R1D =
(ξβ/τ )R̃1D, (g1D

C ,g1D
R ) = (h̄ξβ/τ )(g̃Cg̃R), (γC,γR) =

τ−1(γ̃C,γ̃R), P (x) = (1/ξβτ )P̃ (x), where ξ =
√

h̄τ
2m∗ and

τ , β are arbitrary scaling parameters. Equations (2) and (4)
take the form

i
∂�

∂t
=

[
− ∂2

∂x2
+ i

2
(RnR − γC)

+ gC |�|2 + gRnR + V (x,t)

]
�, (5)

∂nR

∂t
= P (x,t) − (γR + R|ψ |2)nR. (6)

In the case of homogeneous continuous wave pumping,
P (x,t) = P = const, the uniform condensate solution is

�(x,t) = �0e
−iμ0t , nR(x,t) = n0

R. (7)

When loss and gain are balanced, the equilibrium densities and
the chemical potential of the condensate are given by μ0 =
g|�0|2 + gRn0

R and n0
R = nth

R = γC

R
. Above the condensation

threshold, when P > Pth, the condensate density takes the
form

|�0|2 = P − Pth

γC

. (8)

The stability of a homogeneous condensate depends on system
parameters. The analytical condition for stability was found to

FIG. 2. Diagram of stability of a homogeneous condensate and
the corresponding dynamics with a moving defect. Solid line rep-
resents the stability criterion (8) for gR = 2gC . Three insets show
different types of evolution in stable and unstable cases. Note that the
horizontal axis in the insets corresponds to the position in a reference
frame moving together with the defect. (a) Stable with no solitons,
(b) weakly unstable with soliton emission, and (c) strongly unstable
with turbulent evolution. Parameters are (a) γC

γR
= 0.25, P

Pth
= 1.25,

(b) γC

γR
= 0.8, P

Pth
= 1.5, (c) γC

γR
= 2, P

Pth
= 1.5, and R = 1, Vm =

0.8, vdef = 0.6, gC = 1,gR = 2gC, l = 1.

be [27]

P

Pth
>

gR

gC

γC

γR

. (9)

When this condition is not fulfilled, the condensate becomes
dynamically (modulationally) unstable. In this case, small fluc-
tuations grow exponentially in time, and dramatically affect
the time evolution of the condensate. The stability diagram is
presented in Fig. 2. The solid line, corresponding to the formula
above, separates the stable and unstable regions in parameter
space.

III. GENERATION OF DARK SOLITONS

A. Analytical form of a dark soliton

It is instructive to recall the properties of dark solitons in
the case of the nonlinear Schrödinger equation (NLSE), which
in the context of Bose-Einstein condensation is also named the
Gross-Pitaevskii equation (GPE),

i
∂ψ

∂t
+ 1

2
∇2

xψ + 
(1 − |ψ |2)ψ = 0, (10)

where 
 is the nonlinearity parameter. The GPE admits
nontrivial dark soliton solutions in the form [18–21,59]

ψs = iA + B tanh (Dξ (x,t)), (11)

where ξ (x,t) = x − x0(t) takes into account the motion of
the soliton center x0(t) = vst and vs is the relative velocity
between the soliton and the stationary background. Parameters
A and B are related by a simple trigonometric relation A2 +
B2 = 1. We can write A = sin(φ) and B = cos(φ) where φ is
the soliton phase angle (φ < π

2 ). The phase jump across the
dark soliton �φ is given by the relation �φ = 2[ tan−1( B

A
) −

π
2 ] = −2 tan−1(A/B). In the case of unperturbed GPE, one has
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dx0(t)
dt

= vs = A and D = B. In the perturbed case considered
below, these relations may not be valid [18,20,21]. In the
limiting case, whenB = 1, Eq. (20) describes a static black
soliton with velocity vs = 0. In this case, the soliton phase
shift is exactly zero, and the phase is given by the Heaviside
function of an amplitude equal to π . Otherwise, when B � 1,
the soliton is moving with a nonzero velocity dependent on the
phase shift. This type of soliton is called a grey soliton. A dark
soliton effectively behaves like a classical particle, obeying the
equation of motion and can be described within the classical
mechanics theory [18–20].

The Gross-Pitaevskii equation is a Galilean invariant, which
means that the motion of a soliton is the same in an inertial
frame, when the condensate is set into motion with a back-
ground velocity vb. The soliton velocity can be then expressed
as v′

s = vs + vb, where v′
s is the soliton velocity with respect

to the moving condensate. When such a condensate flow is
considered, Eq. (20) takes the form

ψs = ψ0e
ivbx−iμt [iA + B tanh(Dξ (x,t))]. (12)

Taking into account the relation between the soliton velocity
and amplitude, we can write the full solution

ψs = ψ0e
ivbx−iμt

[
ivs +

√
1 − v2

s tanh
(√

1 − v2
s (x − x0t)

)]
.

(13)

Note that in an exciton-polariton condensate, dark solitons
are subject to dissipation. Dissipation leads to the gradual
decrease of the soliton amplitude related to the B parameter,
which consequently leads to soliton acceleration [27]. This
behavior will be evident in the solutions of the full problem
(2)–(4) considered below.

B. Generation of solitons by a moving obstacle

For the modeling of the system we used a numerical scheme
based on the fourth-order Runge-Kutta spectral method with
periodic boundary conditions. We present numerical solutions
of the full system of time evolution equations (2)–(4) in Fig. 2,
which shows the diagram of stability of the homogeneous
condensate. The three insets show the typical dynamics in
the presence of a moving defect. Note that the horizontal
axis corresponds to the position in a reference frame moving
together with the defect, and its position is fixed at x −
vdef t = 0. Three different regimes can be clearly distinguished
depending on the pumping power and the decay parameters.
At high power and in the regime of a stable background, the
density is practically undisturbed except for the local density
dip due to the defect potential, as in Fig. 2(a). The condensate
behaves as a superfluid. At lower pump powers, closer to the
threshold, a nearly periodic train of dark solitons is created,
which propagate away from the defect, see Fig. 2(b). This is
accompanied by the oscillations of the condensate density in
the vicinity of the defect. Finally, in the regime of unstable
condensate background, shown in Fig. 2(c), the oscillatory
dynamics is destroyed by the dynamical instability at later
times of the time evolution.

We would like to emphasize that due to the lack of Galilean
invariance of the system, Eqs. (2)–(4), the setup with a moving
obstacle and stationary condensate considered here is not

equivalent to the case of a condensate flowing past a stationary
defect [60]. In contrast to the pure GPE case, Eq. (10), the
solutions of a condensate moving with velocity vb do not
have corresponding solutions in a stationary condensate due
to the presence of an immobile reservoir. Indeed, it was
demonstrated [56] that the stability region in parameter space
shrinks considerably in the presence of condensate flow.

The results of Fig. 2 suggest that the optimal region in
parameter space for the investigation of soliton dynamics is
the stable region at low pumping power (b). This is exactly
the region that becomes unstable in a moving condensate with
a stationary reservoir. We refer the reader to [56] for more
details on the stability of the flowing condensate. Thus the
configuration with a moving optical defect and a stationary
condensate is much more favorable for the generation of dark
solitons in a nonresonantly pumped condensate than the one
with condensate flowing past a defect.

The process of soliton creation by the potential de-
fect has been analyzed and described in several works
[46,49,52,53,57]. As was predicted in the case of one-
dimensional defocusing nonlinear Schrodinger equation (con-
servative case) in the case of a flow past a potential obstacle,
two types of solutions exist, a stable and an unstable one
[46,49,57]. The two types of condensate flow coalesce through
a saddle-node bifurcation, which can be found analytically us-
ing the hydrodynamic approximation [46]. The stable steady-
state solution was obtained in the system up to the characteristic
critical velocity, which depends on the potential V (x,t) [46].
In this case, the stable solution was localized at the obstacle
position. Above the critical velocity, the two types of solutions
merge. In this case, no steady solution exists in the system
and dark solitons are repeatedly emitted. It should be noted
that after emission of a soliton the system tries to relax to
the stable solution emitting gray solitons and returning to the
quasisteady solution. This unstable solution is an example
of transitional state. The quasisteady solutions are perturbed
by the current density flowing across the obstacle. When the
barrier is exceeded, a soliton is emitted. Next, the system is in
the quasistationary state and the process repeats again. Figure 3
present schematically the process of soliton generation which
occurs along these lines. While our system is driven dissipative
and does not allow for the analytical solutions, the main
phases of the soliton generation process are the same as in
the conservative case.

In Fig. 4, we analyze the dynamics of soliton creation in
the cases when some of the parameters of the system are
varied. The case shown in panel (c) is our reference solution,
which shows the generation of a soliton train. The transient
dynamics at early times are due to the gradual buildup of
condensate phase and density pattern after switching on the
moving condensate potential at t = 0. Several first solitons
are generated with a velocity such that their trajectories bend
back towards the defect (see Sec. IV B for more details on the
soliton trajectory). The backward bending is due to the gradual
appearance of the defect-induced global density current, which
gives rise to the background condensate velocity as in Eq. (13).
The backward bending indicates that the initial soliton velocity
is in fact negative (points towards the defect) in the reference
frame moving together with the condensate background, see
Sec. IV B. At later times, solitons are created periodically
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FIG. 3. The process of dark soliton generation. At t = 24 ps,
the condensate is in a quasistable regime, with a density dip at the
center of the defect (dashed black line). Next, due to the movement
of the defect, the density dip is released from the pinning potential
and becomes a dark soliton. At t = 60 ps, a dark soliton is emitted
away completely and the unstable solution decays into the quasistable
again. The sequence is repeated multiple times.

with an initial relative velocity that is positive, while their
trajectories are pointing outwards. We find that this transient
behavior is strongly dependent on the system parameters, in
particular on the depth of the defect potential. In panel (b),
the defect depth was increased, which led to a more regular
evolution with a shorter transient time. This can be understood
as the effect of an increased stiffness of the wave function
near the deep defect, thanks to which the condensate regular
dynamics is established more quickly.

In panels (a) and (e), we demonstrate the effect of the
variation of pumping power. In panel (a), stronger pumping
than in panel (c) leads to the decrease of the distance in time
between the subsequent solitons, but also shortens the soliton
lifetime. Note that the lifetime is limited due to the dissipative
nature of polaritons [27]. Since by increasing the pumping
power one is moving towards the “more stable” region in the
phase diagram (see Fig. 2), the shortening of soliton lifetime
can be understood as the effect of increased stability of a homo-
geneous, soliton-free solution. This observation is confirmed
by the analytical prediction for soliton trajectory, Eq. (32).
The increase of soliton emission rate is, on the other hand,
related to the increase of polariton density and consequently,
the shortening of the nonlinear timescale. In the low-density
case (e), no solitons are created due to the lack of sufficiently
strong nonlinearity. Only some linear waves are seen in this
panel, which undergo diffraction without well defined density
dips characteristic for solitons. The absence of solitons in
this case is natural as the nonlinearity is insufficiently strong.
Finally, in panel (d), we show the dynamics in the case of a
slower defect velocity, which results in a longer time interval
between soliton creation events. The reduced emission rate is

FIG. 4. (a)–(e) Examples of typical evolution of polariton den-
sity. In (c), the parameters in dimensionless units are γR =
6.66, γC = 0.15γR , P = 1.15Pth, R = 1, Vm = 0.8, vdef = 0.6 (=
0.42cs), gC = 1,gR = 2gC, and l = 1. The other graphs differ with
respect to (c) in a single parameter, (a) P = 1.25Pth, (b) Vm = 1.3, (d)
vdef = 0.43cs , (e) P = 1.01Pth, (f) l = 0.7. (f) Map of the polariton
density current.

due to the clearly visible slower buildup of the polariton density
dip, which is the precursor of soliton emission.

C. Breakdown of superfluidity and drag force oscillations

In order to investigate quantitatively the breakdown of
superfluidity and emission of dark solitons, we determine the
drag force Fd exerted on the moving obstacle [38,61]:

Fd =
∫ ∞

−∞
|ψ(x,t)|2 ∂

∂x
V (x,t)dx. (14)

The Landau criterion for superfluidity is broken when the local
velocity of particle current exceeds the value of the critical
velocity. The flow in the vicinity of the obstacle becomes
dissipative, leading to the increase of the drag force and the
appearance of excitations induced by the defect.

We observe analogous behavior in the nonequilibrium sys-
tem of exciton-polariton condensate. Drag force oscillations
and the corresponding soliton emission are presented in Fig. 5.
The drag force increases gradually in each period of oscil-
lations and is sharply peaked at the instants that correspond
exactly to the appearance of a new soliton. The calculated time
evolution of drag force can therefore be used to determine
the time instants when dark solitons are created for various
condensate parameters.

Based on analysis of the drag force dynamics, we
can extract the characteristics of soliton train formation.
Figure 6 presents the dark soliton emission time as a function
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FIG. 5. Emission of dark solitons and the corresponding drag
force oscillations (inset, Fd is given in dimensionless units). Maxi-
mum drag occurs at the time when solitons are generated by the defect.
Parameters are R = 1,

γC

γR
= 0.15, P

Pth
= 1.15, Vm = 0.8, vdef =

0.6 = 0.43cs, gC = 1, gR = 2gC, and l = 0.7. Corresponding pa-
rameters in physical units are τC = 3 ps, τR = 0.45 ps, g1D

R =
17.39 × 10−3 μeV μm2, g1D

C = 8.69 × 10−3 μeV μm2, R1D =
13.21 × 10−3 μm2 ps−1, γR = 2.22 ps−1, γC = 0.33 ps−1, and Pth =
281 μm−2 ps−1.

of pump intensity. The time interval between subsequent
solitons tends to a constant value, different at each power,
which shows that the system dynamics becomes eventually
periodic after an initial transient time. This is related to the
stabilization of density currents created in the condensate:
j (x,t) = i

2 (�∗ ∂�
∂x

− ∂�∗
∂x

�) presented on panel (f) in Fig. 4.
Moreover, close to the condensation threshold, the dark soliton
emission period is shorter than in the case of more intensive
excitation, e.g., at P = 1.26Pth. At very high pumping, soliton
emission disappears completely and the condensate becomes
stable. Note that in the presented simulations the defect
velocity vdef = 0.6 is the same at each power, while the sound
velocity increases with pump intensity. As a result, the defect
velocity relative to sound velocity changes from vdef = 0.32cs

to 0.73cs , where cs is the sound velocity away from the defect.
However, the local sound velocity in the vicinity of the defect
is strongly reduced due to the dip in the condensate density,
which leads to the breakdown of superfluidity even at vdef < cs .

FIG. 6. The period between generation of subsequent solitons
T after its stabilization as a function of pump power. Simulation
parameters are the same as in Fig. 5.

IV. ANALYTICAL PREDICTION
OF SOLITON TRAJECTORIES

A. Adiabatic approximation in the weak pumping limit

In the following, we will consider the adiabatic approx-
imation, which assumes that the reservoir density quickly
adjusts to its steady-state value, ∂nR

∂t
= 0. This assumption

is justified under certain conditions [62], in particular when
the ratio of condensate to reservoir lifetimes is large, i.e.,
γR/γC 	 1. The reservoir density adiabatically follows the
change of macroscopic polariton wave function. In this case,
the reservoir density takes the form

nR(x,t) = P

γR + R|�(x,t)|2 . (15)

The limit of the validity of adiabatic approximation is esti-
mated by three conditions [62]: k2 � 2m∗/(h̄τR), gC < R, and
P/Pth 	 gR

R

γC

γR
. Under this assumption, the reservoir density

nR is able to quickly adjust to the condensate density |�(x,t)|2.
To determine the temporal evolution of dark solitons, we

consider the limit of pumping power slightly above thresh-
old, P � Pth, in which generation of solitons is observed in
simulations, see Fig. 4. Following [27], we introduce small
perturbations in the form of the slowly varying condensate
wave function envelope ψ(x,t), close to unity, which corre-
sponds to a homogeneous steady state, and the reservoir density
perturbation mR(x,t):

�(x,t) = �0ψ(x,t)e−iμ0t , (16)

nR = n0
R + mR(x,t). (17)

We expand formula (15) in Taylor series up to second order in
|�(x,t)|2 and use the formula (17)

n0
R + mR(x,t) = P

γR

+ PR

γ 2
R

|�(x,t)|2, (18)

After some algebra, the above equation allows us to obtain an
analytical formula for the reservoir perturbation mR(x,t):

mR(x,t) = γC

γR

�2
0

(
1 − P

Pth
|ψ(x,t)|2

)
. (19)

Substituting Eq. (16) and (19) into (6), we obtained the
dynamical equation for wave function perturbation:

i
∂ψ

∂t
= −1

2

∂2ψ

∂x2
+ i

2
RmRψ

+
[
gC�0 + gRn0

R

(
1 − P

Pth

)](
1 − |ψ |2

)
ψ, (20)

where the second term represents the effective nonlinearity
in the system. This equation describes the time evolution of
a small perturbation of the condensate. As we consider the
regime of a weak pumping, P � Pth, Eqs. (19) and (20) are
simplified to

mR(x,t) = γC

γR

�2
0 (1 − |ψ(x,t)|2), (21)

i
∂ψ

∂t
+ 1

2

∂2ψ

∂x2
− gc�

2
0 (|ψ |2 − 1)ψ − i

2
RmRψ = 0. (22)
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The above set of equations is equivalent to the well-known
complex Ginzburg-Landau equation (CGLE) [63].

B. Variational approximation

In this section, we will analyze the dynamics of small
perturbations, Eqs. (21) and (22), within the Lagrangian
formalism to describe dark soliton evolution. In contrast to
the systematic perturbation method considered in Ref. [27],
the variational approximation used here provides a transparent
and straightforward, easy to generalize method for derivation
of nonlinear wave dynamics, at the expense of somewhat less
precisely defined assumptions. It is instructive to compare the
two methods, which, as we will show below, give identical
analytical formulas for dark soliton trajectories.

For clarity, we begin our presentation with recalling the
approach presented in Ref. [20] in the context of the pure
nonlinear Schrödinger equation, Eq. (10). This equation can
be obtained from the Lagrangian density

L = i

2

(
ψ∗ ∂ψ

∂t
− ψ

∂ψ∗

∂t
ψ

)(
1 − 1

|ψ |2
)

− 1

2

∣∣∣∣∂ψ

∂x

∣∣∣∣2

− 1

2

(|ψ |2 − 1)2 (23)

and the Euler-Lagrange equations

∂L
∂u

−
∑

v

∂

∂v

(
∂L
∂uv

)
= 0, (24)

where v = {x,t} and u = {ψ,ψ∗}. The Lagrangian of the
system is the integral of the Lagrangian density over space,L =∫ ∞
−∞ Ldx. Assuming the dark soliton ansatz in the form ψ =

ψs = B tanh (D(x − x0)) + iA we obtain the “variational”
Lagrangian

L = 2
x0

dt

[
−AB + tan−1

(
B

A

)]
− 2

3

(
B2D + 


B4

D

)
. (25)

We now write down the Euler-Lagrange equations as

∂L

∂αj

− d

dt

(
∂L

∂α
′
j

)
= 0, (26)

where αj = x0,A,B,D are the soliton parameters (which in
general are functions of time) and αj

′ = d
dt

αj . Substituting
(25) to the Euler-Lagrange equation (26), we can derive
evolution equations for the soliton parameters [18–21,30].

We note that a similar approach based on Lagrangian
formalism was successfully used to determine the parameters
of stationary soliton solutions in spinor polariton condensates
[30]. In our work we used this formalism and perturbative
theory to describe dark soliton dynamics.

Let us now return to Eq. (22). The basic difference be-
tween Eqs. (22) and (10) is the dissipative imaginary term
i
2RmR(x,t)ψ(x,t) related to the small reservoir perturbation.
We can think of Eq. (21) as a generalized nonlinear Schrodinger
equation with an added term R(mR,ψ) which is a functional
of mR(x,t) and ψ(x,t),

i
∂ψ

∂t
+ −1

2

∂2ψ

∂x2
− 
(|ψ |2 − 1)ψ = R(mR,ψ), (27)

FIG. 7. Soliton trajectories in the laboratory reference frame vs
analytical predictions. Dashed lines show analytical fits to soliton tra-
jectories. The first soliton s1 is created in the strongly nonequilibrium
transient conditions, which results in a direction of its movement that
is opposite to the subsequent ones. The calculated trajectories take
into account the nonzero particle current occurring in the vicinity of
the defect, see Fig. 2(f) and Eq. (13).

where R(mR,ψ) = i
2R

γC

γR
�2

0 (1 − |ψ(x,t)|2)), and 
 = gc�0

in the weak pumping regime. In this case, the evolution of
soliton parameters can be obtained from the generalized Euler-
Lagrange equations [20,21]

∂L

∂αj

− d

dt

(
∂L

∂α
′
j

)
= 2


(∫ ∞

−∞
R∗(ψs)

∂ψs

∂αj

dx

)
, (28)

where 
 is the real part of the expression. For instance, if
we choose the parameter as αj = x0 we obtain the following
result:

A(t)
′ = 4

3

γC

γR

R|�0|2A(t)B(t). (29)

The above equation describes the dynamics of the soliton
phase. Using the above equation and the relations between
soliton parameters, we obtain equations for the soliton accel-
eration, velocity, and trajectory:

as(t) = dvs

dt
= 1

2τs

vs

(
1 − v2

s

)
, (30)

vs(t) =
∫

as(t)dt = ±
√√√√ v2

s0e
t
τs

1 − v2
s0 + v2

s0e
t
τs

, (31)

ss(t) =
∫

vs(t)dt

= 2τs tanh−1

(
1

vs0

√
−e− t

τs v2
s0 + v2

s0 + e− t
τs

)
, (32)

where τs = 3
2

γC

γRR|�0|2 is the dark soliton lifetime [27]. These
formulas are identical to these obtained from the perturbation
theory presented in Ref. [27].

In Fig. 7, we present a comparison between the soliton
trajectories calculated analytically using the formula (32) and
numerically from Eqs. (5) and (6). Note that contrary to Figs. 2
and 4, here the x axis corresponds to the spatial variable in the
laboratory reference frame. The analytical dependence was
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amended by the addition of the background velocity of the
condensate flow, vb, which is kept constant for each trajectory,
and corresponds to the background density current visible in
Fig. 4(f). The agreement between analytical and numerical
trajectories is very good. The solitons experience gradual
acceleration, which leads to their disappearance after a certain
time of evolution, a phenomenon known in the studies of dark
solitons in the complex Ginzburg-Landau equations [63,64].
We note that the first soliton emitted at the initial transient has a
velocity that is opposite to the subsequent ones (with respect to
the background condensate velocity), which leads to opposite
trajectory bending, as predicted by the analytical model.

V. TANH ANSATZ AND BEKKI-NOZAKI HOLES

In this paper, as well as in the previous work [27], it was
shown that solitons of an approximate tanh shape decay in a
nonequilibrium condensate due to the acceleration instability.
However, the consistency of the tanh ansatz itself may be
questioned, as it assumes that the acceleration leads to the
change of the phase of the condensate arbitrarily far from
the soliton, through the change of parameters A and B. This
implies infinitely long-range interaction, which is inconsistent
with basic physical principles.

This apparent paradox becomes even more significant in the
view of the existence of the well-known Bekki-Nozaki hole
solutions of the complex Ginzburg-Landau equation (CGLE)
[64]. These solutions have a very similar analytic form to
dark solitons. However, the crucial difference is that they
possess infinite tails, which are characterized by a constant
density and a constant phase gradient, which corresponds
to the outgoing flow of particle density. These solutions are
stable in a pure CGLE, while may become unstable due to
accelerating instability in a CGLE perturbed by higher order
terms [65]. In contrast, the tanh-shaped solutions considered
here are unstable even in the pure CGLE.

The tanh ansatz may be considered as a Bekki-Nozaki hole
with wrong tails. The dip in the density at the soliton center is
a source of particle density, which must propagate outwards.
The absence of flow in the tails of the tanh wave form leads to
the accumulation of density around the soliton, especially in
front of it (in the direction it moves), which creates an effective
potential hill. The dark soliton, being a particle with a negative
effective mass, climbs up this hill, which leads to acceleration.

At a first sight, Bekki-Nozaki holes are exact and stable
solutions, while tanh shaped wave forms are not stable nor
exact, and they suffer from the infinite-long range interaction
problem, which should rule out their physical relevance. Yet,
it is striking that it is the tanh ansatz, which describes correctly
the numerically observed acceleration, and not the Bekki-
Nozaki stable behavior. It appears that in simulations these im-
perfect dark solitons are preferably created by the defect, while
Bekki-Nozaki holes are very difficult to find in this system.

The explanation of this paradox lies in the difficulty of
spontaneous appearance of a wave form with “infinite” (or
long enough) tails in which a phase is prepared according
to the Bekki-Nozaki prescription. It is much more likely that
a wave form similar to the tanh ansatz will appear, with a
flat phase in the (finite) tails. On the other hand, the issue of
long-range interactions may be unimportant in practice, as the
phase at long ranges may be unfolded by a slow rotation of
the phase, with almost no energy cost due to the existence of
low-energy Goldstone modes of phase twists [58].

VI. CONCLUSION

In conclusion, we investigated theoretically the creation
of dark soliton trains in a nonresonantly pumped exciton-
polariton condensate by a moving off-resonant laser beam.
We found that the frequency of soliton emission depends
on the parameters of the system, such as pumping power,
which optimally should be chosen close to the condensation
threshold. To the contrary, it is not possible to observe stable
solitons in this regime with a setup where condensate is flowing
past a stationary defect, as the condensate itself becomes
unstable in this configuration. The emission of solitons was
related to the oscillations of the drag force. We also derived
analytical formulas for the soliton trajectories using a vari-
ational approximation, obtaining very good agreement with
simulations and previous results of perturbation theory. It
should be noted that our theory could be used in the study of
topological Wigner crystal of solitons in a spinor Bose-Einstein
condensate [66,67].
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