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Non-Hermitian topological end-mode lasing in polariton systems
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We predict the existence of non-Hermitian topologically protected end states in a one-dimensional exciton-
polariton condensate lattice, where topological transitions are driven by the laser pump pattern. We show that
the number of end states can be described by a Chern number and a topological invariant based on the Wilson
loop. We find that such transitions arise due to enforced exceptional points which can be predicted directly from
the bulk Bloch wave functions. This allows us to establish a new type of bulk-boundary correspondence for
non-Hermitian systems and to compute the phase diagram of an open chain analytically. Finally, we demonstrate
topological lasing of a single end mode in a realistic model of a microcavity lattice.
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Systematic analysis of symmetries and topological invari-
ants has revealed a rich variety of topological materials which
possess robust boundary states stemming from the topology
of the bulk bands [1,2]. The next endeavor is to extend
these concepts to non-Hermitian (NH) systems [3–15]. While
many interesting properties not present in their Hermitian
counterparts were predicted to exist [16–23], NH topological
states have been realized experimentally in only a handful
of systems [24–33]. The vast majority of the theoretical
proposals require violation of reciprocity, which is difficult
to implement experimentally in both condensed matter and
optical systems. Recently it was demonstrated that topo-
logically protected end modes can arise in lattice systems
where non-Hermiticity can be expressed as complex-valued
diagonal on-site terms [34–36]. A possible realization consists
of a lattice of coupled optical waveguides [30,31] where the
nontrivial topology originates from the periodic modulation of
the gain-loss balance.

In this Rapid Communication we study NH physics in a
light-matter hybrid quantum quasiparticle system [37] and
demonstrate the feasibility of NH topological end states and
end-mode lasing. The nontrivial topology is achieved through
spatial modulation of the external incoherent pump inten-
sity in a one-dimensional lattice of homogeneously coupled
microcavity exciton-polaritons. These are natural candidate
systems for realizing topological phases [38,39], but in exist-
ing proposals [40–53] and realizations [28,54–57] topological
order arises from the band topology in a Hermitian Hamil-
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tonian, so it is not related to the open dissipative NH nature
of the system. We show that the presence of an excitonic
component opens up the possibility of realizing a polariton
system with competing Hermitian and non-Hermitian effects,
so that unique topological phases possessing various numbers
of topological end states can be observed. In particular limits
of the model the number of end states is described by the
Chern number [23] and a topological invariant based on the
eigenvalues of the Wilson loop [58], but by continuity the end
states exist beyond these special cases. We find that the end
modes can disappear or appear at transitions where the energy
gap between the bulk bands and the end states closes without
closing of the bulk energy gap. Such transitions can occur in
open NH systems due to high-order exceptional points [21]
leading to the NH skin effect [17–19,22,59]. However, we
find that the skin effect is not present in our model because
the Hamiltonian satisfies a specific type of NH time-reversal
symmetry [15]. We discover that the transitions occurring in
an infinite open chain arise because specific bulk Bloch wave
functions are incompatible with the boundary conditions,
leading to enforced exceptional points in the spectrum. In
this way we establish a new type of bulk-boundary corre-
spondence for NH Hamiltonians, because the changes in the
number of end states can be directly predicted from the bulk
Bloch wave functions. This powerful new tool allows us to
compute the topological phase diagram of an infinite open
system analytically.

Moreover, we demonstrate the possibility of lasing of end
modes for realistic physical parameters corresponding to a
lattice of polariton micropillars. By appropriate choice of the
pumping intensity pattern, we achieve a situation where only
the selected end state is amplified, which results in topological
single-mode lasing.

We consider a one-dimensional lattice of coupled micropil-
lars as depicted in Fig. 1(a). Each micropillar contains a
quantum well and is assumed to host a tightly bound exciton-
polariton mode [60]. We start with a system of discrete
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FIG. 1. (a) Non-Hermitian four-site unit-cell lattice of micro-
cavity pillars with embedded quantum wells. (b) Topological phase
diagram of the symmetric system g1 = |g2| obtained by counting
the end states as a function of the pumping modulation amplitudes
g1,2 and non-Hermiticity parameter θ . The length of the chain in the
numerical calculation is L = 4 × 100. (c) Topological phase diagram
for an infinite open chain with g1 = |g2| obtained by combining the
information from the Chern number C, Wilson loop invariant, and
enforced exceptional points. The phases with ML (MR) localized
modes in the left (right) end of the chain are denoted [ML + MR].
In the special cases where the bulk bands and the end states can be
ordered based on the real part of the energies we use the notation
(m1, m2, m3), where mi is the number of end states in the ith energy
gap. (d, e) Numerically and analytically computed phase diagrams as
a function of g1 and g2 for θ = π/3. The small disagreement between
the phase diagrams arises due to the finite-size effects. All energies
are in units of κ .

mean-field Gross-Pitaevskii equations [61,62],

ih̄ψ̇n = −κ
∑
〈nn〉

ψm +
[

gc|ψn|2 + gRnR
n + ih̄

RnR
n − γc

2

]
ψn,

ṅR
n = Pn − (γR + R|ψn|2)nR

n , (1)

where ψn(t ) is the condensate amplitude in the nth lattice
cell, the 〈nn〉 sum runs over nearest neighbors, nR

n (t ) is the
density of the exciton reservoir in the nth cell, Pn is the
external nonresonant pumping rate, γc and γR are the decay

rates of the condensate and the reservoir, respectively, gc and
gR are the corresponding interaction constants, and R is the
rate of scattering from the reservoir to the condensate. We
assume that the polariton interactions within the condensate
represented by the term gc|ψn|2 are negligible in comparison
with the reservoir-condensate interaction gRnR

n , which is a
good approximation in most experiments where nonresonant
pumping is used.

While the coupling coefficients κ are assumed to be the
same for each pair of neighboring micropillars, the external
pumping Pn is modulated spatially with the four-site periodic-
ity. Therefore, the pumping gives rise to a complex on-site po-
tential [Fig. 1(a)]. Within the adiabatic approximation [63,64],
this leads to an effective NH tight-binding Hamiltonian:

Ĥk (g1, g2) =

⎛
⎜⎜⎜⎝

g1eiθ κ 0 κe−ik

κ −g2eiθ κ 0

0 κ −g1eiθ κ

κeik 0 κ g2eiθ

⎞
⎟⎟⎟⎠. (2)

Here k is the Bloch wave number in units of inverse intercell
distance, and ε1,2 = g1,2eiθ are the complex on-site potentials,
which are given by εn = (nR

n − γc/R)(gR + ih̄R/2). The real
part of ε1,2 stands for the interaction-induced on-site potential,
whereas the imaginary part corresponds to the balance be-
tween gain and loss. In the linear approximation of negligibly
small |ψn|2, which we assume in most of this work, the
reservoir occupation nR

n in the above equation is defined by
the local pumping rate and takes the form nR

n = nR
n0 = Pn/γR,

and we have chosen the pump rates Pn so that the on-site
potentials at every second lattice site are related to each other.
The real amplitudes gn can be positive or negative depending
on the local pumping intensity [63]. For realistic repulsive
interactions between polaritons one has 0 < θ < π/2. When
complex on-site potentials are absent (ε1,2 = 0), the lattice is
trivial since all the coupling coefficients κ are equal. In typical
polariton micropillar lattices κ ∼ 0.1 meV.

We solved Hamiltonian (2) numerically with open bound-
ary conditions and calculated the number of end states as a
function of various parameters of the model [63]. The results
are shown in Figs. 1 and 2. We denote the phases with
[ML + MR], where ML (MR) is the number of modes localized
in the left (right) end. In the special cases where we can order
the bulk bands and the end states based on the real part of the
energies we also use the notation (m1, m2, m3), where mi is the
number of end states in the energy gap between the ith and the
i + 1th bands.

In the extreme NH limit θ = π/2 the system obeys NH
chiral symmetry SĤk (g1, g2)S = −Ĥ†

k (g1, g2) with S = 1 ⊗
σz. In this case the number of end states with zero real part of
the energy is described by the Chern number C [23,63]. For
g2 > 0 and g1 = |g2| we obtain C = −1, which means that
there should be one state with zero real part of the energy
at each end of the chain in agreement with our numerical
calculations [Figs. 1(c) and 2(a)]. Thus, this limiting case
of the model belongs to the [1 + 1] phase, with the number
of end states in each energy gap given by (0,2,0). In this
limit the system exhibits topological states solely due to the
non-Hermiticity [34].
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FIG. 2. Complex energy spectra of an open chain with L = 1000
for the topological phases shown in Figs. 1(c) and 1(e). Red (green)
dots denote end states at the left (right) end of the chain. The
parameters are (a) g1 = g2 = 0.5, θ = π/2; (b) g1 = g2 = 0.5, θ =
0; (c) −g1 = g2 = −0.5, θ = 0; (d) −g1 = g2 = −0.5, θ = π/3;
(e) g1 = g2 = 0.5, θ = π/3; (f) g1 = 0.7, g2 = 1.0, θ = π/3. All
energies are in units of κ .

If θ = 0, g1 = |g2|, and g2 > 0, the system is Hermitian
and obeys an inversion symmetry IĤk (g, g)I−1 = Ĥ−k (g, g),
where I = σx ⊗ σx. Therefore, a topological invariant can be
defined based on a Wilson loop invariant or quantized Zak
phases [58,63]. We find that both approaches yield identical
predictions [63]. Namely, we find that the first two energy
gaps are trivial, whereas the third energy gap is nontrivial
[Fig. 2(b)]. Thus, the number of end states in each energy gap
is given by (0,0,2) [Fig. 1(c)].

If θ = 0, g1 = |g2|, and g2 < 0, the bulk Hamiltonian
obeys inversion symmetry but the unit cell is not compatible
with the inversion symmetry. This obscures the bulk-boundary
correspondence but nonrigorous reasoning based on Wilson
loop invariants indicates that the model belongs to the [2 + 2]
phase with the number of end states (1,2,1) [63], in agreement
with numerical calculations [Fig. 2(c)].

Although in a realistic description of exciton-polaritons
one has 0 < θ < π/2, the limits considered above are useful
because end states can disappear or appear only when their
energy approaches that of bulk bands. Therefore, we obtain
the overall phase diagram shown in Figs. 1(b) and 1(c). There
is an energy gap closing between bands if g1 = g2 = 0, so this
phase transition is also easy to understand.

We find that if π/4 < θ < π/2, there exist additional
transitions where the end modes disappear or appear without
closing of the bulk gap [Figs. 1(b) and 1(c)]. Such transitions
are known to occur due to the NH skin effect [17–19,22], but
the skin effect is absent in our model because of NH time-
reversal symmetry, Ĥ∗

−k (g1, g2) = Ĥ†
k (g1, g2) [15]. Instead,

we note that the eigenstates of the continuum bands in an

infinite open chain can be constructed from standing waves of
bulk Bloch wave functions. This construction follows the one
suggested in Ref. [22], but we discover that if the first or last
component of a bulk Bloch wave function vanishes, it is im-
possible to satisfy the boundary conditions. Therefore, states
should disappear from continuum bands at parameter values
where such incompatibility occurs. A connection between
boundary conditions and exceptional points was also pointed
out in Ref. [65] but the relation to the bulk wave functions
(i.e., bulk-boundary correspondence) was not discovered in
this earlier work. This can happen in NH systems with the help
of exceptional points which transform into new end states.
In the following we demonstrate that with the help of this
reasoning we can compute the topological phase diagram of
an infinite open system analytically.

To find the enforced exceptional points in an infinite open
chain we need to calculate when the product Qk of the first
and the last components of all eigenvectors vanishes. In the
case g1 = |g2| we find by a straightforward calculation that

Qk ∝ fk f−k, fk = 4g2
2ei(k+2θ ) + κ2(1 + eik − e2ik − e3ik ).

Therefore, Qk vanishes along the contour

g2 = κ
sin k√
2
∣∣sin k

2

∣∣ , θ = π + |k|
4

, k ∈ [−π, π ). (3)

The vanishing Qk leads to the appearance of two exceptional
points because of inversion (chiral-inversion) symmetry if
g2 > 0 (g2 < 0). Therefore, the number of end states changes
by 2 at these transition lines. By computing the end-state
spectrum for g2 > 0 (g2 < 0) we indeed find that the [1 + 1]
([2 + 2]) phase transforms into the [2 + 2] ([1 + 1]) phase
when g2 and θ are tuned across the transition line defined
by Eq. (3) [Figs. 1(b) and 1(c) and Figs. 2(d) and 2(e)]. In
addition to the prediction of the phase boundaries, we can
predict the momentum and the band where the exceptional
point leads to the appearance or disappearance of end states.
We checked that numerical calculations are in agreement with
these analytical considerations (see [63]).

Similarly we can find the zeros of Qk in the g1-g2 plane for
fixed θ . The explicit expression for Qk is more complicated
but we arrive at the simple result that Qk vanishes along the
four elliptic contours

g1 = ±κ cos
k

2
, g2 = ±κ tan θ sin

k

2
, k ∈ [−π, π )

and

g1 = ±κ tan θ sin
k

2
, g2 = ∓κ cos

k

2
, k ∈ [−π, π ).

In the general case g1 
= |g2| the vanishing of Qk leads to
a single exceptional point so that the number of end states
changes by 1 at these transition lines. Thus, we obtain the
exotic phases [1 + 2] and [2 + 1], with different numbers of
topological states at the two ends of the chain. Our numerical
calculations are in agreement with these analytic considera-
tions [Figs. 1(d)–1(f)]. Thus, our results demonstrate that the
transitions occurring in an infinite open chain can be predicted
from the Bloch wave functions, establishing a new type of
bulk-boundary correspondence for non-Hermitian systems.
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FIG. 3. The emergence of end-mode lasing in the nonlinear
model, (4). The color scale shows the evolution of the field den-
sity in each cavity for the physical parameters: (a) g1 = 0.2 meV,
g2 = 0.1 meV, and h̄γ = 0.135 meV; and (b) g1 = 0.14 meV, g2 =
0.14 meV, h̄γ = 0.12 meV. In the rightmost pillar we apply an
extra pump so that there the value of g2 is modified to 0.196 meV.
Insets in (a) and (b): The corresponding spectra of an open chain
in the linear limit as in Fig. 2. (c) Steady-state density profiles
after a long evolution time for the cases shown in (a) as the solid
red line and (b) as the solid green line are compared to the cor-
responding end-state densities (dashed lines) calculated from the
eigenvalues in the linear limit. Other parameters are κ = 0.1 meV,
γc = 1.52 ps−1, γR = 0.075 ps−1, R = 6.9 × 10−3 ps−1 μm2, gR =
1.35 × 10−3 meV μm2, θ = π/3, and L = 10.

We now consider the possibility of lasing of these end
states. We expect that single-mode lasing can be realized if
all modes decay in time except a selected end mode, which
is amplified by the medium. This requires an adjustment
of the spectra presented in Fig. 2. As demonstrated in the
Supplementary Information [63], the following set of coupled
equations describes the evolution in the weakly nonlinear

regime,

ih̄ψ̇n = −κ
∑
〈nn〉

ψm + εnψn − 	n(1 + i tan θ )|ψn|2ψn, (4)

where now we have included the additional loss γ in each
node, i.e., εA = ε1 − ih̄γ , εB = −ε2 − ih̄γ , εC = −ε1 − ih̄γ ,
and εD = ε2 − ih̄γ . This results in a shift of the imaginary part
of the excitation spectrum by −h̄γ . With a careful choice of γ ,
we can stabilize all the eigenstates except one. Physically, it
corresponds to a homogeneous reduction of pumping across
the lattice. The reduction of pumping affects also the real
part of the potential, but this can be eliminated by a rotating
frame for the condensate amplitudes [63]. The parameter
	n = PnRgR/γ 2

R describes the nonlinear interactions with the
reservoir.

In Fig. 3 we show examples of the evolution of the intensity
distributions obtained by solving Eq. (4) in an L = 4 × 10
unit-cell configuration with a random initial amplitude. After
initial evolution, the polariton density saturates at a steady-
state distribution, which approximately corresponds to the end
mode in the linear spectrum [see Fig. 3(c)].

In the symmetric case with g1 = |g2| end states are always
below bulk states in the imaginary part of the spectrum.
To establish single-end-mode lasing, one has to apply an
additional pump to one of the end pillars [28]. This leads to
an increase in the imaginary part of the corresponding end
state, relative to all other states. The resulting imaginary part
of the spectrum is shown in the inset in Fig. 3(b). Here the
values of the on-site effective potentials g = ±0.14 meV can
be created with external pumps P+ ≈ 16.45 μm−2 ps−1 and
P− ≈ 8.45 μm−2 ps−1. In addition, we apply an extra pump
to the rightmost pillar with δP ≈ 6.58 μm−2 ps−1.

In conclusion, we predicted a new type of bulk-boundary
correspondence for non-Hermitian systems, based on en-
forced exceptional points. These topological modes can be
realized in realistic polariton micropillar lattices. Our general
model applies to any non-Hermitian system where compe-
tition between gain, loss, and interactions exists, such as in
cold-atom systems.

We acknowledge support from National Science Cen-
ter, Poland, Grants No. 2016/22/E/ST3/00045 and No.
2017/25/Z/ST3/03032 under the QuantERA program. V.S.
acknowledges support from Mega-grant No. 14.Y26.31.0015
of the Ministry of Education and Science of Russian Federa-
tion. The research was partially supported by the Foundation
for Polish Science through the IRA Programme cofinanced by
the E.U. within Small Growth Operational Programme.

[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).
[2] C.-K. Chiu, J. C. Y. Teo, A. P. Schnyder, and S. Ryu, Rev. Mod.

Phys. 88, 035005 (2016).
[3] K. Esaki, M. Sato, K. Hasebe, and M. Kohmoto, Phys. Rev. B

84, 205128 (2011).
[4] H. Schomerus, Opt. Lett. 38, 1912 (2013).
[5] T. E. Lee, Phys. Rev. Lett. 116, 133903 (2016).
[6] H. Menke and M. M. Hirschmann, Phys. Rev. B 95, 174506

(2017).

[7] S. Ke, B. Wang, H. Long, K. Wang, and P. Lu, Opt. Express 25,
11132 (2017).

[8] Y. Xu, S.-T. Wang, and L.-M. Duan, Phys. Rev. Lett. 118,
045701 (2017).

[9] X. Ni, D. Smirnova, A. Poddubny, D. Leykam, Y.
Chong, and A. B. Khanikaev, Phys. Rev. B 98, 165129
(2018).

[10] L. Zhou, Q.-h. Wang, H. Wang, and J. Gong, Phys. Rev. A 98,
022129 (2018).

022051-4

https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.1103/PhysRevB.84.205128
https://doi.org/10.1103/PhysRevB.84.205128
https://doi.org/10.1103/PhysRevB.84.205128
https://doi.org/10.1103/PhysRevB.84.205128
https://doi.org/10.1364/OL.38.001912
https://doi.org/10.1364/OL.38.001912
https://doi.org/10.1364/OL.38.001912
https://doi.org/10.1364/OL.38.001912
https://doi.org/10.1103/PhysRevLett.116.133903
https://doi.org/10.1103/PhysRevLett.116.133903
https://doi.org/10.1103/PhysRevLett.116.133903
https://doi.org/10.1103/PhysRevLett.116.133903
https://doi.org/10.1103/PhysRevB.95.174506
https://doi.org/10.1103/PhysRevB.95.174506
https://doi.org/10.1103/PhysRevB.95.174506
https://doi.org/10.1103/PhysRevB.95.174506
https://doi.org/10.1364/OE.25.011132
https://doi.org/10.1364/OE.25.011132
https://doi.org/10.1364/OE.25.011132
https://doi.org/10.1364/OE.25.011132
https://doi.org/10.1103/PhysRevLett.118.045701
https://doi.org/10.1103/PhysRevLett.118.045701
https://doi.org/10.1103/PhysRevLett.118.045701
https://doi.org/10.1103/PhysRevLett.118.045701
https://doi.org/10.1103/PhysRevB.98.165129
https://doi.org/10.1103/PhysRevB.98.165129
https://doi.org/10.1103/PhysRevB.98.165129
https://doi.org/10.1103/PhysRevB.98.165129
https://doi.org/10.1103/PhysRevA.98.022129
https://doi.org/10.1103/PhysRevA.98.022129
https://doi.org/10.1103/PhysRevA.98.022129
https://doi.org/10.1103/PhysRevA.98.022129


NON-HERMITIAN TOPOLOGICAL END-MODE LASING IN … PHYSICAL REVIEW RESEARCH 2, 022051(R) (2020)

[11] C. Li, X. Z. Zhang, G. Zhang, and Z. Song, Phys. Rev. B 97,
115436 (2018).

[12] V. M. Martinez Alvarez, J. E. Barrios Vargas, M. Berdakin, and
L. E. F. Foa Torres, Eur. Phys. J.: Spec. Top. 227, 1295 (2018).

[13] Z. Gong, Y. Ashida, K. Kawabata, K. Takasan, S. Higashikawa,
and M. Ueda, Phys. Rev. X 8, 031079 (2018).

[14] H. Zhou and J. Y. Lee, Phys. Rev. B 99, 235112 (2019).
[15] K. Kawabata, K. Shiozaki, M. Ueda, and M. Sato, Phys. Rev. X

9, 041015 (2019).
[16] D. Leykam, K. Y. Bliokh, C. Huang, Y. D. Chong, and F. Nori,

Phys. Rev. Lett. 118, 040401 (2017).
[17] S. Yao and Z. Wang, Phys. Rev. Lett. 121, 086803 (2018).
[18] S. Yao, F. Song, and Z. Wang, Phys. Rev. Lett. 121, 136802

(2018).
[19] F. K. Kunst, E. Edvardsson, J. C. Budich, and E. J. Bergholtz,

Phys. Rev. Lett. 121, 026808 (2018).
[20] H. Shen, B. Zhen, and L. Fu, Phys. Rev. Lett. 120, 146402

(2018).
[21] V. M. Martinez Alvarez, J. E. Barrios Vargas, and L. E. F. Foa

Torres, Phys. Rev. B 97, 121401(R) (2018).
[22] K. Yokomizo and S. Murakami, Phys. Rev. Lett. 123, 066404

(2019).
[23] W. Brzezicki and T. Hyart, Phys. Rev. B 100, 161105(R)

(2019).
[24] J. M. Zeuner, M. C. Rechtsman, Y. Plotnik, Y. Lumer, S. Nolte,

M. S. Rudner, M. Segev, and A. Szameit, Phys. Rev. Lett. 115,
040402 (2015).

[25] X. Zhan, L. Xiao, Z. Bian, K. Wang, X. Qiu, B. C. Sanders, W.
Yi, and P. Xue, Phys. Rev. Lett. 119, 130501 (2017).

[26] L. Xiao, X. Zhan, Z. Bian, K. Wang, X. Zhang, X. Wang, J. Li,
K. Mochizuki, D. Kim, N. Kawakami et al., Nat. Phys. 13, 1117
(2017).

[27] S. Weimann, M. Kremer, Y. Plotnik, Y. Lumer, S. Nolte, K. G.
Makris, M. Segev, M. C. Rechtsman, and A. Szameit, Nat.
Mater. 16, 433 (2017).

[28] P. St-Jean, V. Goblot, E. Galopin, A. Lemaître, T. Ozawa, L. Le
Gratiet, I. Sagnes, J. Bloch, and A. Amo, Nat. Photon. 11, 651
(2017).

[29] B. Bahari, A. Ndao, F. Vallini, A. El Amili, Y. Fainman, and B.
Kanté, Science 358, 636 (2017).

[30] M. Parto, S. Wittek, H. Hodaei, G. Harari, M. A. Bandres, J.
Ren, M. C. Rechtsman, M. Segev, D. N. Christodoulides, and
M. Khajavikhan, Phys. Rev. Lett. 120, 113901 (2018).

[31] M. A. Bandres, S. Wittek, G. Harari, M. Parto, J. Ren, M.
Segev, D. N. Christodoulides, and M. Khajavikhan, Science 359
(2018).

[32] H. Zhao, P. Miao, M. H. Teimourpour, S. Malzard, R. El-
Ganainy, H. Schomerus, and L. Feng, Nat. Commun. 9, 981
(2018).

[33] H. Zhou, C. Peng, Y. Yoon, C. W. Hsu, K. A. Nelson, L. Fu,
J. D. Joannopoulos, M. Soljačić, and B. Zhen, Science 359,
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