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A B S T R A C T   

Electrostatic interaction energy WQ1Q2 between two point charges Q1 and Q2 in a three-layer planar system was 
calculated on the basis of the Green’s function method in the classical electrostatic model with constant dielectric 
permittivities εi (i ¼ 1; 2;3) for all constituent media. Two significant particular cases of charge configurations 
were analyzed in more detail: (i) when the both charges are in the same medium and their perpendicular co-
ordinates are equal, Z1 ¼ Z2, and (ii) the charges are located at different interfaces and interact across the slab. It 
was demonstrated that the WQ1Q2 dependences on the charge-charge distance S and its projection R on the XY 
plane [S2 ¼ R2 þ ðZ1 � Z2Þ

2] differ from the classical Coulombic one. This phenomenon occurs due to the 
appearance of polarization charges at both interfaces, making the problem a many-body one. Numerical cal-
culations demonstrated that both the underscreening and overscreening of the electrostatic charge-charge 
interaction is possible depending on the charge arrangement and the relationships between εi’s in the layers. 
The deviations from the Coulomb law were found to be especially large when the dielectric constants of the 
covers are much larger or much smaller than that in the interlayer.   

1. Introduction 

Owing to its ubiquity and long-range character, the proper account 
of the electrostatic charge-charge interaction in inhomogeneous systems 
is very important for the correct description of their properties. Indeed, 
electrons and holes in semiconductor heterostructures [1–9] or 
metal-oxide-semiconductor structures [10,11], as well as 
two-dimensional (2D) electron sheets above thin films of cryogenic 
liquids [12–15], constitute charged liquids, which properties crucially 
depend on the properties of the electrostatic interaction between the 
charges screened by all the media involved. In this connection, it is no 
wonder that the problem of electrostatic interaction in structures with 
inhomogeneous screening properties has been extensively studied in the 
past [16–29]. Nevertheless, a very important aspect of the general 
problem has been overlooked. To be specific, the classic Coulomb 
dependence 

W ¼C
Q1Q2

S
; (1)  

where C ¼ const, was rather often applied to model the electrostatic 
interaction W between charges Q1 and Q2 located in the heterogeneous 
environment and separated by the distance S. No proper comprehensive 
analysis of the Coulomb law violation in various corresponding struc-
tures has been done until now, although the origin and importance of the 
screening inhomogeneity is well recognized ever since the polarization 
forces at medium interfaces have been theoretically discovered [30–32]. 

In essence. we have a difference between the description of elec-
trostatic field at the micro- and macroscopic levels. Really, dependence 
(1) obeys the equation 

ΔW ¼ 0; (2)  

where Δ is the Laplace operator. For Eq. (2) to adequately describe the 
electrostatic interaction between two point charges, the medium where 
the charges are located must be homogeneous. This condition can be 
satisfied rather well at microscopic distances between the charges. But at 
the physically “macroscopic” scale (which is actually microscopic from 
the truly macro-scale point of view!), when the microscopic Maxwell 
equations should be averaged over the so-called “physically small” 
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volumes, the situation changes [32,33]. 
For instance, in the case when the charges in the medium are free, 

they are redistributed under the action of the source (in particular, a 
point charge) electric field. In the linearized (Thomas-Fermi or Debye) 
approximation, the resulting equation for the microscopically averaged 
charge potential in an otherwise homogeneous medium has the form 

Δϕ � κ2ϕ ¼ 0; (3)  

where κ is the inverse screening length. Then, the interaction energy 
between charges Q1 and Q2 looks like 

W ¼C
Q1Q2

S
expð� κSÞ: (4) 

As a result, Eq. (2), as well as the Coulombic law (1), becomes no 
more valid at the macroscopic level. 

However, the validity of Eq. (2) does not guarantee that the inter-
action of a charge with a system of charges in a homogeneous medium is 
described by dependence (1). The simplest example is the interaction of 
the charge Q1 with two other charges Q and Q’, which are considered as 
a single object. The resulting sum 

C
Q1Q
S1
þ C

Q1Q’
S2  

cannot be presented in form (1). Thus, being beyond the scope of the 
two-body problem leads to the immediate violation of the Coulombic 
dependence (1). This is quite trivial, and the Coulombic contribution of 
any charge can isolated. However, the existence of interfaces between 
areas with different dielectric constants makes the problem inevitably a 
many-body one, since the pair of charges Q1 and Q2 induces mutually 
independent (the Maxwell and constitutive equations are linear!) 
continuous polarization charge distributions at those interfaces. Of 
course, the same conclusion should be made if the probe charges are 
non-point-like ones [32]. 

We have already carried out a relevant analysis of the Coulomb law 
violation for the two-layer system of classic insulators [34]. But, for the 
three-layer system, the problem becomes much more intricate due to the 
interference of electrostatic fields created by polarization charges 
located at different interfaces [28,31]. As a result, it goes beyond the 
scope of the elementary approach and requires more sophisticated 
techniques (in our case, this is the Green’s function method [16,20,25, 
35]). 

A comprehensive consideration of the classical electrostatic inter-
action energy W in three-layer structures was carried out in [36]. Here, 
on the basis of the results obtained in the cited work, we estimate the 
applicability of dependence (1) in those systems. The consideration is 
carried out for two (from our viewpoint, the most interesting) ar-
rangements of charges: at the same distance from the interfaces and at 
different interfaces. The latter arrangement is important, e.g., for exci-
tons in heterostructures [9,37–43] or monolayers [44–46] and possible 
electron-hole superfluidity [47–55]. The results obtained show that, 
similarly to the case of two media [34], the polarization charges at the 
interfaces really violate the Coulombic dependence (1) of W on the 
distance S between the charges. i. e. the quantity W is no longer pro-
portional to S� 1. Instead, in some cases, it is reasonable to approximate 
the actual WðSÞ behavior by the dependence 

W ¼C
Q1Q2

SN : (5) 

Both the coefficient C and the effective power exponent N in this 
formula turn out to be weak functions of S. Nevertheless, we demon-
strate that those parameters can be regarded as constants in rather large 
S-intervals. 

The structure of the paper is as follows. In section 2, for complete-
ness, we formulate the problem of calculating W in the three-layer sys-
tem and describe the method to calculate the effective power exponent 

in approximation (5). In two next sections, we separately consider the 
charge arrangements indicated above. 

2. Theoretical part 

2.1. Formulation of the three-layer problem 

Two point-like charges Q1 and Q2 are considered to be located in a 
three-layer system (Fig. 1). Two semi-infinite covers (media 1 and 3) are 
separated by a flat slab (medium 2) of the thickness L. All three media in 
electrostatics are characterized by the dielectric functions εiðkÞ, i ¼
1;2; 3, which, in principle, depend on the transferred wave vector k (the 
spatial dispersion of the dielectric functions). The central plane of the 
slab is identified with the XY plane. The charge coordinates Z1 and Z2 
are reckoned from this plane, so that ðZ1; Z2Þ < � L=2 in medium 1, � L=
2 < ðZ1;Z2Þ < L=2 in medium 2, and ðZ1; Z2Þ > L=2 in medium 3. The 
longitudinal (along the XY plane) distance between the charge pro-
jections equals R, so that the actual distance is 

S¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ðZ1 � Z2Þ
2

q

: (6) 

The explicit expressions describing the charge-charge interaction 
energy WðSÞ in a three-layer structure for the general case of the spatial 
dispersion of dielectric permittivities can be found using any of several 
equivalent approaches [20,25,27,28]. They are based on the assump-
tions of the infinite interface barriers and the specular reflection of 
charge carriers at the interfaces [19,56–63]. As a result, the energy WðSÞ
can be presented in the form 

WijðR;Z1;Z2Þ¼ � 2Q1Q2

Z ∞

0
qdqDijðq; Z1;Z2ÞJ0ðqRÞ; (7)  

where the subscripts i and j denote the media where the charges Q1 and 
Q2, respectively, are located; and J0ðxÞ is the Bessel function of the first 
kind. The functions 

Dij¼
AiðZ1ÞBjðZ2Þ þ ~AiðZ1Þ~BjðZ2Þ

C
� FiðZ1; Z2Þδij; (8)  

where δij is the Kronecker delta, were called Green’s functions of the 
three-layer Coulomb problem [16]. They describe the screened elec-
trostatic interaction and allow both the charge-charge interaction and 
the self-energy of the charge in the layered system (the image charge 
energy [20,25,28]) to be calculated. 

The expressions entering Eq. (8) are 

Fig. 1. Layout of the problem. Point charges Q1 and Q2 in a three-layer 
structure with the dielectric permittivities εi (i ¼ 1; 2;3) of the media sepa-
rated by plane interfaces at Z ¼ �L=2. The perpendicular co-ordinates of the 
charges are Z1 and Z2 reckoned from the central plane Z ¼ 0. S is the distance 
between the charges, and R is the longitudinal (along the XY plane) distance 
between their projections. 
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A1ðZ1Þ¼ ~A1ðZ1Þ¼ a1

�

Z1þ
L
2

�

;

A2ðZ1Þ¼ � aSðZ1Þ; ~A2ðZ1Þ¼ � aAðZ1Þ;

A3ðZ1Þ¼ � ~A3ðZ1Þ¼ a3

�

Z1 �
L
2

�

;

B1ðZ2Þ¼ a1

�

Z2þ
L
2

�

½aAð0Þþ a3ð0Þ�;

~B1ðZ2Þ¼ a1

�

Z2þ
L
2

�

½aSð0Þþ a3ð0Þ�;

B2ðZ2Þ ¼ �
1
2
f½aSðZ2Þ þ aAðZ2Þ�½aAð0Þ þ a3ð0Þ�

þ½aSðZ2Þ � aAðZ2Þ�½aAð0Þ þ a1ð0Þ�g;

~B2ðZ2Þ ¼ �
1
2
f½aSðZ2Þ þ aAðZ2Þ�½aSð0Þ þ a3ð0Þ�

� ½aSðZ2Þ � aAðZ2Þ�½aSð0Þ þ a1ð0Þ�g;

B3ðZ2Þ¼ a3

�

Z2 �
L
2

�

½aAð0Þþ a1ð0Þ�;

~B3ðZ2Þ¼ � a3

�

Z2 �
L
2

�

½aSð0Þþ a1ð0Þ�;

C ¼ ½aSð0Þ þ a1ð0Þ�½aAð0Þ þ a3ð0Þ�
þ½aSð0Þ þ a3ð0Þ�½aAð0Þ þ a1ð0Þ�;

F1ðZ1; Z2Þ ¼ b1ðZ1;Z2Þ;

F2ðZ1;Z2Þ ¼
1
2
½bSðZ1;Z2Þ þ bAðZ1;Z2Þ�;

F3ðZ1; Z2Þ ¼ b3ðZ1;Z2Þ;

where 

a1;3ðZÞ¼
1
π

Z þ∞

� ∞

dk?cosk?
�

Z � L
2

�

�
k2
? þ q2

�
ε1;3ðq; k?Þ

; (9)  

aS;AðZÞ¼
2
L

X

kS;A
?

expðik?ZÞ
�
k2
? þ q2

�
ε2ðq; k?Þ

; (10)  

q and k? are the longitudinal (along the interfaces) and perpendicular 
(to the interfaces), respectively, components of the wave vector k, 

kS
? ¼

2nπ
L
; kA

? ¼
ð2nþ 1Þπ

L
ðn ¼ 0;�1;�2;…Þ;

b1ðZ1;Z2Þ ¼
1
2
fa1ðZ1 þ Z2 þ LÞ þ a1ðZ1 � Z2Þg;

bS;AðZ1; Z2Þ ¼
1
2
½aS;AðZ1 þ Z2 þ LÞ þ aS;AðZ1 � Z2Þ�;

b3ðZ1;Z2Þ ¼
1
2

�

a3

��
�
�
�Z1 �

L
2

�
�
�
�þ

�
�
�
�Z2 �

L
2

�
�
�
�

�

þa3

��
�
�
�Z1 �

L
2

�
�
�
� �

�
�
�
�Z2 �

L
2

�
�
�
�

��

:

(11) 

Hereafter, we restrict the analysis to the classical case of dis-
persionless dielectric constants εi ¼ const, i ¼ 1; 2;3. Then, the quan-
tities a1;3;S;AðZÞ can be integrated analytically: 

a1;3ðZÞ¼
1

ε1;3q
exp
�

� q
�
�
�
�Z�

L
2

�
�
�
�

�

; (12)  

aS

�

�
L
2
� Z�

L
2

�

¼
1

qε2

coshðqZÞ

sinh
�

qL
2

�; (13)  

aA

�

�
L
2
�Z�

L
2

�

¼ �
1

qε2

sinhðqZÞ

cosh
�

qL
2

�: (14) 

If the argument Z extends beyond the specified limits, the functions 
aS;AðZÞ should be recalculated as follows: 

aSðZÞ¼ aSðZ�LÞ;

aAðZÞ¼ � aAðZ� LÞ:

2.2. Where is the Coulombic behavior obeyed? 

The results of [36] demonstrate that, in the case of a three-layer 
system composed of dispersionless insulators with different dielectric 
permittivities (ε1 6¼ ε2 6¼ ε3), the functional dependence (1) between the 
quantities W and S can be achieved only in the following limiting cases.  

(i) The point charges are located in the same medium (i ¼ 1; 2; 3) 
infinitesimally close to each other (S→0), so that their distances 
to the interfaces become much larger. The contribution of direct 
Coulombic interaction prevails, and the charges “cease to feel” 
both the interfaces and the polarization charges induced at them. 
In this case, the proportionality coefficient C in formula (1) 
equals ε� 1

i .  
(ii) The charges are located infinitesimally close to each other and are 

located at the interface between the i-th and j-th media or across 
this interface, which is equivalent to “at the interface” for infin-
itesimally close charges: S→0, ðZ1; Z2Þ→L=2� 0. The corre-
sponding proportionality coefficient C equals 2=ðεi þ εjÞ. In this 
case, the charges “cease to feel” the other interface, and the 
problem acquires a two-layer character. Therefore, owing to the 
problem symmetry, if the both charges are positioned at the 
interface, the electric field vector is directed along the interface, 
and there are no polarization charges at this interface.  

(iii) The both charges are in the same cover (i ¼ 1; 3), at a finite 
distance from each other, but infinitely far from the both in-
terfaces: ðS; LÞ≪ðjZ1j; jZ2jÞ. The proportionality coefficient C 
evidently equals ε1 in medium 1 and ε3 in medium 3. In essence, 
this is a reformulated version of case (i) when L→0.  

(iv) The charges are rather close to the interfaces, but far from each 
other longitudinally: R≫ðjZ1j; jZ2j; LÞ. The proportionality coef-
ficient C equals 2=ðε1þε3Þ irrespective in which media the 
charges are located. This is a reformulated version of case (ii) 
when ðL;Z1;Z2Þ→0. The slab effectively becomes infinitesimally 
narrow, and the three-layer problem transforms into the two- 
layer one (media 1 and 3 separated by a plane interface). 

It is easy to understand that in all indicated cases, the contribution to 
the interaction energy W of polarization charges emerging at the in-
terfaces vanishes. 

Thus, we have six (in the general case) different values of the coef-
ficient C in asymptotics (1): one value 

C¼
2

ε1 þ ε3
(15)  

for S→∞, and five values 

C¼
1
ε1
;

2
ε1 þ ε2

;
1
ε2
;

2
ε2 þ ε3

;
1
ε3

(16)  

for S→0. When crossing the interfaces, the coefficient C changes 
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abruptly at each interface. More precisely, each modification involves 
two jumps: from ε� 1

i in the i-th medium to 2=ðεi þεjÞ at the interface and 
further to ε� 1

j in the j-th medium. Note that the abrupt jumps are a 
consequence of the assumed infinitely thin interfaces between the media 
involved. If a realistic smooth transition between the media is taken into 
account, the polarization (image force) energy does not diverge at the 
interfaces [64]. Therefore, in this case, the jumps of C will be smeared as 
well. Unfortunately, for smeared interfaces, the whole problem becomes 
extremely cumbersome and goes far beyond our purposes. Anyway, 
dependence (1) with a single C ¼ const evidently cannot simultaneously 
satisfy the specified asymptotics, and the violation of the Coulombic law 
even in the simplest dispersionless three-layer system becomes a matter 
of fact. Then, one may ask the following questions:  

(A) To what extent formula (1) is sufficient for the description of 
charge interaction in the three-layer system?  

(B) If it works badly, can the generalized Coulomb-like power-law 
formula (5) with N 6¼ 1 be used for this purpose? 

It should be clear at this stage, that the parameters C and N in both 
formulas cannot be constant, but they depend on other problem pa-
rameters: Z1, Z2, L; and R. In both cases, it is desirable to find S-intervals 
where the indicated approximation formulas are applicable. 

2.3. Apparent power exponent 

To reduce the number of problem parameters, let us normalize all 
length-related quantities—these are L, R, S, Z1, and Z2—by the charac-
teristic length of the problem, the interlayer width L, which does not 
depend on the charge positions. The corresponding dimensionless 
quantities will be designated by the same letters, but in the lower case; i. 
e. r, s, z1, and z2. The interaction energy W can also be reduced to the 
dimensionless quantity w: 

W ¼
Q1Q2

L
w: (17) 

We also note that from the theoretical and experimental viewpoints, 
it is more convenient to examine the dependence wðrÞ rather than wðsÞ. 

From the aforesaid, it is clear that the product sw is a good criterion 
of the true Coulombic behavior of the dependence wðsÞ: this product 
must be constant within the intervals where this law is obeyed. This 
criterion was used in [36], and we found that it is obeyed almost no-
where (see section 2.2). 

Another way consists in the evaluation of the parameter N itself. For 
further consideration, let us change the sign of power exponent N in 
formula (5). Hence, let us suppose that, in the vicinity of any distance s0 
between two point charges, the formula describing the electrostatic 
interaction between them can be expressed in the form 

wðsÞ � Cðs0ÞsNðs0Þ: (18) 

Actually, this means an expansion of the wðsÞ dependence in a non- 
integer-power series of s retaining the leading term only. Then, one 
obtains 

NðsÞ¼ s  d
ds

lnw¼
s
w

dw
ds
: (19) 

For the genuine Coulombic dependence wes� 1, formula (19) gives 
N ¼ � 1. 

The quantity w (see section 2.1) cannot be presented in a finite 
analytical form including elementary and/or special functions. In [36], 
we developed a regular method, in which integral (7) is calculated as a 
convergent series of terms like 

A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ ðz1 � z2 þ BÞ2
q ¼

A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 � ðz1 � z2Þ
2
þ ðz1 � z2 þ BÞ2

q ; (20)  

where A and B are coefficients specific for every term, which depend on 
the fεig set and on the layer in which the point is located. The method 
allows the magnitude of w to be calculated with any given accuracy. But 
the convergence rate of the series is different at different points. 
Therefore, the number of terms to be summed up is also different and 
can be rather large. As a result, there is no finite analytical formula for 
the calculation of w. At the same time, the derivative of term (20) with 
respect to r (or s) is obvious. Therefore, the calculation procedure con-
sists in that the analytical series for wðrÞ and dwðrÞ=ds are accumulated in 
parallel at every r with a simultaneous monitoring of the numerical 
accuracy for w. When a desired relative accuracy for w is attained (as a 
rule, it is 10� 4), the calculation is terminated, and the obtained w- and 
dw=ds-expressions are substituted into formula (19) for the numerical 
evaluation. 

3. The case of equivalently located charges z1 ¼ z2 

Let us first consider the case, when the both charges are positioned at 
the same vertical level (z1 ¼ z2 � z) in the three-layer system. Then, the 
normalized distance s between them [see Eq. (6)] becomes equal to the 
parameter r, which describes their relative interval in the lateral plane 
(see Fig. 1). In particular, the criterion sw transforms into rw. Formula 
(19) now reads 

NðrÞ¼
r
w

dw
dr
: (21)  

3.1. Non-symmetric structures 

Fig. 2 demonstrates the dependences of the product rw on the lateral 
(and actual!) distance r between the charges with various z1 ¼ z2 co-
ordinates for a toy three-layer structure with fεig ¼ 1 : 2 : 5. This is one 
of the fεig-combinations at which the rwðrÞ profiles do not intersect one 
another, so that various peculiarities in their behavior can be clearly 
compared. It is evident at once that the constancy of the product rw is 

Fig. 2. Dependences rwðrÞ for two point charges equivalently located (z1 ¼

z2 ¼ z) in a three-layer structure with the layer dielectric constants fεig ¼ 1 :

2 : 5 at various z’s from z ¼ � 100 (top) to z ¼ 100 (bottom). Here, r and z are 
dimensionless (normalized by the slab width L) charge coordinates R and Z, 
respectively (see Fig. 1), and w is the normalized Coulomb interaction energy 
between the charges. Bold dotted curves correspond to the interfaces z ¼ �1

2. 
Thin dotted curves correspond to z ¼ 0;�0:4;�0:6;�1;�10;�100. Solid curves 
correspond to various z’s varying with steps of 0.1 in the interval jzj < 1, 1 in 
the intervals 1 < jzj < 10, and 10 in the intervals 10 < jzj < 100. In the in-
tervals 0:4 < jzj < 0:6, z is varied with a step of 0.01 in order to illustrate the 
transformation of curves when crossing the interfaces. See further explanations 
in the text. 
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out of the question. Nevertheless, attention should be paid to some 
points. 

At the right axis (r→∞), all plots form a single node corresponding to 
the long-range Coulombic asymptotics with coefficient (15); this is case 
(iv) in section 2.2. At the left axis (r→0), we can distinguish five nodes 
corresponding to the short-range Coulombic asymptotics with co-
efficients (16); this is case (i) for the charges in the medium bulk and 
case (ii) for the charges located at either of the interfaces. Finally, the 
flattening of the curves corresponding to large z amplitudes at the same 
rw values (those values equal ε� 1

1 for z < 0 and ε� 1
3 for z > 0) illustrates 

the case (iii). Thus, a partial answer to question (A) in section 2.2 at the 
qualitative level is as follows: Since every curve in Fig. 2 continuously 
tends from one of the nodes at the left ordinate axis to the common node 
at the right ordinate axis, the non-constant value of the product rw is 
guaranteed, which means that the dependence wðrÞ is non-Coulombic. 
Now, let us made further, more quantitative, estimations. 

The dependences NðrÞ calculated for various wðr; z¼ varÞ profiles in 
the case of the same toy structure with fεig ¼ 1 : 2 : 5 are presented in 
Fig. 3. The calculation was carried out following the procedure 
described in section 2.3. The non-constancy of NðrÞ is evident. The 
specific forms of those curves are determined by the parameters z and 
fεig and can be rather intricate. Both underscreening (N > � 1) and 
overscreening (N < � 1) of interaction between the charges can take 
place. We think that the exhibited deviations from the clasical value N ¼
� 1 cannot be characterized as weak, moderate, or strong, because such 
an estimate should be based on the profile wðrÞ itself. Nevertheless, the 
NðrÞ dependence may be important, e.g., while considering the forma-
tion of surface patterns displayed by charges adsorbed on a pristine or a 
film-coated surface. Indeed, in this case a subtle interplay of parameters 
determines possible adsorbate structures and phase transitions between 
them [65,66]. 

In Figs. 4 and 5, analogous NðrÞ dependences are depicted for three- 
layer structures with fεig ¼ 2 : 1 : 5 and 1 : 5 : 2, i.e. qualitatively 
different permutations of the dielectric constants. The general qualita-
tive picture remains the same. 

Now, we have a good opportunity to complete our previous answer 
to question (A) and illustrate why the Coulombic-like dependence (1) 
should be applied carefully when describing interaction between two 
point charges near a medium interface. We will also analyze the quality 
of the proposed interpolation formula (18), in which the value of N is 
determined from the local behavior of the dependence wðrÞ. 

Fig. 6 (the upper panel) demonstrates the rw profile (the dotted 
curve) for the problem parameters fεig ¼ 1 : 2 : 5 (see Fig. 2) and z ¼ �
0:55. Bright circles mark a set of examined intervals between the 

Fig. 3. Dependences of the effective power exponent N in formula (18) on r for 
various charge coordinates z1 ¼ z2 ¼ z in the three-layer structure with the 
layer dielectric constants fεig ¼ 1 : 2 : 5. See further explanations in the text. 

Fig. 4. The same as in Fig. 3, but for the three-layer structure with fεig ¼

2 : 1 : 5. 

Fig. 5. The same as in Fig. 3, but for the three-layer structure with fεig ¼

1 : 5 : 2. 

Fig. 6. (Upper panel) The rw profile (the dotted curve) and its approximations 
(solid curves) for two point charges with z1 ¼ z2 ¼ z ¼ � 0:55 in the three-layer 
structure with fεig ¼ 1 : 2 : 5. (Lower panel) The corresponding NðrÞ de-
pendences obtained by regular numerical calculations (the solid curve) and in 
the framework of the effective exponential (EE) approximation (the dotted 
curve). See further explanations in the text. 
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charges (r ¼ 0:01; 0:1; 1;10;100). If the interaction between those 
charges were pure Coulombic (N ¼ � 1) in the vicinity of any examined 
point, we would have obtained a horizontal line for the rwðrÞ depen-
dence within this vicinity (thin lines). Obviously, this is not the case 
except for sufficiently short [case (i)] and sufficiently long [case (iv)] r 
values. The dependence NðrÞ for the apparent N value calculated by 
formula (21) is shown in the lower panel. One can see that the true 
Coulombic regime (N ¼ � 1) takes place only in the limiting cases r→ 0 
and r→∞. From Figs. 3–5, it is also evident that the parameter N can 
become equal to � 1 at finite r’s only occasionally, when passing from 
N > � 1 to N < � 1 or vice versa. 

The approximation of the rw-dependence at each examined point 
with the help of Eq. (18), in which the value of the “constant” multiplier 
Cðr0Þ was determined making use of the corresponding w- and N-values, 
is depicted in the upper panel by solid segments. Attention should be 
drawn to the fact that the intervals of approximation validity turned out 
rather wide. In particular, in the case r0 ¼ 1, formula (18) with the 
relevant (calculated at r0 ¼ 1) values of the parameters Cðr0Þ and Nðr0Þ

provides the description of the actual wðrÞ dependence with a relative 
accuracy not worse that 10% within an interval 0:3≲r≲8:5. 

Thus, the application of formula (18) is justified, but the calculation 
procedure for N on the basis of regular method is rather cumbersome. In 
[36], we proposed the so-called “effective-exponential” (EE) approxi-
mation for the wðrÞ dependence. More specifically, it results in a finite 
sum (about a dozen of summands) of terms like Eq. (20). At comparable 
εi values, this approximation provides a very high accuracy within the 
whole r-interval, 0 � r < ∞ (for more details, see [36]). In particular, 
the approximation for the wðrÞ dependence shown in Fig. 2(a) equals (all 
coefficients are rounded to three digits after the decimal point) 

wðrÞ �
1
r
�

0:333
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 0:010

p �
0:125
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 3:505

p

þ
0:042
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 3:890

p þ
0:143
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 4

p �
0:429
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 4:410

p

�
0:018
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 14:994

p þ
0:054
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 15:779

p :

The application of formula (21) gives the NðrÞ dependences shown in 
the lower panel of Fig. 6 by the solid (the result of the regular numerical 
calculation) and dotted (the EE approximation) curves. 

3.2. Symmetric structures 

To shorten the number of problem parameters, let us consider the 
case of symmetric structures with ε1 ¼ ε3 6¼ ε2. 

In our previous publication [34], we showed that, in the two-layer 
system, the deviation from the pure Coulombic behavior is stronger if 
either ε1≫ε2 or vice versa. The theoretical limit is achieved when two 
charges are located, e.g., in medium 1 with the dielectric permittivity ε1 
and near the surface of medium 2 with the dielectric permittivity ε2→ ∞ 
(the ideal conductor of the classical electrostatics [31,32]). Due to the 
interference of image charge electric fields, in this limiting case one 
obtains the interaction between two point-like dipoles described by the 
power exponent N ¼ � 3. 

Therefore, our calculations for the three-layer systems were also 
carried out for some εi-combinations with sufficiently high ratios be-
tween the dielectric permittivities of the slab and covers; namely, 10:1 
and 1:10 (Fig. 7), and 100:1 and 1:100 (Fig. 8). One can see that, with 
the increase of this permittivity, the maximum deviations from the value 
N ¼ � 1 toward under- and overscreening become larger. 

Let us first examine structures with the interlayer having a large ε2 
and suspended in the vacuum, i.e. ε1 ¼ ε3 ¼ 1 (panels (a) in Figs. 7 and 
8). The dash-dot-dot curves in those panels correspond to two charges 
located in the vacuum in a close vicinity of the interface with the large-ε 
medium (for instance, a ferroelectric film). At small r, the curves possess 
an acute and deep minimum, which approaches a value of � 3 at ε2→ ∞ 

Fig. 7. The same as in Fig. 3, but for the symmetric three-layer structures with 
fεig ¼ 1 : 10 : 1 (panel a) and fεig ¼ 10 : 1 : 10 (panel b). 

Fig. 8. The same as in Fig. 3, but for the symmetric three-layer structures with 
fεig ¼ 1 : 100 : 1 (panel a) and fεig ¼ 100 : 1 : 100 (panel b). 
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and r→0. This is an analog of the dipole-dipole interaction in the two- 
layer system that was mentioned above and studied previously [34]. A 
comparison of the results obtained for two-layer and three-layer con-
figurations makes it evident that the influence of the second interface 
significantly affects the behavior of the dependences wðr;zÞ. 

At the same time, Figs. 7(b) and 8(b) demonstrate a rather unex-
pected result. Namely, the overscreening (N < � 1) of the charge 
located in the middle of the vacuum gap between two ferroelectric, 
semimetallic or metallic covers can be stronger than that near the cover 
surface. It means that, in this respect, the polarization charges at the 
both interfaces act synergistically. The corresponding N minimum be-
comes deeper and shifts toward larger r’s as the dielectric permittivity of 
covers grows. In particular, in Fig. 8(a), it has already exceeded a value 
of � 3 discussed above. In this connection, there arises a question: Is 
there a theoretical lower limit for the N value in the three-layer geom-
etry and, if any, where is this minimum located? To answer it, we should 
calculate w in the limit ε1 : ε2 : ε3 ¼ ∞ : 1 : ∞, starting from formula 
(21). After some algebra using Eqs. (7–17) with ε1 ¼ ε3 ¼∞ and ε2 ¼ 1, 
we obtain the equation 

wðr; z1¼ z2¼ 0Þ¼
Z ∞

0
dq J0ðrqÞtanh

�q
2

�
: (22) 

Let us find its short- and long-range asymptotics. Taking into account 
that, by changing the integration variable rq→x, the previous formula is 
transformed to the expression 

wðrÞ¼
1
r

Z ∞

0
dx J0ðxÞtanh

� x
2r

�
(23)  

and passing to the limit r→0 in the integrand, we arrive at the short- 
range asymptotics 

wðr ≪ 1; z1¼ z2¼ 0Þ �
1
r
: (24) 

It is of no wonder, since if the charges concerned are located 
extremely close to each other at the center of the vacuum gap they do not 
“feel” the interfaces. 

In the long-range case, it is worthwhile to use the expansion [67]. 

tanh
πx
2
¼

4x
π
X∞

k¼1

1
ð2k � 1Þ2 þ x2

(25)  

and the tabulated integral 
Z ∞

0
dx J0ðaxÞ

x
b2 þ x2¼K0ðabÞ (26)  

where K0 is the modified Bessel function of the second kind. Then, we 
arrive at the expression 

wðr; z1¼ z2¼ 0Þ¼ 4
X∞

k¼1
K0½ð2k � 1Þπr�: (27) 

The summands in this series decrease exponentially as k grows. 
Therefore, since at x≫1, 

K0ðx ≫ 1Þ �
� π

2x

�1=2
expð � xÞ

�

1 �
1
8x

�

;

the long-range asymptotics reads 

wðr ≫ 1; z1¼ z2¼ 0Þ �
�

8
r

�1=2

expð � πrÞ: (28) 

An attempt to obtain a power-law asymptotics wðr ≫1Þ � CrN for this 
expression brings about N→ � ∞. This result can be easily interpreted: if 
two charges are in a narrow gap between two covers, then this gap 
effectively disappears in the limiting case r→∞ , and the charges become 
embedded into an ideal conductor continuum with ε→ ∞, so that their 

interaction is completely screened out. 
The calculation of the wðz¼ 0; rÞ dependence at ε1 : ε2 : ε3 ¼∞ : 1 :

∞ for intermediate r’s was carried out using formulas (21) and (27). The 
result is shown in Fig. 9 by the dotted curve, and it confirms the both 
asymptotics (24) and (28). But it does not obey relation rw→2=ðε1 þ ε3Þ, 
which is mandatory for any finite dielectric permittivity values of the 
covers. In the latter case, Nðr →∞Þ→ � 1. How can those two different 
limits be put in agreement with each other? Fig. 9 also gives an answer to 
this question: as the cover dielectric constant ε1 ¼ ε3 � ε tends to ∞, the 
wðrÞ profiles (solid curves) evolve to the limiting case (dotted curve). It is 
worth indicating that the N minimum deepens and shifts towards larger 
r’s very slowly, and Nðr →∞Þ→ � 1 for any finite ε. Hence, the case ε1 :

ε2 : ε3 ¼ ∞ : 1 : ∞ is a true singular limit, and the corresponding wðrÞ
profiles converge to this limit nonuniformly at r→∞. 

3.3. Example 

It stems from the results of our calculations and the corresponding 
discussion that the intrinsic dielectric inhomogeneity of layered heter-
ostructures severely distorts the parent Coulomb interaction between 
two point charges immersed into either of three media. The apparent 
non-Coulombic behavior may influence a lot of conclusions concerning 
charge-charge interaction in layered structures important for electronics 
and biophysics, which were made without any reference to this basic 
fact. Although our approach to the problem is quite transparent and 
relatively well known, the inevitable and conspicuous violation of the 
Coulomb law in such a situation was not adequately emphasized both in 
the original papers and textbooks. 

As a practically important example, let us consider the interaction of 
two electrons suspended above the surface of a liquid helium film 
(medium 2). The latter is located above a metal or semiconductor 
electrode (medium 1) [12–15,26,68]. 

The measured dielectric constant of liquid 4He is about 1.06 [69,70], 
and this value was used in calculations (ε2 ¼ 1:06). Medium 3, in which 
the electrons “hover” over the free helium surface is helium vapor, air, 
or vacuum. In each case, the corresponding dielectric permittivity is 
close or strictly equal to unity (ε3 ¼ 1). For the substrate (medium 1), we 
selected two typical cases. It was either a semiconductor with ε1 ¼ 10 or 
a metal modelled as a medium with ε1 ¼ 1000. For both substrates, the 
difference between ε2 and ε3 is much smaller that the difference between 
either of those quantities and ε1. Moreover, the actual distances of the 
suspended electrons from the cryogenic liquid surfaces are indeed small 
enough (the quantum-mechanical average distance from the substrate of 
the electron in the ground state is about 100  �A). Therefore, it is suffi-
cient to consider one charge configuration with the z-coordinate of both 
electrons equal to 12. In other words, they almost “lie” on the free helium 
surface. Fig. 10 demonstrates the corresponding rwðrÞ and NðrÞ de-
pendences. Again, one can see how the standard Coulomb behavior is 
restored at r→0 and r→∞. When the substrate is a metal, the interaction 
becomes a dipole-dipole-like one, as can be easily shown analytically 

Fig. 9. The NðrÞ dependences for two point charges located in the central plane 
of the slab (z ¼ 0) in the case of the symmetric three-layer structures, fεig ¼

ε : 1 : ε, with various ε0s (solid curves). The dotted curve corresponds to the 
limit ε→∞. 
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[12]. But a discussed value of � 3 is not achieved because of the “finite” 
ε1 and the availability of the liquid helium film. On the other hand, if the 
substrate is a “standard” insulator, its influence is much weaker. It is of 
no wonder, because in this case the whole structure is dielectrically 
more homogeneous. Nevertheless, the naively expected parent 
Coulombic behavior of the interaction between the charges is repro-
duced nowhere. 

4. The case 
�

z1 ¼ �
1
2; z2 ¼

1
2

�

. Electrostatic interaction across 

the interlayer 

The analysis of the Coulomb law violations in the case when charges 
are located at different interfaces is no less important for many funda-
mental and practical problems. In particular, the interaction of charges 
through a slab is of special interest for the problems of exciton spectra in 
heterostructures [9,37,40–43,71] or monolayers [44–46], as well as 
those concerning exciton (electron-hole) superfluidity in layered sys-
tems [47,49,50,52–55] and related topics [41,72–75]. Sometimes, the 
actual electron-electron or electron-hole interaction is regarded to be a 
conventional Coulombic repulsion and attraction, respectively, what-
ever the relationship between the dielectric constants of the constituent 
media. However, the Coulombic character of the electrostatic interac-
tion must be proved or refuted in this case similarly as has been made 
above for the configuration z1 ¼ z2. It is remarkable that a popular and 
often successful Rytova-Keldysh approximation [37,76] to the electro-
static interaction in the configuration concerned (z1 ¼ � 1

2;z2 ¼
1
2) is 

far from being Coulomb-like, which is not surprising. 
For this charge configuration, the normalized distance between the 

charges equals 

s¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1
p

: (29) 

On the other hand, the lateral distance r is more interesting from the 
experimental viewpoint, in particular, when studying a possibility and 
features of the excitonic superfluidity [47–50]. Therefore, in order to 
analyze the violations of the Coulomb law, we use r as the variable of the 
interaction energy wðrÞ. As a result, formula (19) now reads 

N¼
r2 þ 1

r
d
dr

ln w: (30) 

Fig. 11 demonstrates the effective underscreening of the electrostatic 
interaction across the slab in the symmetric three-layer heterostructures. 
As might be expected, the deviations from the conventional Coulomb 
behavior are especially conspicuous if the dielectric constants in the 

covers and the interlayer differ substantially. 
At the same time, it can be shown that an interesting symmetry 

relation takes place for the interaction between two point charges 
located in different cover layers of the studied heterostructure: 

w
�

z1 � �
1
2; z2 �

1
2; r; ε1 ¼ ε3 ¼ ε’; ε2 ¼ ε’’

�

w
�

z1 � �
1
2; z2 �

1
2; r; ε1 ¼ ε3 ¼ ε’’; ε2 ¼ ε’

�¼
ε’’

ε’
: (31) 

This relation is valid in the limiting case 
�

z1¼ �
1
2; z2 ¼

1
2

�

as well. 

Therefore, a plot of the dependence swðsÞ for the dielectric set fεig ¼ a :

b : a can be obtained from the plot for the dielectric set fεig ¼ b : a : b by 
simply changing the Y-axis scale by the corresponding factor. However, 
this factor drops out after the derivative is taken in Eq. (30). As a result, 
the plots NðsÞ [or NðrÞ] are absolutely identical for both those sets. 

Our calculations clearly demonstrate that the Coulomb law is never 
fulfilled for charge-charge interaction across the slab. However, it is 
approximately valid when the ratio ε’’=ε’ is close to unity. This situation 
is realized in many heterostructures, e.g., constructed of doped III-V 
semiconductor alternating layers [3,77]. In the opposite case, e.g., 
when the researchers are dealing with ferroelectric films surrounded by 
traditional semiconductors or are suspended in the vacuum (such a 
configuration was considered by Keldysh [37]), Coulomb law is 
considerably distorted (see Fig. 11). 

It seems instructive to analyze the correlation of the curves NðsÞ
displayed in Fig. 11 with the normalized dependences sw, similarly to 

Fig. 10. (Upper panel) The rw profiles for electrons suspended above (z ¼ 1
2) 

liquid helium films covering substrates with various dielectric permittivities ε0s 
[the three-layer structures with fεig ¼ ε : εHe4 ð� 1:06Þ : 1]. (Lower panel) The 
corresponding NðrÞ dependences obtained by regular numerical calculations. 
See further explanations in the text. 

Fig. 11. The NðrÞ dependences for two point charges located at different in-
terfaces (z1 ¼ �

1
2; z2 ¼

1
2) of the symmetric three-layer structures. See further 

explanations in the text. 

Fig. 12. (Upper panel) The sw profile (the dotted curve) and its approximations 
(solid curves) for two point charges located at different interfaces (z1 ¼ �

1
2;

z2 ¼
1
2) of the symmetric three-layer structure with fεig ¼ 1 : 10 : 1. (Lower 

panel) The corresponding NðrÞ dependence obtained by regular numerical 
calculations. See further explanations in the text. 

A.M. Gabovich et al.                                                                                                                                                                                                                           



Journal of Electrostatics 102 (2019) 103377

9

what was done in Section 3 for the case of equivalently located charges 
(z1 ¼ z2, see Fig. 6). Such a comparison is demonstrated in Fig. 12 for a 
specific configuration fεig ¼ 1 : 10 : 1. One sees that the approximation 
of the effective power exponent, NðsÞ � Nðs0Þ; works well in wide in-
tervals around different points s0, whereas the naive Coulomb depen-
dence with N ¼ 1 fails everywhere except in the asymptotic region r→ 
∞. 

5. Conclusions 

We analyzed the charge-charge electrostatic interaction WQ1Q2 in 
three-layer planar structures. The dielectric functions of the media were 
considered as classical constants. Two particular charge configurations 
were analyzed in more detail. Those are the cases when Z-coordinates of 
the charges, perpendicular to the interfaces, are identical (Z1 ¼ Z2) and 
when the charges are located across the interlayer. It was shown that the 
textbook Coulomb charge-charge interaction WQ1Q2eS� 1, where S is the 
distance between the charges, is violated due to the complex character of 
the screening and the appearance of polarization charges at the both 
interfaces. It means that the problem is essentially a many-body one. It 
was demonstrated that both underscreening and overscreening of the 
electrostatic interaction may happen depending on the ratios between 
the dielectric constants of constituent layers. The approximation pro-
posed by the authors allows to analytically treat the cumbersome 
problem and obtain working formulas to be used as inputs to solve many 
specific issues in physics of layered structures. For instance, those for-
mulas can be used in the calculations of the exciton spectra in three- 
layered structures as well as in two-dimensional crystals (monolayers). 
The problem of the exotic but highly expected electron-hole superflui-
dity based on the Coulomb interaction also depends on the proper 
treatment of the electrostatic phenomena in three-layer structures. 
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