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ABSTRACT
General exact analytical expressions have been derived for the image force energy W i(Z, φ) of a point dipole in a classical three-layer system
composed of dispersionless media with arbitrary constant dielectric permittivities εi. Here, i = 1–3 is the layer number, and Z and φ are the
dipole coordinate and orientation angle, respectively. It was found that the long-range asymptotics Wi(∣Z∣ → ∞,φ) in both covers (i = 1, 3)
are reached unexpectedly far from the interlayer (i = 2). Another specific feature of the solution consists in that the interference of the fields
created by polarization charges emerging at both interfaces leads to the appearance of a constant contribution inside the interlayer with a non-
standard dependence on the dipole orientation angle φ. It was shown that by changing the dielectric constants of the structure components,
one can realize two peculiar regimes of the W i(Z, φ) behavior in the covers; namely, there arises either a potential barrier preventing adsorption
or a well far from the interface, both being of a totally electrostatic origin, i.e., without involving the Pauli exchange repulsion, which is taken
into account in the conventional theories of physical adsorption. The results obtained provide a fresh insight into the physics of adsorption in
physical electronics, chemical physics, and electrochemistry.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5142280., s

I. INTRODUCTION

Adsorption is a very important subject of surface science with
applications to physics, chemistry, and biology.1–17 It concerns both
charged (ions) and polar or polarizable (atoms, molecules) enti-
ties, which interact electrostatically both with interfaces (system’s
heterogeneities)1,5,12,14,18–25 and with one another.10,26–29 Among
those objects, there is a large class of molecules with permanent elec-
trical dipole moments p’s. Just this class of particles will be dealt with
in this paper.

The interaction of a polar molecule with polarization charges
induced by it at the system’s interfaces leads to the appearance of
an image force contribution to the total energy of the molecule. In
the classical electrostatic case, when the screening ability of every
medium under consideration is approximated by a corresponding
dielectric constant, the image force energy for point-like dipoles
near a plane interface between two adjacent semi-infinite media is
described by a well-known textbook formula.30 The latter can be
easily obtained from a more “familiar” expression describing the

image forces for single point charges that constitute a dipole. If one
takes into account the spatial dispersion of the dielectric permittiv-
ity, i.e., if one goes beyond classical electrostatics, the results become
substantially modified.18,23,24

Nevertheless, the results obtained in the framework of the
classical approach for the constituent media still remain useful
for the insight and applications. The main shortcoming of this
approach consists in the appearance of an unphysical divergence
of the charge potential at the interface. However, the long-range
asymptotics of the obtained dependences often describe the actual
behavior rather well. This circumstance was applied, e.g., in Ref. 31
(see also the references therein) when calculating far-zone asymp-
totics of the field induced by a point dipole located in the vacuum
near the interface with a spatially inhomogeneous substrate (the
two-layered system). Owing to the linearity of electrodynamic equa-
tions, the substrate is represented as a combination of homogeneous
media, and the final solution is sought as a weighted superposition
of well-known classical results obtained for two-layered systems.
Another example concerns the problems of physical adsorption and
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electrochemistry.8–10,16 Here, the classical model is inapplicable if the
potential is attractive and the resulting charge redistribution near the
interface gives a crucial contribution to the studied effect. However,
if the image force potential at short distances is repulsive, the indi-
cated potential divergence only gives rise to a depletion of charges
in the near-interface region and the results obtained may serve as a
guide.

However, the relatively simple model of two semi-infinite
spaces used so far to treat the problem of electric dipole image forces
turns out insufficient to consider the behavior of a polar molecule
in multilayer systems, such as semiconducting heterostructures,32,33

adsorbates deposited above films composed of the same or different
material and located on yet other substrates,5,12–15,34–40 biological or
artificial membranes,5,25,41–49 and proteins of whatever shape.2 The
next step in this direction is the problem of calculating dipole image
forces in three-layer systems.

Unfortunately, the solution of this problem has not been
obtained yet, even in the framework of the classical electrostatics,
not to talk about the theory taking into account the spatial disper-
sion of the dielectric permittivities of all layers. (An attempt to tackle
the problem was made decades ago,50 but the cited authors failed to
find the solution.) On the other hand, the theory of image forces
for point charges does exist.18,23,24 Hence, in this publication, the
explicit calculations have been made in the framework of the clas-
sical electrostatics. As a result, it turned out that the image force
energy for a point dipole, Wpd, in all three layers involved can be
compactly expressed in terms of known and tabulated special func-
tions. (The generalization to a more general case making allowance
for the dielectric permittivity spatial dispersion is straightforward
but cumbersome.) The structure of this paper is as follows: The for-
mulation of the problem and the working formulas are presented
in Sec. II. Various possible physical consequences of those formu-
las are analyzed in Sec. III. Numerically obtained illustrative results
are presented and discussed in Sec. IV. Conclusions can be found in
Sec. V.

II. FORMULATION OF THE PROBLEM
AND KEY FORMULAS

Polarization (image) forces arise between an external charge
inserted into a system and polarization charges that are induced in
systems with inhomogeneous distributions of dielectric permittivity.
In the considered case of a three-layer (i = 1, 2, 3) piecewise homoge-
neous system composed of classical insulators with constant dielec-
tric permittivities εi (see Fig. 1), polarization charges arise only
at the interfaces between the layers. If two charges (1 and 2) are
inserted into this system, each of them induces charges—1′ and 2′,
respectively—at both interfaces. Then, the image force energy for
this system of two charges equals

W =W11′ + W22′ + W12′ + W21′ , (1)

where W ij′ is the interaction energy of the charge i with the polar-
ization charge j′ induced by the charge j. The first two terms in this
expression describe separate image force energies for each charge,
and the last two terms present the cross-interaction between each
charge and the image charge of its counterpart. Note that neither the
energy of direct Coulombic interaction between the charges, W12,

FIG. 1. A pair of interacting charges Q1 and Q2 located in a three-layer heterostruc-
ture with the constant dielectric permittivities of its layers {εi} = ε1 : ε2 : ε3 at
the coordinates Z1 and Z2, respectively, reckoned from the central plane Z = 0.
The other parameters are as follows: S is the actual and R the lateral (along the
interfaces) distance between the charges, φ is the orientation angle of the charge
pair with respect to the interfaces, and L is the interlayer (medium 2) width.

nor the energy of Coulombic interaction between the induced polar-
ization charges, W1′ 2′ , enters this expression, although they make a
contribution to the total energy of the system.

Each summand in formula (1) can be calculated using explicit
formulas obtained earlier for three-layer systems.53,54,56,58,59 They
correspond to the approximations of sharp interfaces between the
layers and infinite potential barriers for specular reflection of charge
carriers at those interfaces (see various versions of this approach in
Refs. 52 and 60–66). In particular, it was shown that the electrostatic
potential created at the point with the vertical (see Fig. 1) coordi-
nate Z2 in the jth layer (j = 1, 2, 3) by a unit point charge located at
the coordinate Z1 in the ith layer (i = 1, 2, 3) can be written in the
form

Wij(R, Z1, Z2) = −2
∞

∫
0

qdqDij(q, Z1, Z2)J0(qR), (2)

where Dij(q, Z1, Z2) is the electrostatic-field Green’s function,51 R is
the lateral (along the interfaces) distance between the charges, and
J0(qR) is the Bessel function of the first kind. The explicit forms
of Dij functions can be found elsewhere.58,59 In the framework of
our classical model, the potential Wij(R, Z1, Z2) is the sum of the
potential W direct

ij (R, Z1, Z2) created by the point unit charge itself
and the potential W im

ij (R, Z1, Z2) created by the induced polarization
(image) charge. Thus, the latter equals

W im
ij (R, Z1, Z2) = Wij(R, Z1, Z2) −W direct

ij (R, Z1, Z2). (3)

The component W direct
ij (R, Z1, Z2) can be extracted from

Wij(R, Z1, Z2) rather easily, and the remainder W im
ij (R, Z1, Z2) is

exactly the potential created at the point Z2 by the polarization
charges induced in the system by the unit charge located at the
point Z1. The relevant expressions serve as a starting point to
find each term on the right-hand side of Eq. (1). However, first
of all, we should reduce the number of required W im

ij functions
(i, j = 1, 2, 3). In the case of a point dipole, we need only expres-
sions for the W im

ij functions with i = j because both the dipole charges
have to be located in the same layer. Accordingly, the component
W direct

ii (R, Z1, Z2) equals
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W direct
ii (R, Z1, Z2) =

1
εi

∞

∫
0

dqJ0(qR) exp(−q∣Z1 − Z2∣)

= 1

εi

√
R2 + ∣Z1 − Z2∣2

= 1
εiS

, (4)

where S is the distance between the point charge and the point
at which the potential is calculated (see Fig. 1). It is natural that
Wdirect

ii (R, Z1, Z2) diverges at S → 0 because the self-energy of point
charge is infinite in classical electrostatics. However, this diver-
gence is not detrimental at all for all subsequent calculations because
exactly the same term is contained in Wii(R, Z1, Z2) so that operation
(3) eliminates the self-energy divergence. However, the existence
of the latter is crucial to correctly calculate the interaction energy
between external charges (rather than the image force energy), as
has been shown by us earlier.58,59

Note that the indicated divergence appears only in the classical
theory. If the screening by itinerant electrons or mobile ions in elec-
trolyte solutions is taken into account, the quantity W direct

ii (S → 0)
becomes finite. In metals, it represents a negative mean bulk electro-
static energy of an electron, being a finite difference between the infi-
nite Coulomb self-energy of the unscreened charge and an infinite
energy of the surrounding electron cloud.64,67 In the more sophisti-
cated approaches describing real solids with periodic ion lattices, it
is called the “mean inner potential” and can be probed experimen-
tally.12,68 At the same time, the so renormalized image force energy
W im

ii (R = 0, Z1 = Z2 = Z) in the classical electrostatic approach
also has the textbook divergence ∼Z−1 at the medium i surface.30

The account of the spatial dispersion of the dielectric permittiv-
ity destroys this divergence as well, and the quantity Wim

ii (S = 0)
becomes finite at the interface.53,54

After operation (3), every W im
ii (R, Z1, Z2) is a certain finite

linear sum of integrals such as58

∞

∫
0

dq
exp(−q∣Z1 ± Z2 ± L∣)

1 − θ exp(−2qL) J0(qR), (5)

where

θ = ε1 − ε2

ε1 + ε2
× ε2 − ε3

ε3 + ε2
(6)

is the dielectric mismatch parameter and L is the width of
interlayer 2.

Now, let us apply this result to two point charges Q1 and Q2
located in the ith layer at the coordinates Z1 and Z2, respectively,
and at the lateral distance R from each other (Fig. 1). According
to that said above, the summands on the right-hand side of Eq. (1)
equal

W11′ = Q1Q1W
im

11 (R = 0, Z1, Z1),
W22′ = Q2Q2W

im
22 (R = 0, Z2, Z2),

W12′ = Q1Q2W
im

12 (R, Z1, Z2),
W21′ = Q1Q2W

im
21 (R, Z2, Z1),

(7)

with W12′ = W21′ in line with Green’s reciprocity theorem. When
passing to the dipole scenario, attention has to be paid that in this
case the charges Q1 and Q2 are not arbitrary but are related as
Q1 = −Q2 = Q. Furthermore, the polarization charges at the inter-
faces are also not independent but appear only as an induced
response to the electric field created by the external charges. For-
mally, this circumstance can be taken into account by means of
the gradual “Güntelberg charging process,” 69–71 when the charge is
artificially changed from zero to its actual value. As a result, the cal-
culated sum has to be divided by 2 so that the image force energy for
an extended dipole located in the ith layer equals

Wed
i =

Q2

2
[W11′(0, Z1, Z1) + W22′(0, Z2, Z2) − 2W12′(R, Z1, Z2)].

(8)

Finally, we have to make a transition to the point dipole. Let
the dipole moment be equal to P = QS. We should change the
parameters Q, R, Z1, and Z2 in Eq. (8) in such a way that the dis-
tance S between the charges (the dipole arm) would vanish, but the
P-value would remain constant. For this purpose, let us put (see
Fig. 1) Z1 = Z0 − S

2 sinφ, Z2 = Z0 + S
2 sinφ, and R = S cosφ, where Z0

is the coordinate of the dipole center and φ is the dipole orientation
angle reckoned from the plane parallel to the interfaces. Then,

Wpd
i (Z0) = lim

S→0

S2

S2 Wed
i = P2[d2Wed

i

dS2 ]
S=0

. (9)

The procedure of passing to the limit S → 0 (so that R → 0) is
remarkable from the technical point of view because it eliminates the
“detrimental” influence of the Bessel function in Eq. (5)—namely,
J0(qR → 0) → 1—and the final result can be expressed in terms of
special functions, namely, the Lerch transcendent72

Φ(α,μ, ν) = 1
Γ(ν)

∞

∫
0

xν−1 exp(−μx)dx
1 − α exp(−x) =

∞

∑
n=0

αn

(μ + n)ν , (10)

where Γ(ν) is the gamma function.
In the point-dipole limit, only one length scale survives; this is

the interlayer width L. Therefore, it is reasonable to introduce the
dimensionless quantities z = Z/L and wi = L3Wpd

i /P
2. Then,

w1(z > 1
2) =

(1 + sin2 φ)
16(ε2 + ε1)

×
⎧⎪⎪⎨⎪⎪⎩

(ε1 − ε2)
ε1(z − 1

2)
3

+
4ε2(ε2 − ε3)Φ(−θ, 1

2 + z, 3)
(ε2 + ε3)(ε2 + ε1)

⎫⎪⎪⎬⎪⎪⎭
, (11)

w2(− 1
2 < z < 1

2) =
(ε1 − ε2)(ε3 − ε2)(1 − 3 sin2 φ)Φ(−θ, 1, 3)

8(ε1 + ε2)ε2(ε2 + ε3)

+
(ε2 − ε3)(1 + sin2 φ)Φ(−θ, 1

2 + z, 3)
16ε2(ε2 + ε3)

+
(ε2 − ε1)(1 + sin2 φ)Φ(−θ, 1

2 − z, 3)
16(ε1 + ε2)ε2

, (12)
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w3(z < − 1
2) =

(1 + sin2 φ)
16(ε2 + ε3)

×
⎧⎪⎪⎨⎪⎪⎩
− (ε3 − ε2)
ε3(z + 1

2)
3

+
4ε2(ε2 − ε1)Φ(−θ, 1

2 − z, 3)
(ε1 + ε2)(ε2 + ε3)

⎫⎪⎪⎬⎪⎪⎭
. (13)

It is evident that w1 can be transformed into w3 and vice versa by
making the substitutions ε1 ⇄ ε3 and z⇄ −z.

Below, the terms including the dielectric permittivities of all
three media will be referred to as interference ones, namely, these
are the second terms in the braces in w1 and w3, as well as all terms
in w2.

III. ANALYSIS OF THE SOLUTION
Solutions (11)–(13) demonstrate some interesting features. Let

us consider, e.g., medium 1 and its interface with medium 2. In the
long-range limit z→ ±∞, we have

Φ(−θ, z → ±∞, 3)→ 1
z3(1 + θ)

so that the expression for the image force energy of a dipole located
in medium 1 far away from interlayer 2 looks like

w1(z →∞) =
(1 + sin2 φ)(ε1 − ε3)

16(ε1 + ε3)ε1
× 1

(z − 1
2)

3 . (14)

This expression does not include the dielectric permittivity ε2 of the
slab. Thus, it appears that, very far away from the thin film (Z≫ L),
the dielectric response of substrate 3 determines the interaction
of the dipole with the interfaces. In other words, the influence of
interlayer 2 between media 1 and 3 becomes negligible.

In the symmetric case ε1 = ε3, asymptotics (14) is not enough,
and the next term in the long-range expansion of the Lerch
transcendent72 has to be taken into account. As a result, we obtain

w1(z →∞, ε1 = ε3) =
3(1 + sin2 φ)(ε2

1 − ε2
2)

64ε2
1ε2

× 1
z4 (15)

so that the image force energy now vanishes more rapidly at infinity
than it does in the non-symmetric case.

In the short-range limit z → 1
2 achieved from the medium-1

side, the first term in the braces in Eq. (11) is singular and dominates
so that

w1(z → 1
2 + 0)→

(1 + sin2 φ)(ε1 − ε2)
16(ε2 + ε1)ε1

× 1

(z − 1
2)

3 . (16)

Now, this asymptotics does not contain the dielectric permittivity ε3
of the other cover (medium 3). The same situation takes place in the
limit w2(z → 1

2 − 0) when we approach the z = 1
2 interface from the

other side, namely, from the slab one. In this limit, the first two terms
on the right-hand side of formula (12) are finite, whereas the third
term is singular, i.e., dominates. The limit

lim
μ→0

Φ(α,μ, ν)→ 1
μν

[see Eq. (10)] is not sensitive to the parameter α so that

w2(z → 1
2 − 0)→

(ε2 − ε1)(1 + sin2 φ)
16(ε1 + ε2)ε2

× 1

(z − 1
2)

3 . (17)

Formulas (16) and (17) are the exact solutions of the problem for
image forces in the case of a point dipole in a two-layer system of
classical insulators. It seems rather reasonable because the interac-
tion of the dipole in the three-layer system with polarization charges
emerging at the nearest interface (z = 1

2) overcomes the interaction
with more distant polarization charges emerging at the far interface
(z = − 1

2).
By the way, the required formulas for the two-layer geom-

etry can be easily reproduced from our result, e.g., by putting
ε1 ≠ ε2 = ε3, i.e., by equating media 2 and 3, and thus transform-
ing the system into that composed of two semi-spaces separated by
a plane interface at z = 1

2 . Then, only the first term in the braces on
the left-hand side of Eq. (11), the last term on the right-hand side
of Eq. (12), and the last term in the braces on the left-hand side of
Eq. (13) survive. Taking into account that now θ = 0 [see Eq. (6)] and

Φ(0,μ, ν) = 1
μν

[see Eq. (10)], we obtain that

w1(z > 1
2) =

(ε1 − ε3)(1 + sin2 φ)
16(ε3 + ε1)ε1

× 1

(z − 1
2)

3 , (18)

w2(− 1
2 ≤ z < 1

2) = w3(z ≤ − 1
2) =

(ε3 − ε1)(1 + sin2 φ)
16(ε1 + ε3)ε3

× 1

(z − 1
2)

3 .

(19)

Hence, the divergence at z = − 1
2 disappears, the image force energy

in layers 2 and 3 is described by the common formula (19), and
formulas (18) and (19) are equivalent to those well-known from clas-
sical electrostatics for a point dipole in a two-layer system with the
interface at z = 1

2 . The limiting formulas (16) and (17) are abso-
lutely identical to formulas (18) and (19), since ε2 = ε3 in this case.
It is easy to verify that an analogous result (with an accuracy of the
replacement ε1 ⇄ ε3 and 1

2 − z ⇄ 1
2 + z) is obtained if we put ε1 = ε2

≠ ε3, but the separating interface is located at z = − 1
2 .

Finally, let us consider a symmetric configuration with ε1 = ε3.
Then, it is easy to see that the difference ε1 − ε2(= ε3 − ε2) becomes
a factor in each of expressions (11)–(13). This means that if we put
ε1 = ε2 = ε3, then, according to the indicated formulas,

w1(z ≥ 1
2) = w2(− 1

2 ≤ z ≤ 1
2) = w3(z ≤ − 1

2) = 0 (20)

simultaneously in all layers. In other words, the image forces van-
ish, as it has to be in a homogeneous system. Thus, all limiting
cases for configurations with reduced layer numbers are correctly
reproduced.
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Let us consider once more asymptotics (14) and (16) for w1 in
cover 1 if ε1 ≠ ε2 ≠ ε3. Their signs are determined by the difference
ε1 − ε3 in the former case and the difference ε1 − ε2 in the latter
one. The positive w-sign corresponds to the repulsion of the dipole
from the interface, and the negative one corresponds to the attrac-
tion to the latter. Therefore, in the case, e.g., ε2 < ε1 < ε3, we inevitably
obtain a singular repulsion of the dipole from the z = 1

2 interface
(here, ε1 > ε2) and a vanishing attraction at asymptotically large dis-
tances z →∞ (here, ε1 < ε3). Those two behaviors can be smoothly
matched with each other only in the case of a potential well in the
intermediate region 1

2 < z < ∞. Thus, the formation of a poten-
tial well in medium 1 is unavoidable for the indicated relationships
among the dielectric permittivities of the layers. A similar consider-
ation brings us to a conclusion that, in the case ε3 < ε1 < ε2, there
inevitably arises a potential barrier for a dipole in layer 1. Of course,
the well depth and the barrier height are governed by the specific
εi values, and they will be illustrated numerically in Sec. IV. Hence,
a proper selection of heterostructure materials with specific dielec-
tric permittivities allows adsorption or repulsion to be controlled
electrostatically.

The behavior of the polarization energy in the slab (medium 2)
is much more intricate, as has been recognized long ago,73,74

although the explicit expressions for w2(z) have not been found.
From Eq. (12), it is clearly seen that there are two terms, each of
which corresponding to “its own” interface. The implicit influence of
either interface on the term generated by polarization charges posi-
tioned at its counterpart does exist. However, it occurs far enough
from the interfaces because the mismatch parameter θ depends on
all dielectric constants [see Eq. (6)]. Of course, this influence disap-
pears close to any slab boundary, when the first term in series (10)
diverges. Then, the conventional behavior similar to formula (17) is
recovered near the interfaces z = ± 1

2 .
There is an additional interference in the interlayer between

the polarization charges. It is described by the position-independent
(z-independent) term, namely, the first term in Eq. (12). This
term is symmetrical with respect to ε1 and ε3. It can be consid-
ered as an analog of the term found in the case of the point-
charge image force energy in three-layer systems.56 It is also intrigu-
ing that its angular dependence is different from the conventional
one, the latter being exhibited by all other terms in Eqs. (11)–
(13) and favoring the normal dipole orientation with respect to the
interfaces.

The obtained general formulas have interesting consequences
that will be treated in Sec. IV numerically in more detail.

IV. NUMERICAL ILLUSTRATIONS AND DISCUSSION
According to the formulas obtained in Secs. II and III, the qual-

itative behavior of the dependence w(z) in the classical dispersion-
less three-layer system with the dielectric permittivities of the layers
{εi} = ε1 : ε2 : ε3 can be understood on the basis of the following
simple rules: (i) For a point dipole in the medium with the dielectric
permittivity ε, the medium with the dielectric permittivity ε′ > ε is
attractive and the medium with ε′′ < ε is repulsive. (ii) If a dipole
is located very close to any of the interfaces, it looks like only one
(the nearest) medium is located on the other side from this interface.
If the relevant dielectric permittivities are different, the image force
energy diverges on each side of the interface with the divergence sign

being determined by rule (i). If the dielectric permittivities are iden-
tical, those two media form a common unified medium (the interface
disappears), so that w(z) becomes a smooth function there, and the
three-layer configuration degenerates into the two-layer one. (iii) A
dipole located sufficiently far from the interlayer does not feel it (the
semi-infinite substrate hinders the contribution of the very narrow
slab).

Illustrations of the w(z) behavior in all layers are displayed
in Figs. 2(a)–4(a). The sets of εi were intentionally chosen to be
non-symmetrical in order to avoid any possible occasional simpli-
fications. Those figures represent three possible situations for the
curves w2(z): the existence of a maximum (Fig. 2), an inflection point
(Fig. 3), and a minimum (Fig. 4) in the interlayer. The characteristic
points are not located in the slab center (z = 0) because of the indi-
cated non-symmetricity of the εi-sets. In addition, it is easily seen
that there is no qualitative difference between the behavior of w2(z)
for limiting values of the orientation angle φ. The values of w1,3(z, φ
= π/2) in the covers are twice their counterparts w1,3(z, φ = 0) [see
Eqs. (11) and (13)] and are shown for completeness.

The overall panorama depicted in Figs. 2(a)–4(a) cannot reveal
certain peculiar details of the wi(z) behavior because they are
overshadowed by the divergences at both interfaces. To overcome
this inconvenience, we introduced finite renormalized quantities
w̃i(z) (i = 1, 2, 3) by taking the product of the divergent wi(z)
at the interfaces and the corresponding factor f i(z) from the set
{fi(z)} = {∣z − 1

2 ∣
3, ∣z − 1

2 ∣
3∣z + 1

2 ∣
3, ∣z + 1

2 ∣
3}, i.e., w̃i(z) = wi(z)fi(z)

with i = 1, 2, 3. Those factors eliminate the indicated divergence
in wi(z) and provide an opportunity to obtain information on the
short- and long-range asymptotic behavior of wi(z) in the layers [see
Figs. 2(b)–4(b); note that the scale along the axis z within the inter-
val − 1

2 ≤ z ≤ 1
2 differs from that beyond it]. In particular, in the

case of medium 1, the multiplier f1(z) = ∣z − 1
2 ∣

3 makes it possible

FIG. 2. (a) Dependence of the dimensionless image force energy w = L3W pd/P2

for a point dipole with the moment P on the dimensionless dipole coordinate
z = Z/L calculated in all three layers of a heterostructure with {εi} = 2 : 1 : 4.
Solid and dashed curves correspond to the parallel (φ = 0○) and perpendicular
(φ = 90○), respectively, dipole orientations relative to the interfaces. (b) Finite
dependence w̃(z) obtained by excluding divergent factors from w(z). The angle
φ = 0○. Dashed horizontal lines represent long-range asymptotic values in the
covers. See explanations in the text.
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FIG. 3. [(a) and (b)] The same as in Fig. 2, but for {εi} = 2 : 3 : 4.

to simultaneously evaluate and compare the coefficients both in the
most divergent term (16), at the z = 1

2 interface, and in the long-
range asymptotics (14). The absolute-value mode for the renormal-
izing factors was selected to preserve information about the w-sign
(repulsion or attraction).

The renormalizing factor f2(z) = ∣z − 1
2 ∣

3∣z + 1
2 ∣

3 selected for
the interlayer also makes it possible to correctly evaluate the coef-
ficient in the most divergent term at the proper interface. This is
because one of its multiplier—in the case of z = 1

2 interface, this
is ∣z − 1

2 ∣
3—eliminates the divergence, whereas the other—this is

∣z + 1
2 ∣

3 in the case concerned—tends to unity and does not distort
the value of the short-range asymptotic coefficient at this interface
[see Eq. (17)]. The same is valid for the z = − 1

2 interface as well.
Then, we deduce that the w̃ values across the interfaces are related to
each other as follows [see, e.g., Eqs. (16) and (17)]:

w̃1(z = 1
2)

w̃2(z = 1
2)
= − ε2

ε1
,

w̃3(z = − 1
2)

w̃2(z = − 1
2)
= − ε2

ε3
.

FIG. 4. [(a) and (b)] The same as in Fig. 2, but for {εi} = 2 : 5 : 4.

The values of the coefficients in the long-range asymptotics of
w(z) in the covers are also indicated in Figs. 2(b)–4(b) by dashed
horizontal lines. Attention is attracted by the following fact (and it
will be reproduced in other calculations given below): As the dis-
tance from the slab toward both sides increases, the w(z) values
diminish much more rapidly [w(z) ∼ z−3] than it would be in the
case of a single point charge [w(z) ∼ z−1]. Nevertheless, it turned
out that the corresponding long-range asymptotic limits are reached
only at very large distances from the slab.

Below, in order to illustrate the properties of the obtained solu-
tion (11)–(13), we consider the influence of certain system param-
eters on w(z) and its asymptotics in some most interesting, from
our viewpoint, cases. However, we would like to attract attention
that the general solution can be expressed as functions of the nor-
malized coordinate z = Z/L. The latter can be varied by (i) moving
the dipole normally to the heterostructure interfaces and leaving
the interlayer width L intact or (ii) changing the slab width L and
properly modifying the coordinate Z.

Now, let us consider a dipole in vacuum (medium 1, ε1 = 1)
over various substrates (medium 3, ε3 = var) covered with a film
(medium 2) with ε2 = 3. From the rules given above, it follows that
the slab always exerts an attractive action on the dipole (ε1 < ε2). The
substrate always attracts the dipole (if ε2 > 1 so that ε1 < ε2). If ε2 = 1,
so that ε1 = ε2, the substrate remains “indifferent” with respect to
the dipole, but the slab provides the general attraction in this case
as well. Thus, the dipole is always attracted to the substrate at any
ε3. The results of calculations for the dependence w1(z), which are
exhibited in Fig. 5(a), confirm this rather trivial conclusion.

More information can be obtained when analyzing the corre-
sponding renormalized w̃1(z) dependences [Fig. 5(b)]. According
to Eq. (16), where the coefficient is ε2-independent in the case con-
cerned, the curves form a node at z = 1

2 . At the same time, they have
different values at z→∞, which satisfy Eq. (14). We draw attention
to the result obtained for ε3 = 3, which is depicted by the horizontal
dashed line [its counterpart in panel (a) is also shown by the dashed
curve]. In this case, ε2 = ε3 ≠ ε1, and we obtain a two-layer system,
in which w1(z) is described by formula (18), so that the short- and
long-range asymptotic coefficients coincide. In other variants, with
ε2 ≠ ε3, this is not the case, and we can observe how slowly the curves
in panel (b) approach their corresponding long-range (z → ∞)
asymptotics.

Now, let us put the dielectric constant of the substrate ε3 = 3 and
vary the dielectric constant ε2 of the interlayer (Fig. 6). The system
remains strictly “attractive,” as in the previous case, and the quali-
tative behavior of the w1(z) dependences also remains the same [cf.
Figs. 5(a) and 6(a)]. Furthermore, the curve for ε2 = 3 in Fig. 6(a) is
identical to the curve for ε3 = 3 in Fig. 5(a) because they describe the
same system with {εi} = 1 : 3 : 3. Subtle differences can be observed
between the corresponding w̃1(z) dependences [cf. Figs. 5(b) and
6(b)]. Here, we have an inverse situation in comparison with the
previous case. Specifically, at z = 1

2 , the curves acquire different val-
ues dictated by the same relationship (16) and they tend to the same
value satisfying formula (14) at z→∞.

Almost the same situation (with an accuracy of the w1- and w̃1-
sign change) will take place in the purely “repulsive” configuration,
when ε1 > (ε2, ε3). Hence, it will not be illustrated at length.

The most interesting situations occur if the interlayer and the
substrate have different (repulsive or attractive) influences on the
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FIG. 5. Dependences (a) w(z) and (b)
w̃(z) in medium 1 for φ = 0○ and {εi}

= 1 : 3 : ε3. Dashed curves correspond
to {εi} = 1 : 3 : 3, i.e., a two-layer
system.

dipole. Let us first illustrate the case when the dielectric permittivity
of the substrate (medium 3) is fixed, whereas that of the interlayer is
varied (Fig. 7). Here, we have two possibilities: the substrate attracts
the dipole located in medium 1 far from the interlayer [panel (a)]
or repulses it [panel (b)]. In the former case (ε3 > ε1), by varying
ε2, we can select either the purely attractive mode for the dipole
(ε2 > ε1) or the mode with the formation of a potential barrier
(ε2 < ε1). Those modes are separated by a certain ε2-value (ε2 = ε1 = 3
in the case concerned) at which the interlayer becomes “neutral”
with respect to the medium where the dipole is located; nevertheless,
the substrate provides the overall attraction in this case (the dashed
curve).

An analogous situation is observed in the latter case with the
repulsive substrate (ε3 < ε1). The pure repulsion of the dipole in the
whole cover 1 can be guaranteed only if the interlayer also plays a
repulsive (ε2 > ε1) or at least a “neutral” (ε2 = ε1) role. The scenar-
ios with the fixed interlayer and varied substrate permittivities are
illustrated in Fig. 8.

However, expression (11) for w1(z) also contains the
φ-dependent factor 1 + sin2 φ that varies from 1 at φ = 0○ to 2 at φ
= 90○. It is easy to understand (see Fig. 9) that we have w1(z, φ = 0○)
< w1(z, φ = 90○) at those z’s where w1 is positive and w1(z, φ = 0○)
> w1(z, φ = 90○) in the intervals where w1 is negative. It means that,

at any z, the dipole acquires a preferential orientation that is energet-
ically more advantageous: parallel (φ = 0○) if w1(z) > 0 or perpendic-
ular (φ = ±90○) if w1(z) < 0 (thick curve in Fig. 9). From Figs. 7 and
8, the specific orientation (e.g., whether the dipole located near the
interlayer is parallel or perpendicular to it) depends on the specific
combination of εi values. We should emphasize that the preferen-
tial orientations of real molecules with permanent dipole moments
depend on various other contributing factors and can differ from the
indicated values.

In the conventional scenario, the short-range repulsion of the
molecule at the interface is attributed to the quantum mechani-
cal effects (frequently called the Pauli repulsion between the over-
lapping electron wave functions of the adsorbed molecule and the
substrate).10,13,20,29,75–82 This effect unavoidably exists for adsorbates
located close to the surface. Nevertheless, the results demonstrated
in Fig. 7(b) testify that the adsorption may be prevented electro-
statically for quite reasonable values of thin-film dielectric permit-
tivities. Purely electrostatic repulsion starts at the distances z of the
molecules from the film that exceed the distances at which the Pauli
repulsion emerges. Of course, when ε2 grows and becomes large
enough (in our case, it happens at ε2 ≥ 10), the influence of the
substrate vanishes and the dipole is attracted to the film until the
short-range Pauli repulsion (by no means treated in this classical

FIG. 6. [(a) and (b)] The same as in
Fig. 5, but for φ = 0○ and {εi} = 1 :
ε2 : 3.
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FIG. 7. Dependences w(z) in medium 1
for φ = 0○ and (a) {εi} = 3 : ε2 : 4 or
(b) {εi} = 3 : ε2 : 2. Dashed curves cor-
respond to the equality ε2 = ε1 and sep-
arate the monotonic and non-monotonic
w(z) dependences.

FIG. 8. The same as in Fig. 7, but for (a)
{εi} = 3 : 2 : ε3 or (b) {εi} = 3 :
4 : ε3. Dashed curves correspond to the
equality ε3 = ε1.

approach!) stops it at a certain equilibrium distance. Thus, it turns
out that a purely electrostatic mechanism controlling the molecular
adsorption in three-layer sandwiches is possible. However, these
conclusions should be checked by applying more sophisticated

FIG. 9. Fragments of the w(z) dependences for {εi} = 3 : 2 : 4 and various φ’s.

models of heterostructures in which the spatial dispersion of dielec-
tric permittivity (permittivities) is made allowance for.23,24

On the other hand, a subtle interplay between purely classical
electrostatic attraction of the dipole to and its repulsion from polar-
ization charges arising at both interfaces may confine dipoles at the
heterostructure interfaces, which means their physical adsorption.
The confined dipoles in this scenario are located at large distances z’s
from the film as compared with its thickness L. The corresponding
minimum in the dipole image force energy was found long ago.50

However, those results are totally unreliable, since we have found
that even the starting formulas are wrong. Hence, the final ones
cannot be correct either. The possibility of electrostatic adsorption
revealed in our calculations may be, in particular, important for large
organic molecules,34,73,80 which can be confined in wide wells of the
type shown in Figs. 5(a) and 6(a).

The electrostatic well for point-like dipoles is analogous to the
well arising for point charges near the interface between an insula-
tor and a plasma-like medium83 (see also Refs. 70 and 84). In the
latter model, the inverse Thomas–Fermi (for the quantum plasma
of a metal) or Debye–Hückel (for the classical plasma or electrolyte)
length λ (see the analysis of possible cases in Ref. 85) plays a similar
role as the slab width L does in our problem.

To finish the analysis of the dipole behavior in the cover, let
us consider the w1(z) dependences in the symmetric case, i.e., for
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a slab with varying ε2 sandwiched between two identical electrodes
with ε1 = ε3, which is met, in practice, rather frequently (see Fig. 10).
In this case, the substrate is inert with respect to the dipole-induced
image force, and it is only the dielectric permittivity ε2 of the slab that
governs the attraction or repulsion of the latter at all distances. The
corresponding dependences are rigorously monotonic [except for
the degenerate state ε1 = ε2 = ε3, see Eq. (20)] and are characterized
by the long-range z−4 asymptotics [Eq. (15)].

From Figs. 2–4, from the electrostatic viewpoint, the most
energetically beneficial position of a dipole inside the slab crucially
depends on the relationship between the medium dielectric con-
stants. However, strictly speaking, electrostatically driven molecules
can either concentrate near the z = ± 1

2 interfaces [if w2(z) has a
maximum or an inflection point] or be adsorbed inside the slab far
from its boundaries [if w2(z) has a minimum]. The latter case is the
most interesting for applications, since in such a way molecules can
be confined in the heterostructure interlayer. In Fig. 11, the renor-
malized dependences w̃2(z) are depicted for slabs with various ε2’s
suspended in the vacuum or gas vapor. We note that the angular
dependence of w2, according to Eq. (12), is not reduced to the triv-
ial factor (1 + sin2 φ) so that we had to demonstrate the ultimate
cases of the dipole oriented perpendicularly or in parallel to the layer
planes. Nevertheless, both sets of dependences turned out to be very
similar.

Let us now compare our results with the previous attempts
of the predecessors50,73 dealing with the same problem. First of all,
none of them managed to obtain the final correct formulas (11)–
(13). The reason of their failure is quite clear: they did not start
from the general approach23,24,53,54,56 already elaborated for point
charges but investigated various particular cases. Furthermore, no
final explicit analytical dependences of the image force energy on z
were obtained! Moreover, even the presented particular results turn
out wrong. Indeed, as can be seen from (12), the dependence w2(z)
includes two terms with the standard angular factor (1 + sin2 φ) and
one z-independent (!) term with the angular factor (1 − 3 sin2 φ)
so that the total angular dependence of the point-dipole energy in
the slab becomes anomalous. The absence of the nonstandard term
clearly indicates that the calculations led to erroneous results. To

FIG. 10. The same as in Fig. 6(a), but for φ = 0○ and {εi} = 3 : ε2 : 3.

FIG. 11. Dependences w̃(z) in medium 2 at {εi} = 1 : ε2 : 1 and for (a) φ = 0○

and (b) φ = 90○.

summarize this comparison, we emphasize that the problem of the
dipole image force energy in three-layer systems has been solved
here for the first time and its validity is confirmed in all limiting
cases.

To elucidate the role of the z-independent interference term in
Eq. (12) (the interference constant), let us first make some analyti-
cal calculations for a peculiar point, namely, the slab center (z = 0),
in a symmetrical sandwich with metal covers. In this case, ε1 = ε3
→ ∞ and a finite ε2 ≥ 1 so that θ = −1. Then, in formula (12), we
have Φ(1, 1

2 , 3) = 7ζ(3) and Φ(1, 1, 3) = ζ(3), where ζ(x) is the
Riemann zeta function,72 and the expression for w2 takes a simple
form

w2(z = 0, ε2 ≥ 1, ε→∞)→ − ζ(3)
4ε2
(3 + 5 sin2 φ). (21)

This limiting case clearly demonstrates that the interference con-
stant distorts the classical angular dependence.

The existence of z-independent term in expression w2(z) is
unavoidable, but it only shifts the w2(z) profile as a whole along the
ordinate axis and does not change the character of this dependence
{with a maximum, a minimum, or an inflection point [see Figs. 2(a)–
4(a)]}. Indeed, the terms in Eq. (12), singular at the corresponding
interfaces, must compensate each other at some point (not neces-
sarily at z = 0 if the heterostructure is non-symmetric). This is true
not only for the dipole image force energies but also for their con-
stituents, i.e., the image force energies for point charges. The latter
statement can be understood if one examines the textbook expres-
sion for the charge polarization energy Wmet

ch (Z) in the vacuum gap
between metal electrodes,30

Wmet
ch (Z) =

Q2

4L
[2 log γ + ψ(1

2
− Z

L
) + ψ(1

2
+

Z
L
)],

where an interference constant

Wmet
ch (Z = 0) = −Q2 log 2

L
(22)

appears in the center of the gap. Here, γ = 1.78. . . is the Euler
constant, and ψ(x) is the logarithmic derivative of the gamma
function.
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FIG. 12. Dependences of w(z = 0) on φ
in medium 2 for (a) {εi} = 1 : 5 : 1 and
(b) {εi} = 5 : 1 : 5. The solid curve cor-
responds to the actual dependence. The
dashed curve describes the dependence
obtained without the account of the con-
stant interference term (see explanations
in the text).

Moreover, let us analyze the energy W ins
ch (Z) in the case of a

symmetric sandwich with ε1 = ε3 = ε ≠ ε2. In this case, it was shown56

that, with an accuracy of at least 6% (in reality, the numerical and
approximate curves coincide graphically), this quantity can be rep-
resented as the sum of the combined image force energies at both the
interfaces and the interference term

W ins
ch (Z) = −

Q2

ε2L
[log( 2ε

ε + ε2
) +

4(ε − ε2)Z2

(ε + ε2)(L2 − 4Z2)]. (23)

Thus, the Z-independent interference constant constitutes an addi-
tional term to the conventional polarization energies at the inter-
faces. The same is true for dipoles, as comes about from Eq. (12).
On the contrary, popular Simmons approximation formulas86,87 for
point-charge image forces in the inter-electrode gap are wrong from
the theoretical point of view because the interference constant is not
isolated in Refs. 86 and 87 and is treated as a factor distorting the
superposition of both image-force contributions.

The angular dependences of w2(z = 0) characterizing simple
symmetric sandwiches are displayed in Fig. 12 for the cases of the
maximum [panel (a)] and minimum [panel (b)] in the slab center.
Solid curves correspond to the actual (full) dependences, whereas
the interference constant was subtracted from w2(z = 0) for their
dashed counterparts. It is clear from the comparison of the solid
and dashed curves that a peculiar angular dependence (1 − 3 sin2 φ)
of the interference term does not alter the overall tendency dic-
tated by the “normal” dependence (1 + sin2 φ). For instance, in
the case of resulting attraction [Fig. 12(b)], the latter is stronger
at the maximum point for perpendicularly oriented dipoles, no
matter whether the interference constant is made allowance for
or not.

The results of our calculations showed that, if the dipole in
the interlayer has the same interaction type (attraction or repulsion)
with both covers, the corresponding w2(z) dependence preserves its
sign across the interlayer [see Figs. 2(a) and 4(a)]. Therefore, tak-
ing the aforesaid into account and examining Figs. 2(a)–4(a) on the
basis of the same arguments that were used when discussing Fig. 9, a
conclusion can be drawn that the dipole can change its preferential
orientation across the slab only in the “monotonic” cases ε1 < ε2 < ε3
and ε1 > ε2 > ε3.

V. CONCLUSIONS

In this article, we showed that the image force energy for
permanent point dipoles in three-layer structures, Wpd(Z), can be
calculated exactly in the framework of classical electrostatics. The
resulting formulas clearly demonstrate that Wpd includes contribu-
tions from polarization charges at both interfaces involved. When
being in any cover close to the slab, a dipole feels mainly the latter
influence. At the same time, when it is far away from the slab, this
limit corresponds to the infinitesimally thin interlayer. As a result,
the dipole is influenced by the polarization charges at both inter-
faces on an equal footing, and the slab parameters fall out of the final
expression.

The difference between the dielectric constants of the layers
may lead to two interesting phenomena, which can be observed
for dipoles located in the covers. First, the electrostatic repulsion
induced by a thin film can prevent adsorption of polar molecules.
Second, the electrostatic well can appear far away from the film
surface. A molecule may be trapped in this well without any involve-
ment of the quantum mechanical Pauli repulsion of the molecule’s
electron shells from those of the slab atoms (molecules). One might
also speculate that the unconventional purely electrostatic control
of the dipole location in heterostructures has some relation to the
unexpected bright photoluminescence in carbon nanodots.88

If the dipole is located inside the slab, for instance, in a gap
between two electrodes, it interacts with both of them so that the
results are very peculiar, namely, the interference constant appears
having the dependence on the dipole orientation angle φ differ-
ent from those of the other terms, which are the textbook ones
(1 + sin2 φ).

The new formulas obtained are interesting per se, but they can
also be used in the physics and chemistry of adsorption1,3–17 as the
input functions. We note that the adopted method53,54,58,59 makes
it possible to calculate Wpd

ii in a more general case, when the spa-
tial dispersion of the dielectric permittivities for all media is taken
into consideration. In particular, by doing so, we can get rid of the
divergences at the interfaces intrinsic to the classical approach, as
has already been done for dipole image forces in the two-layer struc-
tures.18,23,24 Nevertheless, the whole structure of the final formulas
will remain the same so that the conclusions made here will survive
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in a more complicated analysis. At the same time, the classical elec-
trostatic calculations are transparent and give a useful insight into
the problem.
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