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ABSTRACT
We develop a molecular nanoscaled model for tubular motors propelled by bubble propulsion. The motor is modeled by a carbon nanotube,
and the bubble is represented by a particle interacting with water by a time-dependent potential. Effects of liquid viscosity, fuel concentration,
geometry, and size of the tube on the performance of the motor are effectively encoded into two parameters: time scales of the bubble
expansion and bubble formation. Our results are qualitatively consistent with experimental data of much larger motors. Simulations suggest
that (i) the displacement of the tube is optimized if two time scales are as short as possible, (ii) the compromise between the performance and
fuel consumption is achieved if the bubble formation time is shorter than the velocity correlation time of the tube, (iii) the motor efficiency is
higher with slow expansion, short formation of the bubble than fast growth but long formation time, and (iv) the tube is propelled by strong
forces on the order of mN, reaching high speeds up to ∼60 m/s. Our simulation may be useful for refining and encouraging future experimental
work on nanomotors having the size of a few nanometers. The tiny size and high speed motors could have great potential applications in real
life.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5109101., s

I. INTRODUCTION

In recent years, remarkable progress has been made in the
development and application of self-propelled micro/nanomotors.
These machines exhibit great potential applications in various fields,
such as environment,1 food industry,2 and biomedicine.3 Basically,
a spatial field gradient is created across the structures, inducing
the movement from high to low fields. Various energy sources,
such as ultrasound, motile microorganisms, chemical, and biochem-
ical reactions, have been used to generate such a field gradient.

In addition, motors with various shapes, such as rods, Janus spheres,
and tubes, have been fabricated.4–7 Among these, bubble-driving
tubular motors are most notable for their small size, light weight,
strong driving force but low energy consumption. They possess a
unique inner hollow, allowing for efficient catalytic, chemical, and
biochemical reactions to take place inside the tube.4,7,8 The reac-
tions produce gas molecules, which then nucleate and form bubbles.
The bubbles diffuse and then exit from one open end of the tube,
propelling the tube to move in the opposite direction. This mecha-
nism results in the unique stop-and-go behavior of bubble-propelled
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motors.9 While experimental studies have been extensively focus-
ing on the fabrication, optimization, and demonstration for proof-
of-concept applications of the motors, theoretical approaches are
much behind. Most of the theoretical studies employ the continuum
mechanics or Langevin dynamics simulations to describe the motion
of motors.10–24 These studies provide valuable insights into macroef-
fects, such as confinement, shape, size, external fields, liquid concen-
tration, and viscosity on the motion of motors. However, we have
not seen in the literature any all-atom molecular dynamics (MD)
simulations aimed at studying the self-propelled mechanism at the
molecular level. In addition, there are no experimental models hav-
ing the size of a few nanometers. Given the difficulty and expense
in the fabrication and optimization motors, especially at nanoscales,
it is highly desirable to have MD studies, which would allow for
a thorough understanding of the physics of the bubble-propelled
mechanism in detail, prior to experimental work. With this in mind,
the core aim of this work is twofolds: (i) develop a nanoscaled molec-
ular model for bubble-propelled tubular motors and (ii) carry out
atomistic nonequilibrium MD simulations with this model to study
how its performance depends on the bubble expansion time in the

liquid after exiting the tube, and the period of formation of two
consecutive bubbles. Our results can qualitatively explain current
experimental results, and make a prediction on the speed and propel
force of very small nanomotors. This could be helpful for optimizing
the balance between the performance and fuel consumption, thus
designing more powerful tiny motors.

II. THE MODEL AND SIMULATION DETAILS
Our model consists of a carbon nanotube (CNT) and a bub-

ble attached to one end of the tube. A bubble is represented by a
low mass particle which does not interact with CNT but interacts
with surrounding liquid atoms by a time-dependent Lennard-Jones
potential of the following form:

V[r,σ(t)] = 4𝜖[(
σ(t)
r
)

12
− (

σ(t)
r
)

6
], (1)

where r is the distance between the bubble particle and a liquid
atom, and R(t) ≡ σ(t) is the bubble radius. The repulsive poten-
tial creates an empty cavity, mimicking a bubble in the liquid. This

FIG. 1. (a) Time-evolution of the bubble radius obtained by Eqs. (2) and (3) (black) and simulation (red) for (τ1, τ2) = (10,2) ps (green). (b) The cross section XOZ of the initial
structure of the system. (c) and (d) show the snapshots during the bubble expansion and when the bubble is fully grown. For clarity, only the first three bubble expansion
periods are shown in (a).
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bubble model has been developed and applied to study effects of
the stable bubble cavitation on the amyloid fibril and lipid mem-
brane models,25,26 and to verify the Rayleigh-Plesset (RP) equation
for the description of the dynamics of nanosized bubbles.27 The bub-
ble growth/shrinkage is generally described by the Rayleigh-Plesset
(RP) equation.27–29 Assuming that the bubble radius increases as
R(t) ∼ tm, then for small radius, it can be derived from the RP
equation that m = 2/3.7 Thus, for our nanosized bubble, the time-
dependent bubble radius is expressed as a function of the following
form:

R(t) =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Rmax(
t
τ1
)

2/3
, t ≤ τ1, (2)

0, τ1 < t ≤ τ1 + τ2. (3)

Equation (2) describes the expansion of a bubble from initial radius
R(0) = 0 to the maximum value Rmax at time τ1. Equation (3) mimics
the detachment of the bubble from the CNT after full growth; i.e.,
there is no bubble within time τ1 < t ≤ τ1 + τ2. In other words, τ2
is the delay time for forming a next bubble. After that, a new bub-
ble appears and grows according to Eq. (2), then disappears again
according to Eq. (3). This process is repeated during the simulation
and illustrated in Fig. 1(a).

Having defined the model, we carry out MD simulations using
a CNT with a length and radius of 6 nm and 1 nm, respectively. The
bubble is allowed to expand to Rmax = 1.5 nm. The all-atom OPLS
force field and TIP3P water model30 are employed to describe the
CNT and liquid, respectively. The repulsive strength 𝜖 = 20 kJ/mol
[Eq. (1)] is simply large enough to maintain the cavity. The CNT
is initially placed at the center of a rectangle box with edge lengths
(Lx, Ly, Lz) = (8, 8, 14) nm, and the first principal axis is aligned
along the Z-axis [Fig. 1(b)]. To determine the time scale of the bub-
ble expansion, τ1, we carry out an MD simulation of only TIP3P
water, where an empty cavity with the radius of 1.5 nm is initially
created in the box. This way, we obtain the collapse time scale of
the cavity of ∼10 ps, well-agreed with previous studies.31,32 Assum-
ing that the growth and collapse of a small bubble are symmetric,
this suggests us to use the value τ1 = 10 ps in simulations. Because
the properties of liquid and gas affect the speed of bubble expansion,
and to effectively mimic this effect, we also carry out simulations
with τ1 = 20 ps. The effect of the delay time is studied by varying the
value of τ2 in the range τ2 = 0, . . ., 30 ps. For each parameter set, we
carry out 10 trajectories, starting from different initial equilibrium
states of the tube. The length of each trajectory is 500 ps.

The GROMACS simulation package33 coupled to our bubble
code is used for all the simulations. We suggest that the appropri-
ate conditions for the simulations are constant volume with only the
water coupled to the heat bath at a temperature of 280 K using the
Berendsen coupling method34 with a temperature coupling constant
of 0.1 ps. This ensures that directional motion of the CNT is not sup-
pressed due to the artificial rescale of the velocities of atoms done by
the coupling method. The equations of motion are integrated using
the leapfrog algorithm with a small time step of 1 fs. The electrostatic
interactions are calculated using the particle mesh Ewald method
and a cutoff of 1.4 nm.35 A cutoff of 1.4 nm is used for the van der
Waals interactions. The nonbonded pair lists are updated every 5 fs.
The use of small time step, more frequent update of the pair lists,
and a large neighboring list ensures that temperature of the water is
well-maintained.

III. RESULTS
Figure 1(a) shows the time-evolution of the bubble radius dur-

ing the simulation for the case τ1 = 10 ps and τ2 = 2 ps. As expected,
its behavior is similarly to the theoretical curve [Eqs. (2) and (3)].
The bubble starts to form at t = 0 ps at one end of the tube, then
its radius increases [Fig. 1(c)] and reaches the maximum value of
1.5 nm at 10 ps [Fig. 1(d)]. During the next delay time of 2 ps,
there is no bubble [Eq. (3)]. After that, a second bubble is formed,
grown within the next 10 ps, and detached from the tube. This pro-
cess is repeated over 500 ps, resulting in the enhanced motion of
the tube. Indeed, Fig. 2 shows a typical trajectory of the center of
mass of the tube in the XOZ plane. The tube starts initially at (X, Z)
= (4.2, 6.7) nm, then moves preferably along the Z-axis, and reaches
Z ≈ 11 nm, then moves along the opposite direction and ended up
at Z ≈ 5.5 nm. For a comparison, we also show the equilibrium
trajectory, i.e., without bubble. Within 500 ps, the tube explores a
very limited space, spanning between 3.5 < X < 4.2 nm and 6 < Z
< 7 nm. We also show a trajectory with τ1 = 10 ps, but with longer
delay time τ2 = 6 ps. As seen, it samples the space more efficiently
than the equilibrium trajectory, but less efficiently than the coun-
terpart with shorter delay time τ2 = 2 ps. Figure 3(a) shows the
mean-square-displacement (MSD) of the tube propelled by the bub-
ble with expansion time τ1 = 10 ps and with various delay times τ2.
The corresponding diffusion coefficients D are shown in Fig. 3(b).
As seen, given a value of τ1, the longer delay time between the for-
mation of two consecutive bubbles, the shorter displacement of the
tube. With τ1 = 10 ps and τ2 = 0 ps, i.e., the bubble is continuously
formed, the tube achieves a displacement of ∼70 nm2 within 500 ps
with the diffusion coefficient D = 25 × 10−5 cm1 s−1. With delay
times τ2 = 2 ps and τ2 = 4 ps, the tube moves slightly slower with
D = 22 × 10−5cm1 s−1 and D = 20 × 10−5 cm1 s−1, respectively.
With τ2 = 6 ps, the displacement is shorter with MSD = 40 nm2 and

FIG. 2. The time-evolution of the center of mass coordinates (X, Z) of the CNT
propelled by the bubble with (τ1, τ2) = (10, 0) ps (green) and (τ1, τ2) = (10, 6) ps
(red). The equilibrium trajectory, i.e., no bubble propulsion, is shown in pink. The
arrow indicates the direction of motion. Initially, the main axis of the tube is aligned
along the Z-axis.
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FIG. 3. The mean square displacements of the CNT propelled by the bubble with
expansion time τ1 = 10 ps (a) and τ1 = 20 ps (c). For each case, shown are results
obtained by various delay times τ2 = 0, 2, . . ., 25 ps. The diffusion coefficients
corresponding to displacements shown in (a) and (b) are shown in (c) and (d),
respectively.

D = 14 × 10−5 cm1 s−1. However, with τ2 = 8 ps, the tube moves
much slower with D = 5 × 10−5 cm1 s−1, and only achieves a dis-
placement of ∼ 20 nm2. For τ2 > 8 ps, the motion is not much
enhanced as compared to the case without bubble propulsion. Sim-
ilar results, but with slower expansion time τ1 = 20 ps, are shown
in Figs. 3(c) and 3(d). Compared to the case τ1 = 10 ps, it is clear
that the slower expansion of the bubble, the smaller diffusion coef-
ficient, and the shorter displacement are achieved by the tube, given
the same delay time τ2. However, in both cases, the motion of the
tube is not much enhanced if the delay time τ2 > 8 ps. An interesting
question is that which strategy is better for a compromise between
fuel consumption and enhanced motion: fast bubble expansion, long
delay time, or slow bubble expansion but short delay time, given that
τ1(fast) + τ2(slow) = τ1(slow) + τ2(fast)? Our results suggest that the latter
strategy could be better. For example, with (τ1 = 10, τ2 = 10) ps,
then D = 2.5 × 10−5 cm1 s−1, but with (τ1 = 20, τ2 = 0) ps, then
D = 15 × 10−5 cm1 s−1.

To quantitatively explain the enhanced motion of the tube,
we calculate the force that the bubble exerts on water and pushes
the tube to move in the opposite direction. The result is shown in
Fig. 4(a) for the case τ1 = 10 ps and τ2 = 2 ps. As seen, the force
increases from 0 to ∼0.6 mN upon the expansion of the bubble radius
from 0 to 1.5 nm during t = 10 ps. This accelerates the motion of
the tube, as indicated by the increase in the velocity of the center
of mass from the equilibrium value of ∼20 m/s to the maximum
value of ∼60 m/s [Fig. 4(b)]. During the delay time of 2 ps, i.e., no
bubble propulsion, the motion is slowed down as indicated by the
decrease in the velocity. However, the velocity is still higher than the
equilibrium value. This is because the delay time of 2 ps is shorter
than the velocity correlation time, as shown below; thus, the system

FIG. 4. Time evolution of force acting on water by the bubble propulsion (a) and
velocity of the center of mass of the tube [(b), red] during the simulation with
τ1 = 10, τ2 = 2 ps. The equilibrium velocity and its autocorrelation function are
shown in [(b), red] and [(c), black], respectively. An exponential fit is shown in [(c),
red]. For clarity, only the first 100 ps data are shown.

is still not fully equilibrated before the next bubble propulsion. To
explain why the motion of the tube is not significantly enhanced if
τ2 > 8 ps, we calculate the autocorrelation function of the velocity
of the tube center of mass from an equilibrium trajectory, i.e., with-
out bubble propulsion, and the result is shown in Fig. 4(c). A fit of
the data to an exponential function of the form C(t) = A exp(−t/τ)
results in the decay time τ = 8.2 ps. This suggests that the motions
between two consecutive bubble propulsions are weakly correlated if
τ2 > 8.2 ps. The tube is propelled by the bubble propulsion, but this
enhanced motion is then thermally randomized and stopped, and
the next propulsion starts again from a random state. This results in
inefficient motion.

IV. DISCUSSION AND CONCLUDING REMARKS
We have developed a nanoscaled prototype molecular tubular

motor propelled by bubble propulsion. We acknowledge that cur-
rently there is no single experimental motor whose size is compara-
ble with our model; thus, our results cannot be compared directly
to experiments. Encouragely, recent attempts have been made to
reduce the size of motors to a few hundreds of nanometers,36 and
we believe that smaller size motors, down to a few nanometers will
be available in the future, and results can be directly compared to
our current data. Nevertheless, our model still can qualitatively con-
firm current results of much larger motors. Our model contains
two time scales: bubble expansion, τ1, and bubble formation, τ2. In
general, their values depend on various factors including gas proper-
ties (such as density, chemical components), surface tension, liquid
properties (such as viscosity), geometry of the tube (such as cylinder,
cone), size of the tube (such as length, diameter), position of the fuel
source in the tube, and the external excitations (such as ultrasound,
laser). Notably, τ1 strongly depends on the liquid viscosity, that is,
the higher viscosity, the slower bubble expansion, i.e., the longer τ1,
thus, slower motion as shown above. This result is consistent with
experimental and theoretical studies which show that the velocity of
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motors is inverse proportion to the liquid viscosity.3,16,21,37–40 These
studies also show that the velocity of motors is in direct proportion
to the fuel concentration and length of the tube. This is also consis-
tent with our simulation because the high fuel concentration and the
long tube, i.e., the large reaction surface area, will increase the fre-
quency of bubble formation; therefore, τ2 is short, and the motion
is increased as shown above. However, the too high concentration
has very little influence on the velocity.3 This situation corresponds
to τ2 → 0 in our model, showing that the velocity is reaching a max-
imum value, for a given value of τ1. In summary, our simulations
show that (i) to maximize the displacement of the tube given a time
duration, both τ1 and τ2 must be as short as possible. This could
be achieved by designing motor shapes that reduce the drag force,
increasing the fuel concentration and surface reaction area. (ii) To
obtain a compromise between the performance and fuel consump-
tion of the motors, τ2, however, does not have to be very short, unless
it is shorter than the velocity correlation time of the tube. This is
probably not significant for large micromotors whose velocity cor-
relation time is anyways much longer than the bubble formation
time. These two times are, however, on the picosecond time scale
for nanoscaled motors, and the optimization of τ2 is important. (iii)
The motor efficiency is better with long τ1 but short τ2 than short
τ1 but long τ2. This could be important for high viscous environ-
ment where one should focus more on the optimization of the fuel
concentration. (iv) We show that the propel force of our nanosized
motor is quite strong, around 0.6 mN, pushing the tube to the veloc-
ity up to ∼60 m/s. This could be important for real applications, such
as biomedicine, where the motors should be small but move fast
enough to be able to cross the lipid membranes and deliver drugs
to cells. We should mention that the maximum speed of one of the
current fastest microtubular motors is ∼10 mm/s,41 much lower than
the speed of our nanomotor. This is due to the fact that our tube is
very small in size and thus hindered by very weak drag force, as com-
pared to much larger experimental tubes hindered by much stronger
drag forces. In addition, the bubble expelling frequency is very high
in our simulation with a period of 2–20 ps, whereas the experimen-
tal period is 0.1–0.06 s.37,42,43 Nevertheless, we should note that our
results are just theoretical values obtained from our prototype model
and cannot be compared directly to experimental data. We hope that
in the future the computer power will be strong enough, allowing us
to simulate more realistic systems with larger length and longer time
scales such that the simulation results can be compared directly to
experimental data. We also note that our model does not consider
the effect of the bubble collapse on the motion of tube, although
this aspect was recently examined by the experiment, showing that
the motion could be enhanced.44 Finally, the model will allow us
to explore challenge issues, such as dynamics of the nanomotors
in complex environments, including confinement and lipid mem-
branes, and the cooperation of a large number of motors, which is
important for drug delivery. These works are underway.
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