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Flux-lattice melting in two-dimensional disordered superconductors
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The flux line lattice melting transition in two-dimensional pure and disordered superconductors is studied by
a Monte Carlo simulation using the lowest Landau level approximation and quasi-periodic boundary condition
on a plane. The position of the melting line was determined from the diffraction pattern of the superconducting
order parameter. In the clean case we confirmed the results from earlier studies which show the existence of a
quasi-long range ordered vortex lattice at low temperatures. Adding frozen disorder to the system the melting
transition line is shifted to slightly lower fields. The correlations of the order parameter for translational long
range order of the vortex positions seem to decay slightly faster than a power law~in agreement with the theory
of Carpentier and Le Doussal! although a simple power law decay cannot be excluded. The corresponding
positional glass correlation function decays as a power law establishing the existence of a quasi-long range
ordered positional glass formed by the vortices. The correlation function characterizing a phase coherent vortex
glass decays however exponentially ruling out the possible existence of a phase coherent vortex glass phase.

DOI: 10.1103/PhysRevB.67.184520 PACS number~s!: 87.15.By, 87.10.1e
na
nt
th
a

a

ic

ng

m
as

ss
t

s
ve
h
tin

r
ia
d
e
f
ce
e

ur
on
an

n a

red
asi

ven
res-
r of
our
c-
les

d
can

ions
up-

ass

ys-
n
-
ture

t ex-
I. INTRODUCTION

The nature of the mixed phase in type-II two-dimensio
~2D! superconductors, despite considerable experime
theoretical and numerical effort, remains unclear. In
mean field approximation the vortices of a pure system
known to form an Abrikosov lattice.1 In D53 dimensions
thermal fluctuations reduce the upper critical field line
first shown by Eilenberger2 leaving a vortex liquid phase
between the transition line and the mean fieldHc2(T). In
D52 dimensions the phase diagram between the crit
field linesHc1(T) andHc2(T) is still under debate. Applying
the Kosterlitz-Thouless-Berezinskii-Halperin-Nelson-You
~KTBHNY ! theory3–7 originally developed for melting in 2D
crystals to superconductors8,9 one obtains a phase diagra
with a solid, a hexatic and a liquid phase. The hexatic ph
was observed in recent simulations10 for the pinnedXY
model and low external magnetic fields. However, the po
bilty that the transition is not of KTBHNY type was no
excluded.9 Indeed, for higher densities of dislocations~i.e.
their core energy is low! a first order transition was found.11

Moreover, vortices are not hard core particles. This applie
particular if they are described in the lowest Landau le
~LLL ! approximation where the density of vortices is hig
With the help of a high temperature series expansion star
with the LLL approximation Hikamiet al.12 found indeed a
first order transition from the quasi-long-range ordered vo
tex lattice to the liquid phase. In this case the intermed
hexatic phase disappears. The same result was obtaine
Tesanovic and Xing13 by Monte Carlo simulations using th
LLL approximation.14,15 However, theoretical works o
Moore and co-workers16,17 raise doubts about the existen
of the quasi-long range ordered vortex lattice and sugg
that the flux liquid phase exists at any nonzero temperat
The simulations based on the LLL approximation gave c
flicting results regarding the flux lattice melting in a cle
0163-1829/2003/67~18!/184520~12!/$20.00 67 1845
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2D system. Using a quasiperiodic boundary condition o
plane, Hu and MacDonald18 and Kato and Nagaosa19 have
found a first order transition from a quasi-long range orde
vortex lattice phase to a vortex liquid. However, the qu
solid phase was not detected by simulations on a sphere.20–22

In the presence of disorder the situation becomes e
more complicated. It has long been predicted that in the p
ence of frozen-in disorder any long range crystalline orde
a vortex lattice phase is destroyed in less than f
dimensions.23 Instead, a liquidlike phase was expected to o
cur leaving only short range crystalline order at length sca
smaller than the Larkin length.24 Recently, it was suggeste
that a Bragg glass phase with quasi-long range order
exist in three-dimensional impure superconductors25–28 pro-
vided the disorder is weak enough such that the dislocat
cannot proliferate. Its existence in three dimensions was s
ported by further analytical29–31 and numerical32,33 studies.
Experimental evidence for the existence of the Bragg gl
phase was provided recently by neutron diffraction data.34

The situation in the 2D case is less clear. For clean s
tems the KTBHNY theory of melting predicts a dislocatio
driven melting transition from a positionally quasi-long
range ordered to a hexatic phase. The transition tempera
is

Tm5
an

2

4p

m~l1m!

l12m
.

Here l5c1122c66 and m5c66 denote the effective Lame´
coefficients,an

2 5(2/A3)(f0 /B) andf05hc/2e denotes the
flux quantum. ForT,Tm the structure factor

S~k5G1q!;uqu22hG(T) ~1!

shows quasi-Bragg peaks with a temperature dependen
ponent
©2003 The American Physical Society20-1
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hG~T!5
uGu2T

4pm

l13m

l12m
. ~2!

In the 2D Abrikosov triangular lattice where the screeni
length diverges with vanishing, thickness of the film,l be-
comes scale dependentl(L);L2, implying

hG~Tm!5
uGu2an

2

16p2
5

1

3 S uGu25
16p2

3an
2 D .

In finite systems of sizeLs , hG(Tm) may be larger becaus
the effective value ofl(L) is still finite. Above the melting
transition the translational long range order of the lattice
cays on scales

L.j'expF bTm

T2Tm
Gn

with n'0.3696.7 In finite systems one will see a slightl
larger melting temperature defined byLs'j(T). The hexatic
phase shows still quasi-long-range order of the bond or
tations which will disappear at a second transition at hig
temperatures. As mentioned already, the possibility that
transition from the crystalline to the liquid phase is first ord
cannot be excluded.

Adding disorder to apurely elastic2D system, i.e., if one
suppresses dislocations by hand, there is at low tempera
a glassy phase with a structure factor

S~k5G1q!;uqu22h̃G(T)ln(uquRa) ~3!

whereh̃G(T);@(T2Tg)/Tg#2 with Tg being the glass tem
perature andRa is the length on which the vortex displac
ments become of the order of the lattice spacingan . One
should also note thatuqu has to be smaller thanLco

21 where
Lco is a crossover length scale to the asymptotic behav
The phase characterized by structure~3! was found by Car-
pentier and Le Doussal35 following earlier work by Cardy
and Ostlund.36 We will call this phase therefore the Card
Ostlund-Carpentier–Le Doussal~COCD! phase. Contrary to
the Bragg glass phase inD53 dimensions this phase doe
not show infinitely sharp Bragg peaks foruqu→0 but the
Bragg peaks saturate atqRa&e22/h̃G as can be seen from
~3!. Moreover, this phaseis not stablewith respect to dislo-
cations which appear on a length scale35,37,38

Ldis;Raec1[(Tm2T)/T ln(R/Ra)] 1/2

due to the effect of the disorder. Herec1 is a numerical
constant. Since in the thermodynamic limit the glass te
perature

Tg5
3

2p
an

2 m~l12m!

~l13m!

is much higher than the melting temperatureTm
(Tg /Tmu l̃e f f→`56) one will never observe the glass tran

tion. Thus, for system sizesLs,Ldis we have to expect to
see essentially a temperature driven melting transition fro
low-T COCD phase to a vortex liquid.
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It should be noted that the LLL simulations39 for disor-
dered systems fail to see any evidence for the existenc
the COCD phase in even weakly disordered 2D superc
ductors of spherical geometry. The same problem but fo
plane with the quasiperiodic boundary condition has
been studied yet.

In this paper we employ the LLL approximation and qu
siperiodic boundary condition on a plane to study disorde
2D type-II superconductors by Monte Carlo~MC! simula-
tions using the standard Ginzburg-Landau model where
impurities are introduced via fluctuations of the local critic
temperature. The disorder is assumed to be weak such
the distanceLdis between dislocations is much larger tha
system sizes studied and hence the dislocations can be
cluded.

In order to study the glass phase we monitor the Fou
transform of the density-density correlation function18,19

xDD~k!5E
r
E

r8
^uC~r !u2uC~r 8!u2&eik.(r2r8), ~4!

whereC(r )5uCueiw denotes the superconducting order p
rameter and the overbar the disorder averaging, respecti
The value of this function atk5G with G being a reciprocal
lattice vector defines the intensity of Bragg peaks. A clos
related correlation function is that of the order parameter
translational long range order defined as follows:37

S~G,r !5^exp„iG•@u~r !2u~0!#…&. ~5!

Hereu(r ) denotes the displacement field of the vortex po
tions. The latter follow from the conditionC(r )50. It is this
correlation function which exhibits quasi-long range order
the Bragg glass phase. The structure factor is the Fou
transform ofS(G,r ):

S~k!5E d2reikrS~G,r !.

In analogy with spin glass theory40 one may further con-
sider the positional glass correlation function37

SPG~G,r !5u^exp„iG•@u~r !2u~0!#…&u2 ~6!

which may give signature of the existence of some resid
‘‘glassy’’ order of the Abrikosov lattice. IfSPG(G,r ) decays
not faster than a power law forur u→` then a system is said
to be in the positional vortex glass phase.

In analogy to the positional glass correlation function o
can define the gauge-invariant phase-coherent vortex g
correlation function41 CVG(r ):

CVG~r !5u^C~r !C* ~0!ei (2p/F0)*Gdr .A&u2. ~7!

Note thatCVG(r ) itself depends on the pathG betweenr and
0 along which the vector potential is integrated.37 To make
this correlation function path independent and simul
neously gauge invariant, Moore16 proposed to keep only the
longitudinal component of the vector potential. This corr
0-2
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sponds in the symmetric gauge to the complete neglect o
phase factor exp@i(2p/F0)*Gdr .A# in Eq. ~7!:

CVG~r !5u^C~r !C* ~0!&u2. ~8!

The correlations measured in Eq.~8! cannot be probed di
rectly but have been proposed to characterize the glassy
of the vortex array. They are expected to be reflected h
ever in the current voltage relation although a straightf
ward derivation of this connection is still missing.41 The re-
lation between the correlations measured by Eq.~5! and the
dissipation due to flux creep is closer.37 Since we do not
discuss dynamical properties in this paper we consider E
~8! and ~5! @and ~6!# as two competing theoretical tools t
characterize the glassy state of the vortex array. An expon
tial decay of Eq.~8!—as we find—would suggest, accordin
to Ref. 41, the disappearence of the glassy state. This
contrast to what one would conclude from the almost pow
law like decay of Eq.~5! which suggests some remainin
glassy COCD behavior in the low temperature state. C
trary to previous works we will focus on the behavior
correlation functions defined by Eqs.~5!, ~6! and ~8!.

In agreement with Refs. 18 and 19 we find that the cle
2D system displays the quasi-long-range ordered vortex
tice phase at low temperatures. This result is in variance w
the result of Moore and co-workers20–22 who found the vor-
tex liquid phase at any temperature using the same mode
with different geometry.

In the disordered case, contrary to Kienappel a
Moore,39 we showed that the glassy COCD phase exists
low temperatures. In this phase the translational invaria
order parameter is found to decay asS(G,r );e2h̃Gln2r as
predicted theoretically by Carpentier and Le Doussa35

However, due to small system sizes, the possibility tha
decays as a simple power law is not excluded. The clarifi
tion of this point requires simulations for considerably larg
system sizes. Our results indicate, however, that quasi-lo
range order of correlations measured by Eq.~6! exist at low
temperatures.

In the glassy phase the phase coherent vortex glass o
parameter decays asCVG(r );exp(2r/Rc), where the corre-
lation lengthRc depends not only on the temperature but a
on the disorder. The stronger the disorder the larger isRc
suggesting that the phase-coherent vortex glass ordering
comes more and more favorable as the disorder is enhan

The outline of the paper is as follows. In Sec. II w
present the LLL approach in the Landau gauge. The tra
tion from the vortex liquid to the ordered phase of the cle
system is studied in Sec. III. The nature of ordering in
same system but this time with disorder is discussed in S
IV. The exponential decay of the phase coherent vortex g
is also presented in this section. Finally, in Sec. V we su
marize our main results.

II. MODEL

Our simulation is based on the phenomenologi
Ginzburg-Landau model in the approximation of a unifo
magnetic fieldB. This is a reasonable approximation, sin
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the effective screening lengthle f f52lL
2/s diverges for van-

ishing film thicknesss. HerelL denotes the bulk screenin
length. The quenched disorder is introduced via the fluct
tions of the local phase transition temperature. T
Ginzburg-Landau free energy of the superconductor is gi
by

F5Fcl1Fdis ,

Fcl5E d2r Fa~T!uCu21
b

2
uCu41

1

2m
uDCu2G , ~9!

Fdis5E d2ra0dTc~r !uC~r !u2.

Here C is the complex order parameter representing
macroscopic wave function of the superconducting electro
D denotes the gauge invariant derivativeD52 i\¹
2(2e/c)A with A being the vector potential.B5¹3A, e
andm are the charge and mass of the electron, respectiv
In the simulation we will use the the Landau gaugeA
5B(0,x,0). We may go back to the symmetric gaugeA
5(B/2)(2y,x,0) by a simple gauge transformationCL

5CSeixy/ l 2. a(T)5a0(T2Tc) and b is a constant;a0 ,b
.0. Tc denotes the zero-field mean-field transition tempe
ture.dTc(r ) is real and Gaussian distributed with

^dTc~r !&50,
~10!

^dTc~r !dTc~r 8!&5z2Tc
2j0

2dj0
~r2r 8!.

dj0
(x) is a d function of width of the order of the zero

temperature correlation lengthj05\/A2ma0Tc. The typical
fluctuationsdTc(r ) of the mean-field transition temperatu
are then of the orderdTc>zTc . It is convenient to collocate
the main characteristics of the model here:

Bc2~0!5
a0Tcmc

\e
, b5

B

Bc2~0!
, Gi5S mb

2p\2a0
D 2

,

~11!

l 5A \c

2eB
5

1

Ab
j05

a0

A2p
5AA3

4p
an .

HereBc2(0) denotes the upper critical field atT50 andl the
magnetic length. The density and the lattice constant of
flux line lattice are given by 1/a0

2 andan , respectively.Gi is
the Ginzburg number atT5Tc .

In the LLL approximation one expands the order para
eter C in terms of eigenfunctions of the operatora
1D2/2m of the lowest Landau level only. This restriction
a reasonable approximation provided that fluctuations
higher Landau level channels can be neglected. The pre
range of applicability of the LLL approximation is still unde
debate.20,42 However, one can expect that this approximati
is valid for B*Bc2/13.42 Since the basic length scale of th
LLL approximation is given by the magnetic lengthl
0-3
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5A\c/2eB it is convenient to measure from now on a
lengths in units ofl, i.e., we replacex/ l by x and y/ l by y
everywhere.

We apply quasiperiodic boundary conditions to the or
parameter inside a finite system with lengthsLx andLy par-
allel to the x and y directions, respectively.C(y1Ly ,x)
5C(y,x) and C(y,x1Lx)5exp(2iLxy/l)C(y,x). Such
boundary conditions are necessary to result in a ph
change by 2pNf when orbiting the system.Nf
5LxLy/2p l 2 denotes the number of vortices in the syste
We will denote Lx / l 531/4p1/2Nx and Ly / l 52p1/2Ny/3

1/4,
where Nx and Ny are the numbers of vortex columns an
rows, respectively. The order parameter can then be wri
in the form15

C~r !5AuaBu lp1/2

bLy
(
j 51

Nf

(
s52`

`

Cje
[ iyXj ,s2(x2Xj ,s)

2]/2.

~12!

In the last equation we have introduced the following no
tions

aB5a~T!1\eB/m5a0Tc~12b2t !,
~13!

t5
T

Tc
, Xj ,s5 j 2p l /Ly1sLx / l .

In the mean-field theory the superconducting transition
clean systems occurs atTc(B)5Tc2\eB/a0mc which is
defined from the conditionaB50. Xj ,s is the center of the
cyclotron motion. The number of vorticesNf must be
chosen to be an integer, the coefficientsCj are in general
complex.

Using expansion~12! we can rewriteFcl as follows

Fcl

e2T
5sgn~aB!(

j
uCj u21

31/4

8A2Ny
(

ns52`

`

(
nd52`

` F f ~ns!

3UexpF2
A3pnd

2

Nf
GC[ns1nd]C[ns2nd]U2

1 f ~ns11/2!

3UexpF2
A3p~nd21/2!2

Nf
GC[ns1nd]C[ns2nd11]U2G ,

~14!

where C[ns]
5Cmod(ns ,Nf) . The only model dependent pa

rameter of the model in the clean limit ise given by

e5
aBp1/2l

b1/2T1/2
5

1

2Gi1/4

~b1t21!

b1/2t1/2
, ~15!

which measures the distance to the mean-field phase bo
ary e50. Hereb denotes the magnetic field in units of th
mean-field upper critical fieldBc2 at T50 @compare Eq.
~11!#. Below we will find the phase transitions at a critic
valueec of e which can be inverted into a band of transitio
linesbc(t) parametrized by the Ginzburg number of the c
responding superconductor:
18452
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bc~ t;Gi,z50!5b̃c~ t,ecGi1/4!

[12t1¸c
2t2¸cA2t~12t !1¸c

2t2,

¸c5A2ecGi1/4. ~16!

Finally,

f ~ns!5erf@Nx3
1/4~2p!1/22nsNy

2131/4~2p!1/2#

1erf@nsNy
2131/4~2p!1/2#, ~17!

where erf(x) is an error function. It should be noted th
different groups used different notations for the dimensio
less parametere. Our e5t ~Ref. 18! 5t/2 ~Ref. 19!
5aT /A2 ~Ref. 12! 5g/A2 ~Ref. 13!.

To express the disorder termFdis in terms of the LLL
coefficientsCj , we expand the random Gaussian disorder
renormalized Hermite polynomialsuk(x) and harmonics

dTc~r !5
zTcj0

~Lyl !
1/2 (

k50

`

(
m52`

`

akme2p imyl/Lyuk~x!,

~18!
uk~x!5~2kk!Ap!21/2e2x2/2Hk~x!.

Here Hk(x) are Hermite polynomials andakm are complex
random numbers. To satisfydTc(r )* 5dTc(r ) one has to
chooseakm such thatak,2m5ak,m . Using the standard or
thogonality relations one can show thatdTc(r ) satisfies Eq.
~10! if ^akm&50 and^akmak8m8

* &5dmm8dkk8 . From Eqs.~12!
and ~18! we have

Fdis

T
5e2z̃S l

Ly
D 1/2

(
k50

`

(
ns ,nd

Fak,2ndC[ns1nd]C@ns2nd#
*

3L~k,ns ,nd!1ak,2nd21C[ns1nd]C@ns2nd11#
*

3LS k,ns1
1

2
,nd2

1

2D G . ~19!

Here

L~k,ns ,nd!5e2(p31/2/Ny
2)nd

2E
0

Lx / l

dxuk~x!e2[x2(31/4p1/2/Ny)ns]
2

~20!

and the dimensionless parameterz̃ which controls the rela-
tive disorder strength has the form

z̃5
z

2p1/2Gi1/4et1/2
5z

b1/2

p1/2~12t2b!
. ~21!

Substituting Eq.~12! into Eq. ~4! one can express th
Fourier transform of the density-density correlation functi
in the following form ~again we measurek21 in units of l,
i.e., we replacekl by k):

xDD~k!5S NfaBp l 2

b D 2

e2k2/2^uD~k!u2&, ~22!

where
0-4
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D~k!5(
j

C[ j 2ny1Nf]* Cje
(p lqx /Ly)(ny22 j ). ~23!

In what follows we will use^uD(k)u2& to characterize the
Bragg peaks.

Our MC simulations are performed for coefficientsCj
PCNf which are updated by the standard Metropolis alg
rithm. The candicate for the new configuration is genera
by Cj→Cj1eDC, whereDC is a complex number which is
randomly chosen from the regionuReDCu<1 and uIm DCu
<1 in the complex plane.e is chosen to be of order 0.1 s
that the acceptance ratio is 0.3;0.5. The physical quantitie
are measured every 20–50 MC steps.

III. CLEAN SYSTEM

The aim of this section is twofold. First, we want to che
our code for the clean system (z̃50) which was studied in
detail.18,19 Second, we consider the spatial behavior of
translational invariance correlation function which have n
been studied previously by simulations.

The simulations were carried out for systems of five d
ferent sizes, each containing 42,62,82,102, and 122 number of
vortices. It took 33(104–105) MC steps to reach the ther
mal equilibration. The physical quantities were calcula
over 105–53105 MC steps.

Figure 1 shows the temperature dependence
^uD(qx)u2&5^uD(qx,0)u2& for Nf5100, e2520 and 100. At
low temperatures~large 2e) this quantity has the shar
peaks which are indicative for the existence of the qu
vortex lattice. At high temperatures the Bragg peaks
smeared out suggesting that we are in the vortex liq
phase.

In order to obtain the quasi solid-liquid transition tem

FIG. 1. The wave vector dependence of the structure factor

the clean system withz̃50. Nf5100, e2520 and 100.qx is mea-
sured in units 1/l .
18452
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perature we monitor the scaling of the renormalized struct
factor at the maximum positionqx5G5@(4p)1/2/31/4#,

^uD̃(G)u2&, which is defined as follows:

^uD̃~G!u2&5Nf^uD~G!u2&/^uD~0!u2&. ~24!

Figure 2 shows the temperature dependence of^uD̃(G)u2& for
various values ofNf . The transition temperature is define
from the point where the curves splay out and we findec

2

54362. This can be compared with previous estima
ec

2543.561.0 by Hu and MacDonald,18 ec
2;50 by Tesan-

ovic and Xing,13 and ec
2'49 by Kato and Nagaosa.19 The

discrepancy between estimates of various groups is prob
related to the fact that the scaling regime was not reac
due to small system sizes used up to now. Since this reg
according to Kato and Nagaosa,19 corresponds toNf.362

and the CPU time grows asNf
5 it is beyond our computa-

tional facilities to reach it.
Figure 3 shows the phase boundary between the vo

liquid and the quasi-solid phase using Eq.~16!. We have
chosen the Ginzburg numberGi51027 which is typical for
low-Tc superconductors, andGi51022 and 1 for high-Tc
materials.43 Since the thermal fluctuations enhance withGi,
the quasi-long range ordered vortex lattice shrinks as
increases the Ginzburg number.

The distance dependence of the translational invaria
order parameterS(G,r ) for Nf5144 and for various values
of e is shown in Fig. 4. At low temperatures we find a pow
law behavior of the correlation function for translational lon
range order,

S~G,r !;r 2hG(T), ~25!

whereas at high temperatures an exponential dependenc
r occurs.

One can definehG from the distance dependence
S(G,r ) shown in Fig. 4. However, in order to minimize finit
size effects we calculatehG from the dependence o

^uD̃(G)u2& on Nf in the quasisolid phase:̂ uD̃(G)u2&

r

FIG. 2. The temperature and size dependence of the struc
factor for the clean system.Nf516,36,64,100, and 144.
0-5
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;Nf
12hG/2

~see Ref. 19!. In the liquid phasê uD̃(G)u2& does

not depend onNf . Figure 5 plots ln̂ uD̃(G)u2& versus lnNf .
The dependence ofhG(T) on parametere is presented in
Fig. 6. At the melting temperaturehG(Tm)50.3160.03
which coincides with the value of13 from the KTBHNY
theory. The fact that our results agree with the KTBHN
predictions suggests that the first order transition is weak
the second phase transition theory still applies. The weak
of the first order transition was supported by analytical c
culations of Hikamiet al.,12 who obtained a small differenc
between free energies of the liquid and quasi-long range

FIG. 3. The temperature-field phase diagram for the clean
tem. The dashed line denotes the mean field boundary betwee
vortex liquid and the quasi-solid phases. The dot-dashed, solid,
dotted lines correspond to the phase boundary for Ginzburg num
Gi51027,1022, and 1, respectively.

FIG. 4. The distance dependence of the translational invaria
order parameterS(G,r ) for the clean system. Closed circles, hex
gons, squares, and triangles correspond toe2510,50,70, and 100
respectively.r is measured in units ofl.
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tice phases at the melting temperature. Since in the L
approximation screening effects are neglected,l→` and
hence, as follows from Eq.~2!, hG5(G2T/4pm);(1/e2).
The results shown in Fig. 6 demonstrate that, in agreem
with the theoretical prediction,6 hG(T);1/e2.

IV. DISORDERED SYSTEM

In this section we will study the effect of weak disord
on the flux lattice melting transition and on the behavior
different correlation functions. Figure 7 shows typical sna
shots of vortex cores obtained for the clean case (z̃50) and

s-
the
nd
er

ce

FIG. 5. Dependence of the structure factor onNf for the clean
system. Open triangles, squares, closed triangles, squares, and
gons correspond toe2510,30,43,70, and 100, respectively. Dotte
lines are linear fits and the solid line corresponds tohG5

1
3 from the

KTBHNY theory.

FIG. 6. Dependence ofhG(T) on e22 for the pure system. The
arrow indicates the melting temperature which corresponds toec

2

543.
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two values of the disorder strength:z̃50.03 and 0.2 after
500000 MC steps. The runs were done ate2560 for the
system ofNf564 vortices and are long enough so that t
equilibrium was reached. For the uniform (z̃50) and weakly
disordered (z̃50.03) cases we find a slightly distorted Abr
kosov lattice. The dislocations are clearly seen in the cas
z̃50.2 and the quasisolid lattice phase cease to be e
Thus, in the weak disorder strength limit dislocations can
neglected. We restrict ourselves to this limit and concent
on two values of disorderz̃50.01 and 0.03. Some mode
simulations have been performed also forz̃50.02 and 0.04.

The MC simulations were carried out for systems ofNf
542, 62, 82, 102, and 122 vortices. Depending onNf ,
105–(23106) MC steps were used, and half of them we
spent on the equilibration of the system. The disorder a
age is done typically over 10240 samples.

Figure 8 shows the temperature dependence of the in
sity of Bragg peaks defined bŷuD(qx)u2& for high (e2

530) and low (e2570) temperatures,z̃50.01 and Nf
5100. As in the clean case, at lowT’s we still have sharp
peaks characterizing the ordering of the vortices.

The transition temperature to the vortex liquid phase m
be defined from the finite size scaling analysis of the str
ture factor. Figure 9 shows the temperature dependenc

^uD̃(G)u2& given by Eq.~24! for various system sizes andz̃
50.01. The curves splay out atec

254862, indicating that
the disorder reduces slightly the transition temperature to
liquid phase. Forz̃50.03 we haveec

255762 ~the results are
not shown!.

To calculate from the critical valueec( z̃ j )[ec, j the true
phase boundarybc(t,Gi,z) for the four given values of

FIG. 7. Snapshots of the vortex positions forz̃50,0.03 and 0.2
obtained ate2560 after 500000 MC steps. Light spots correspo
to vortex cores. We chooseNf564.
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z̃ j ( z̃150.01,z̃250.02,z̃350.03 andz̃450.04) we use the re-
lation ~21!. Since the maximal value oft is one, the maxi-
mum value ofz is given byz j (Gi)52ApGi1/4z̃ jec, j . Hav-
ing chosen for a given Ginzburg numberGi the values ofz
smaller thanz j (Gi), we find that relation~21! defines a tem-
perature

t j5
z2

4pGi1/2z̃ j
2ec j

2
5

z2

zc j
2 Gi

from which we get bc(t j ,Gi,z)5b̃c(t j ,ec jGi1/4). Here
function b̃c is defined by Eq.~16!.

Figure 10 shows theb2t phase diagram for the disor
dered case forGi50.01. The true disorder strength is equ

FIG. 8. The wave vector dependence of the structure factor

the disordered system withz̃50.01. Nf5100,e2530, and 70.

FIG. 9. The temperature dependence of the structure factor

the disordered system withz̃50.01. The curves splay out atec
2

54862.
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to z50.06. The dashed line corresponds to the clean sys
Obviously, the fluctuations due to disorder shift the transit
line to lower magnetic fields. The inset shows the dep
dence of the Ginzburg-Landau energy distribution funct
P(E) on E for Nf5144 ande2550. The double peak struc
ture gives strong evidence that the transition is first orde

The question we ask now is what is the critical disord
strengthz̃c above which the COCD glass phase disappea
any nonzero temperature. To answer this question one ha
in principle, find the dependence of the effective critical te
peratureec

2 on z̃. But for large values ofz̃ it is very difficult
to equilibrate the system at low temperatures and one ca
locateec

2 . Therefore, we restrict ourselves to a few values

the disorder strength and plot 1/ec
2 versusz̃, as shown in Fig.

11. The interpolation to 1/ec
250 which corresponds to th

real zero temperature, givesz̃c'0.11.
Figure 12 shows the lnS(G,r )2 ln r plot for S(G,r ) de-

fined in Eq.~5! of the Nf512312 disordered system with
z̃50.01. Fore2.ec

2548 lnS(G,r ) decays linearly, excep
for e2550 where the decay is much faster. A slightly bet
fit can be obtained if one plots lnS(G,r ) versus ln2r as shown
in Fig. 13. In this caseS(G,r );exp(2h̃Gln2r), in agreement
with the prediction of the COCD theory.35,36 The exponent
h̃G(T) depends not only onT but, as we will see below, als
on the disorder strength.

Figure 14 shows the dependence of the translationa
variance order parameterS(G,r ) on r for z̃50.03. In this
case we still have the roughness; ln2r but the decay is faste
than in thez̃50.01 case.

FIG. 10. Thet2b phase diagram for the disordered system w
disorder strengthz50.06. We choseGi51022. The closed square
denote the position of the melting line in the presence of disor
and the dotted line represents the case without disorder. In the
ordered case the glassy COCD phase exists at low temperat
The inset shows the distributionP(E) of the Ginzburg-Landau en
ergy measured in units of the mean-field energyEMF

5NfkBTe2/bA , wherebA is the mean field value of the Abrikoso
ratio. P(E) was obtained forNf5144 ande2550.
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Figure 15 shows the temperature and disorder depend
of exponenth̃G(T) for Nf5144. From the simulation we
find thath̃G increases with the disorder strength. The COC
theory, on the other hand, predicts a universal disorder in
pendent value ofh̃G , provided one is in the asymptotic re
gion where one sees true fixed point behavior. We interp
our numerical result as a crossover effect: because of
relatively small system sizes one is probably not yet in
asymptotic region of the COCD theory (Ls&Lco) and hence
an increase of the disorder will results in a faster decay of
correlation. The other observation is thath̃G increases with
increasing temperature. The same remains true forhG if we
fit S(G,r );e2hGln r ~compare Fig. 12!. The result forh̃G is
opposite to the expectation from the COCD theory in t

r
is-
es.

FIG. 11. The dependence ofec
2 on z̃. The interpolation by a

straight line givesz̃c'0.11.

FIG. 12. The distance dependence of the translational invaria
order parameterS(G,r ) for the disordered system withN5144

vortices. z̃50.01, closed triangles, squares, open hexagons,
closed circles correspond toe2530,50,60, and 70, respectively.
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asymptoticregime. However, our result can be understo
again if we assume that the main effect for the roughnes
the vortex lattice still comes from thermal fluctuations. Th
alone lead indeed to the increase ofh̃G with temperature.
Thus, we interpret the result of Fig. 15 as a combined ef
of thermal fluctuations and disorder on scalesLs&Lco . The
present data does not allow for a clear distinction between
ln r and ln2r-behavior of lnS(G,r ).

We next study the positional vortex glass ordering ch
acterized by the order parameterSPG(G,r ) @Eq. ~6!#, which
we try to fit as

ln SPG~G,r !52hPGln r 1const, ~26!

wherehPG is an exponent. The COCD theory predicts an lr
behavior44 with hPG;T. Figure 16 shows the distance d

FIG. 13. The same as in Fig. 12, but data are plotted vs ln2r.

FIG. 14. The same as in Fig. 13 but forz̃50.03. Closed tri-
angles, open hexagons, closed circles, and open squares corre
to e2530, 60, 70, and 80, respectively.
18452
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pendence ofSPG(G,r ) versus lnr for z̃50.01 and 0.03. At
low temperatures the fit given by Eq.~26! works well and the
corresponding exponenthPG is presented in Fig. 17. As th
temperature is lowered the tendency to the ordering g
more and more enhanced andhPG decreases. Figure 1

ond

FIG. 15. The temperature and disorder dependence ofh̃G(T)
characterizing the decay of the translational invariance correla

function in the super-rough phase.Nf5144, z̃50.01 ~closed

squares! andz̃50.03~open hexagons!. Error bars are mainly due to
sample-to-sample fluctuations.

FIG. 16. LnSPG(G,r )2 ln r plot for Nf5144,z̃50.01 ~upper

panel! and z̃50.03 ~lower panel!. For z̃50.01 closed triangles
squares, open hexagons, and closed circles correspond te2

530,50,60, and 70, respectively. Forz̃50.03 closed triangles
squares, open hexagons, and closed circles correspond te2

530, 60, 70, and 80, respectively.
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shows thathPG is not sensitive to the disorder strength. Bo
findings are in agreement with the theoretical predictio44

suggesting a quasi-long-range glass ordering ofeiGu.
Next we consider the vortex glass correlation function

a phase coherent vortex glass, Eq.~8!. In order to compute
the phase-sensitive correlation functionCVG(r ) we go to the
symmetric gauge to obtain the phase of the order param
The typical spatial distribution of the phase in the symme
gauge is shown in Fig. 18. It has essentially the same sh
as presented in the work of Brandt.45

We fixed the order parameter at the center of the rec
gular as shown in Fig. 18 asC(0) and computeCVG(r ) with

FIG. 17. Temperature dependence ofhPG for z̃50.01 ~closed
squares! and 0.03~open circles!.

FIG. 18. Space distribution of the phase of the order param
in the symmetric gauge. The darker region the larger is the valu
the phase. The snapshot was obtained forNf516 after 3
3105 MC steps ate2550. The boundary between the dark a
bright regions corresponds to the phase jump fromw52p to w
50. Going around the system the total phase change is 2pNf .
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the help of Eq.~8!, whereur u is the distance to this center. T
improve statistics we average over 360 different directions
r , keepingur u5r fixed.

Figures 19 and 20 show the spatial behavior of the vor
glass order parameterCVG(r ) given by Eq.~8! for z̃50.01
and 0.03. In the low temperature region straight lines co
spond to the fit

CVG~r !;exp~2r /Rc!, ~27!

where Rc is the correlation length. At high temperature
CVG(r ) decays faster than exponential.

er
of

FIG. 19. The spatial behavior of the vortex glass order para
eterCVG(r ) in the lnCVG(r )2r plot. The closed triangles, square
hexagons, open circles, and squares correspond toe2

510, 30, 50, 60, and 70, respectively. Straight lines are linear

log CVG(R);R for e2550, 60, and 70.N5144 andz̃50.01.

FIG. 20. The same as in Fig. 19 but forz̃50.03. The closed
triangles, squares, hexagons, open circles, and squares corre
to e2510, 30, 60, 70, and 80, respectively. The straight lines
fits for e2560, 70, and 80.
0-10
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Figure 21 shows the temperature dependence ofRc . As
the temperature decreases, the system gets more ordere
Rc increases. The same tendency shows up if one incre
the disorder strength. However we do not see any sign
true or quasi-long-range order of the phase coherent vo
glass correlation function.

V. CONCLUSION

We have studied the phase diagram and different corr
tion functions in a 2D type II superconductor by Mon

FIG. 21. Temperature dependence ofRc for the phase coheren
vortex glass order parameter in the COCD glass phase.Nf5144,

z̃50.01 andz̃50.03.
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Carlo simulations using the LLL approximation. For th
clean case, in accord with the previous results of ot
groups,12,13,18,19we have shown that, the quasi-long ran
ordered vortex lattice phase exists at low temperatures.
exponenthG was found to be proportional toe22 as ex-
pected from the KTBHNY theory of the dislocation drive
melting transition. This result suggests that the transit
from the quasi-solid phase to the liquid one is weakly fi
order. It is not excluded that the agreement between our
sults and the predictions of the KTBHNY theory is just a
artifact of the finite size effect.

In disordered systems there is a first order transition fr
vortex liquid phase to a COCD phase characterized by
ln2r behavior of the roughness. This phase is however o
stable for small enough disorder strength,z̃& z̃c'0.11. In
the COCD phase the positional vortex glass correlation fu
tion decays as power law. In agreement with the COC
theory, the corresponding exponenthPG grows with T lin-
early and remains almost unaffected by the disorder.

The phase coherent vortex glass correlation function
cays withr exponentially@see Eq.~27!#, where the correla-
tion lengthRc increases with disorder indicating that the d
order favors the vortex glass ordering. However the ph
coherent vortex glass is suppressed by thermal fluctuation
weakly disordered 2D systems.
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