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ABSTRACT: We studied the structure of heterogenous DNA in
the native state. There are two different regimes in the sample-
to-sample fluctuations of the free energy in the native state,
which can be interpreted via the concept of local free energy of
base pairs. In the first low-temperature frozen regime, local free
energies are randomand there are large sample-to-sample fluctu-
ations for short DNAs. In thehigh-temperaturemolten regime, the
weakly bounded base pairs are opened and do not give random

contribution to the free energy of native DNA. As a result, sample-
to-sample fluctuations are suppressed in the molten regime.
© 2010 Wiley Periodicals, Inc. J Polym Sci Part B: Polym Phys
48: 2432–2436, 2010
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INTRODUCTION The secondary structures of DNA and RNA

are determined by many factors: base pairing, base stack-

ing, interaction with solvent, electrostatic interaction, and so

forth. One of the most important common phenomena for RNA

and DNA is the denaturation or melting of double-stranded

helices upon changes in ambient temperatures or solvent con-

ditions.1–5 In the DNA case, most of the theoretical efforts

were addressed to the role of heterogeneity in the melting;

for a recent review, see for example ref. 6 and references

therein.

Under normal physiological conditions, the secondary struc-

ture of RNA consists of helical segments and loops of various

sizes. This structure is flexible, because each base of RNA has

more than one binding partner. Thus, one expects to see a

fine structure in the native state of RNA. As shown by recent

studies,7 there is a phase transition between a molten native

state of RNA, where the secondary structure can fluctuate,

and a glassy native state, where the secondary structure is

essentially frozen.

The native state of DNA is clearly different. Each base on one

strand has predominantly one binding partner (complemen-

tary base) on the other strand. Therefore, one would expect

that the secondary structure of DNA does not fluctuate similar

to RNA.

The purpose of this article is to show that the native state of

heterogeneous DNA nevertheless has a fine structure related

to sample-to-sample fluctuations of the free energy (and other

thermodynamical quantities). For higher temperatures, these

sample-to-sample fluctuations are suppressed while they are

large at lower temperatures implying that the secondary

structure of a sufficiently short DNA will have its own, orig-

inal behavior, different from the averaged (over all samples)

behavior. In high-temperature molten regime, only local free

energies of strongly coupled base pairs give contribution to

the free energy, therefore, free energy is less random and

sample-to-sample fluctuations are suppressed. Intermediate

states in heterogeneous DNA melting have been also discussed

in refs. 8–10.

INITIAL RELATIONS

The Hamiltonian of the system is defined as follows:

H=
N∑
n=1

K
2

(yn+1 − yn)2 + Vn+1(yn+1) ≡
N∑
n=1

Hn(yn), (1)

where yn is the component of the relative displacement of
monomers along the hydrogen bond, and Vn is the pairing
interaction between monomers from the first and the second
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strands. We assume that cyclic boundary conditions yN+1 = y1
are fulfilled. This Peyrard–Bishop (PB)11 type model was used

for investigation of denaturation transition of heterogeneous

DNA.12 We will use it for investigation of thermodynamics of

DNA in a naturated state.

The Hamiltonian of eq 1 does not consider base-stacking inter-

action that plays a stabilizing role in DNA, see for example,

ref. 13. Note that heterogeneity is mainly associated with

the base-pairing interaction. Base-stacking interaction is less

heterogeneous, see for example, ref. 14. For investigation of

sample-to-sample differences, base-stacking interaction can be

included into an effective base-pairing interaction (see below).

Equation 1 implies that the partition function of the system

can be written as

Z =
∫ N∏

n=1
dyn exp[−�H(yn)], (2)

where � = 1/T . Let us introduce the partition function of a
DNA segment.12

�n(yn) =
∫ n−1∏

k=1
dyk exp

[
−

n−1∑
k=1

K
2T

(yk+1 − yk)2 − Vk+1(yk+1)
T

]
.

(3)

Then the partition function of the overall system becomes

Z = lim
N→∞

∫
dy�N(y). (4)

Using eqs. 2 and 3, one can find a transfer integral equation

for �n(y)∫
dy′ exp

[
− K
2T

(y′ − y)2 − Vn+1(y)
T

]
�n(y′) = �n+1(y). (5)

Here �n(y) has a physical meaning of “wave function” of the
nth monomer pair.11,12 The recursive eqs. 5 can be repre-

sented in the differential form by taking into account that in

the integral the main contribution gives the values of y′ close
to y

�n(y) + T
2K

d2�n(y)
dy2

= exp
Vn+1(y)
T

�n+1(y). (6)

Transition from integral equation (eq 5) to differential equa-

tion (eq 6) is correct provided that wave function is slowly

varying on the scale
√
T/2K , which is actually the average

distance between strands. It is obvious from the physical rea-

sons that the aforementioned condition will be satisfied for a

wide range of temperatures. We will investigate eq 6 in two

extreme regimes below.

FROZEN STATE

First, consider the low temperature T → 0 limit. Let us assume

that the potential energy of base pairing interaction Vn(y) is
a slow varying function of y. Neglecting the derivatives of
V (y),15,16 and in the limit T → 0, we can write eq 6 as

exp

[
T
2K

d2

dy2
− Vn+1

T

]
�n(y) = �n+1(y). (7)

Assume that the varying pairing potential has the form Vn(y) =
(� + �n)V (y), where V (y) is a given potential well with infinite
wall at y= 0, and � characterizes the strength of the potential,
and �n are random numbers with zero average. An infinite wall

restricts the motion of monomers to real positive values of y.12

We will search solution of eqs. 7 in the form �n(y) = cn�0(y),
where�0(y) is the homopolymeric ground state wave function,
which obeys the following equation:[

− T
2K

d2

dy2
+ �V (y)

T

]
�0(y) = �0

T
�0(y). (8)

Using eqs. 7 and 8, one finds recursive equations for coeffi-

cients cn

exp
(
− �n+1

T

)
cn = cn+1. (9)

where �n = �0+�nV , and V is some characteristic value of V (y).
Equation (9) is easily solved

cn = c1 exp

(
−

n∑
k=1

�k
T

)
. (10)

Using eqs. 10 and 4, and neglecting some additive nonessential

terms, we find for the free energy

F = −TlnZ =
N∑
n=1

�n. (11)

So, we have found that in the low temperature limit, the free

energy of DNA is a sum of local free energies. If we assume

that random numbers �n are uncorrelated, 〈�n�m〉 =W�n,m the
samewill be correct for local free energies. Taking into account

that ��n ∼ �n, and 〈�n〉 = 0, one can show that the average free

energy equals to its homopolymeric value 〈F〉 = N�0(T) and

sample-to-sample fluctuations equal to 〈�F2〉 = WV 2N. Note
that similar to many other disordered systems that contain

quenched randomness, one should average free energy rather

than partition function, see for example, ref. 17. Remind that

V characterizes the typical value of pairing potential, and W
characterizes its variance. Relative fluctuations of free energy√〈�F2〉/F2 = √

WV/�0
√
N are small in the thermodynamical

limit N→ ∞. However for small N they can be important. In

DNA frozen state, like many other disordered polymeric sys-

tems, those conformations are relevant that ensure minimum

energy.18 The base pairs are locked in the minimums of the

pairing potential.

In the next section, we will consider the high-temperature

state of the heterogeneous DNA.

MOLTEN STATE

Assuming that Vn
T 	 1, eq 6 can be written in the form

T
2K

d2�n(y)
dy2

= �n+1(y) − �n(y) + Vn+1(y)
T

�n+1(y). (12)

It is convenient to go to continuous variable t instead of n

�n+1(y) → �(y, t), Vn+1(y) →V (y, t), (13)

�n+1(y) − �n(y) → ∂�(y, t)
∂t

. (14)
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Substituting eqs 13 and 14 into eq 12 and neglecting the small

term T/2K d2

dy2
∂�
∂t ,

19 one obtains

∂�(y, t)
∂t

− T
2K

d2�(y, t)
dy2

+ V (y, t)
T

�(y, t) = 0. (15)

So, formally, we obtain the KPZ (Kardar–Parisi–Zhang) equa-

tion20 that describes surface growth and the directed polymers

in random media problems as well.21,22 The important differ-

ence of the DNA case from the general KPZ case is that the

randomness of the potential V (y, t) is only on variable t defin-
ing the number of a base pair and the average is nonzero and

negative. These differences lead to different behavior of free

energy fluctuations. As aforementioned, the potential V (y, t) is
assumed in the form V (y, t) = (� + �(t))V (y), where V (y) is a
given short-ranged potential, and �(t) is a random noise with

zero average.

We will search the solution of eq 15 in the form

�(y, t) = exp

[
− 1

T

∫ t

0

�(�)d�
]

�(y, t), (16)

where �(y, t) weakly depends on t . Substituting eq 16 into
eq 15 and neglecting derivative of �(y, t) on t , one obtains an
eigenvalue problem

[
− 1

2�2K
d2

dy2
+ (� + �(t))V (y)

]
�(y, t) = �(t)�(y, t). (17)

Substituting (16) into (4) and neglecting inessential terms, we

have

F =
∫ t

0

�(�)d�. (18)

Thus, the free energy of DNA is expressed via �(t).

Equation 18 suggests that �(�) plays a role of local free energy.
In the homopolymeric case � ≡ 0, it does not depend on �,
and free energy is determined as F = N�0. The denaturation
transition appears when �0(Tc) = 0.11,23

To investigate the spectrum of Scrödinger equation appearing

in eq 18, one should specify the form of attraction potential

V (y). For the sake of simplicity, we choose it as the delta-shell
with infinite wall at origin,

V (y) = −1/y0�(y − y0), y> 0

V (y) = ∞, y≤ 0. (19)

Here y0 plays a role of attraction radius of potential. The

contact interaction potential was used in refs. 24 and 25

for surface growth and directed polymers in random media

problems. Here, we use it to study the heterogeneous DNA.

The quantum-mechanical problem with �-shell potential can
be exactly solved,16,26 and the energy of bound state is

determined as follows

�(t) = − T2

8Ky20
ln2 z0(t), (20)

where z0(t) is the solution of the following transcendent

equation

ln z(t) = 2�2K(� + �(t))(z(t) − 1). (21)

We will also need the wave function of the ground state in the

delta-shell potential for estimation of the neglected term. It

has the following form

�(y, t) = 1

2N −1/2 [e−k|y−y0| − e−k(y+y0)];

k(t) =
√
2K |�(t)|
T

(22)

with the following normalization constant

N = 1

4k
[1− e−2ky0(1+ 2ky0)]. (23)

Now, we can estimate the neglected term ∂�/∂t and clarify
conditions of applicability of adiabatic approximation. It fol-

lows from eqs 22 and 23 that �(y0, t) ∼ √
k(t), therefore we

have

1

�(y0, t)
∂�(y0, t)

∂t
∼ 1

k(t)
∂k(t)
∂t

∼ 1

�(t)
∂�(t)
∂t

. (24)

So, the ratio of neglected and hold terms is of order of ratio

of energy difference of base pairs because of heterogeneity

and energy itself. At high temperatures, main contribution

to the local free energy of a base pair gives entropic terms,

which are the same for different base pairs; therefore, the local

free energy difference between different base pairs is small,

and the latter ratio, except the region of small temperatures,

elsewhere is much less than unity. Thus, the adiabatic approxi-

mation we used is justified in high temperature regime. At very

low temperatures, in frozen state, the adiabatic approxima-

tion fails because d�(t)/dt ∼ d�(t)/dt and d�(t)/dt , for random
�(t), can be large even for small �(t).

FIGURE 1 Average free energy. We take 2K ≡4y 2
0 ≡1, see eqs 19

and 20, for simplicity and t ≡ 1000. Critical melting temperature
of DNA is found from the equation 〈F (Tc)〉 = 0. Plots for two dif-
ferent set of parameters ar shown. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.com.]
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FIGURE 2 (a) Fluctuation of free energy normalized by the num-
ber of DNA base pairs for � = 3 and � ∈ [−1, 1]. (b) Second
derivative of free energy sample-to-sample fluctuation has a
peculiarity at crossover temperaturemarked by arrow. Crossover
temperature corresponds to the partial opening of base pairs.

A bound state solution of eq 21 exists provided that 2�2K(�+
�(t)) > 1. At temperatures 2�2K(� + �(t)) ≤ 1, a base pair is

opened, and local free energy according to eqs 20 and 21 is

zero independent of random binding constant �(t) and tem-
perature. The critical temperature of homopolymeric (�(t) ≡
0) DNA denaturation is determined from this condition Tc =√
2K�. In the heterogeneous case, within adiabatic approxi-

mation, critical temperature is determined by the maximum

bound energy Tc = max
√
2K(� + �(�)). For example, when

2K ≡ 1, � = 3 and for uniform distribution � ∈ [−1,+1], Tc = 2,

correspondingly when � = 9 and � ∈ [−3,+3], Tc = 3.46 see

Figure 1. These are overestimated values. The actual critical

temperature is rather determined by average bound energy of

base pairs and does not differ from the homopolymeric value

significantly.12 This is consistent with the experiment data, and

similar result was obtained in the wetting problem.27

Similar to the frozen state, here also DNA free energy is a sum

of local free energies eq 18. However, now these energies are

no longer completely random. This leads to important pecu-

liarities in free energy. Using eqs 18–21, one can calculate

the average free energy and its fluctuation for a given ran-

dom function �(t) numerically. We have carried out such a

calculation for uniformly distributed random function �(t) ∈
[−1,+1] and �(t) ∈ [−3,+3]. Choosing a continuous range
of �(t) instead of just two values � = �1 enables us to take
into account effectively different stacking of base pairs. First,

we find that unlike the frozen state 〈F〉 �= F0, see Figure 1,
therefore, the heterogeneity will contribute to the averages of

thermodynamical quantities.

More important is the different behavior of fluctuation of free

energy

〈�F2(t ,T)〉 =
∫ t

0

∫ t

0

d�d�′〈��(�)��(�′)〉, (25)

where ��(�) = �(�) − 〈�(�)〉.
Figures 2(a) and 3(a) show that fluctuations are strongly sup-

pressed in high temperature molten regime. The reason of

such behavior is that local free energies of opened weakly

coupled base pairs are determined mainly by entropic factors

and not by binding constant and are no longer random. In

this model, local free energy of a opened base pair is zero

independent of binding constant and temperature. In molten

regime, fluctuation depends on the number of base pairs as

FIGURE 3 (a) Fluctuation of free energy normalized by the num-
ber of DNA base pairs for � = 9 and � ∈ [−3, 3]. (b) Second
derivative of free energy sample-to-sample fluctuation has a
peculiarity at crossover temperaturemarked by arrow. Crossover
temperature corresponds to the partial opening of base pairs.
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t0.5 similar to frozen case. However, the prefactor to scaling
〈�F2(t ,T)/t〉1/2 is strongly decreasing function of temperature,
see Figures 2 and 3. In frozen state, fluctuations do not depend

on the temperature and are relatively large.

At the temperature of partial opening of base pairs, a

crossover from one behavior to another occurs. Along with

the melting temperature Tc = max
√
2K(� + �(�)) DNA het-

erogeneity introduces a new characteristic temperature Tcr ∼
min

√
2K(� + �(�)). In second plot of Figure 2, � = 3 and

� = [−1, 1], therefore, one obtains the following values for
crossover and melting temperatures Tcr ∼ 1.4 and Tc ∼ 2,

respectively. In third plot Figure 3 � = 9 and � ∈ [−3, 3],
correspondingly Tcr ∼ 2.45, Tc ∼ 3.46.

DISCUSSION

In conclusion, we have investigated the naturated state of a

heterogeneous DNA within a simple theoretical model. Our

model is identical to ref. 12 where the influence of hetero-

geneity on the melting transition was considered. We are

considering the sample-to-sample fluctuations in heteroge-

neous DNA. The heterogeneous DNA problem is similar to

the directed polymers in random media. However, in DNA

case, potential energy is random only on “time” (number of

a base pair) variable, and average potential is a given nega-

tive function. For investigation of thermodynamics below the

denaturation temperature, an adiabatic approximation was

used. One can distinguish two different behaviors within the

naturated state. In both regimes, the free energy of the sys-

tem is represented as sum of local effective free energies of

base pairs. However, in frozen state, free energies are random,

whereas in molten state, the free energy of open pairs is the

same independent of the pair and no longer random. As a

result sample-to-sample fluctuations of DNA, free energy are

suppressed in the molten regime. Numerically calculating fluc-

tuations for different parameters, we prove that peculiarity is

caused by partial opening of base pairs.
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