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Theory of stationary Josephson tunnel current Ic was built for junctions involving superconduc-
tors partially gapped by biaxial or unidirectional charge density waves (CDWs) and possessing a
superconducting order parameter of d-wave symmetry. Specific calculations were carried out for
symmetric junctions between two identical CDW superconducting electrodes and nonsymmetric
ones composed of a CDW superconductor and a conventional isotropic s-wave superconductor. Two
kinds of superconducting pairing symmetry were studied, namely, that appropriate to cuprates
(dx2−y2) and the dxy-one. The corresponding calculations were also carried out for the extended
s-wave symmetry of the superconducting order parameter. The directionality of tunneling was
made allowance for. In all studied cases, the dependences of Ic on the angle γ between the chosen
crystal direction and the normal to the junction plane were found to be significantly influenced by
CDWs. It was shown, in particular, that the d-wave driven periodicity of Ic(γ) in the CDW-free
case is transformed into double-period beatings depending on the parameters of the system. The
results of calculation testify that the orientation-dependent patterns Ic(γ) measured for CDW su-
perconductors allow the CDW configuration (unidirectional or checkerboard) and the symmetry of
superconducting order parameter to be determined. The predicted effects can be used to indirectly
reveal CDWs in underdoped cuprates where pseudogaps are observed. The break-junction technique
is an appropriate tool for this purpose.

I. INTRODUCTION

The original Bardeen-Cooper-Schrieffer (BCS) theory
is well known to be based on the assumption of spatially
isotropic (s-wave) spin-singlet Cooper pairing.1 However,
this kind of pairing is not unique, and a variety of su-
perconducting (many kinds of metallic conductors) or
superfluid (He3) order parameters of other types are
possible, in principle.2–13 As for high-Tc superconduct-
ing cuprates, the majority of researches believe on the
basis of experimental evidence that the order parame-
ters both in hole- and electron-doped materials possess
dx2−y2 symmetry.14–23 For instance, recent direct mea-
surements of the dc Josephson current in a π-design
superconducting quantum interference device (SQUID)
made of epitaxial Sr1−xLaxCuO2 film showed a purely
dx2−y2-behavior with no traces of the subdominant s-
wave order parameter component.24

On the other hand, there is a large body of tunnel25–31

and NMR32 data which testify that the extended and
even the isotropic s-wave scenario cannot be excluded
from consideration. This alternative is also supported
by a thorough analysis.33–39 In particular, it is well
known40 that, in the absence of directionality, the
Josephson current between d- and s-wave superconduc-
tors has to be strictly equal to zero. However, the dc
Josephson current between Bi2Sr2CaCu2O8+δ and Pb,41

Bi2Sr2CaCu2O8+δ and Nb,42 YBa2Cu3O7−δ and PbIn,43

Y1−xPrxBa2Cu3O7−δ and Pb25 superconductors was ex-
perimentally found to differ from zero. Hence, either
a subdominant s-wave component of the superconduct-
ing order parameter does exist in cuprate materials or
the introduction of tunnel directionality is inevitable to

reconcile any theory dealing with tunneling of quasi-
particles from (to) high-Tc oxides and the experimen-
tal results. In this paper, the necessity of taking tun-
nel directionality44–51 into account is put forward. But
this assumption alone can not help in solving the intri-
cate issue of the actual superconducting order parameter
symmetry.

In addition, one may imagine that more exotic states
are realized. For instance, it may be the superconducting
pairing with the combined dx2−y2 + idxy symmetry, espe-
cially in tunnel structures,26 near the rough surfaces,52,53

and in an external magnetic field,54–57 i.e. in situations
routinely studied in experiments. Another possibility in-
volves the d-wave superconducting order parameter with
a substantial admixture of higher harmonics.58

To distinguish between indicated possibilities, var-
ious investigation techniques are needed. In partic-
ular, Josephson tunneling measurements involving ac
and dc effects comprise a powerful tool to achieve this
objective,8,37,40,59–68 although it might happen that the
intrinsically inhomogeneous nature of oxide samples will
complicate the issue.69–80 There is one more obstacle
to infer the cuprate order parameter symmetry directly
from coherent tunneling measurements, namely, the ap-
pearance of unidirectional (stripe-like81–84) or checker-
board (biaxial) charge-density-wave (CDW) structures in
a good many high-Tc oxide materials.76,85–92 It seems,
however, that this very circumstance can be made ben-
eficial for studying both superconducting and dielectric
(CDW) orderings in cuprates using tunnel spectroscopy
and Josephson current measurements.75,93–96 It may con-
cern other superconductors with coexisting order param-
eters as well. For instance, one can indicate new super-
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conducting families of pnictides and chalcogenides, where
spin density waves (SDWs) and, possibly, also CDWs
were found along with superconductivity.12,97–109 The
microscopic origin of CDWs in cuprates is most prob-
ably the electron-phonon one (i.e. the electron spectrum
of the material is gapped as a consequence of Peierls
instability110–112), although our basic phenomenological
equations are similar for partial excitonic insulators. The
latter state can also be realized in systems with a nested
Fermi surface (FS).113,114

In this paper, we calculated dc Josephson currents,
Ic, between two d-wave (or extended s-wave) supercon-
ductors or one d-wave (extended s-wave) superconduc-
tor and its conventional isotropic counterpart suggest-
ing that the CDW gapping distorts the Fermi surfaces
(FS) of the high-Tc electrodes. All coherent effects are
regarded to be due to the Cooper pairing, so that the
more exotic cases of the CDW phase-dependent tunnel
currents115,116 (interesting per se!) are neglected. We
assume a two-dimensional FS with CDW-gapped nested
sections in accordance with the microscopic theory117–123

and observations.80,84,88,91,109,111,124–132 The results ob-
tained show that the interference between CDWs and
superconductivity can substantially alter the angle and
temperature, T , dependences of the current Ic, not to
talk about the amplitude of the current, which should be
substantially suppressed by the dielectric gapping.133 In
particular, the CDW sectors on the FS hot spots should
lead to the non-monotonic character of the Ic depen-
dences on the angle between the crystal-lattice axes and
the normal to the tunnel junction plane. Thus, Josephson
current measurements probing superconducting proper-
ties may also reveal the partial CDW insulating back-
ground.

II. SOME ESSENTIAL PECULIARITIES OF

CUPRATES

As is well known, the coherent properties of a collective
state with Cooper pairing can be revealed by measuring
the dc or ac Josephson tunnel currents between two su-
perconducting electrodes, because the currents depend
on the phase difference between superconducting order
parameters in them.20,134–136 It is no wonder that man-
ifestations of coherent pair tunneling are more complex
for superconductors with anisotropic order parameters
than for those with an isotropic energy gap. In partic-
ular, it is true for d-wave superconductors, where the
order parameter changes its sign on the Fermi surface
(FS).5,20,40,60,63,137,138 As was indicated above, high-Tc

oxides are usually considered as dx2−y2 materials. Since
cuprates are considered here as main objects of study,
the dx2−y2-scenario will be considered as the basic one.
In addition to the unconventional, nonisotropic order

parameter symmetry, high-Tc oxides reveal another im-
portant peculiarity. Namely, the so-called pseudogap
is observed both below and above Tc.

76,80,85–87,89,139–148

Pseudogapping manifests itself in resistive, magnetic, op-
tical, photoemission (ARPES), and tunnel (STM and
break-junction) measurements as a depletion in the elec-
tron density of states, in analogy to what is observed
in quasi-one-dimensional compounds above the mean-
field phase-transition temperature.149,150 Despite large
theoretical and experimental efforts, the pseudogap na-
ture still remains unknown.76,79,80,89,90,121,128,143,151–167

Some researchers associate them with precursor or-
der parameter fluctuations, which might be of either
a superconducting or some other competing (CDWs,
SDWs, etc.) origin. Another viewpoint consists in
relating pseudogaps to those competing orderings, but
treating them, on the equal footing with superconduc-
tivity, as well-developed states that can be made al-
lowance for in the mean field approximation, fluctu-
ation effects being non-crucial. We believe that the
available observations support the latter viewpoint (see,
e.g., recent experimental evidences of CDW forma-
tion in various cuprates.88,92,116,148,168–175) Although un-
doped cuprates are antiferromagnetic insulators,176 the
CDW seems to be a more suitable candidate responsi-
ble for the pseudogap phenomenon.76,85–87,89 Direct ev-
idence that the CDW is a superconductivity destructor
was obtained recently for YBa2Cu3O7−δ by the X-ray
diffraction,173,175 for c-axis Bi2+xSr2−yCuO6+δ mesas by
the intrinsic tunneling,177 and for Bi2Sr2CaCu2O8+δ by
the ARPES178 methods. However, a skepticism concern-
ing the CDW competition with Cooper pairing still re-
mains. Namely, the coexistence of two phenomena is
qualified as a simple “intertwining”.179

Nevertheless, the type of dominant instability compet-
ing with superconductivity in cuprates is not known with
certainty. For instance, neutron diffraction studies of
a number of various high-Tc oxides revealed a nonho-
mogeneous magnetic ordering (usually associated with
SDWs) in the pseudogap state.180,181 However, what-
ever the nature of the pseudogap, the latter competes
with Cooper pairing in underdoped and even overdoped
high-Tc oxide samples.76,80,85–89,91,92,122,130,131,148,182–184

As for the mechanism of Cooper pairing per se in un-
conventional superconductors, it is also not known. The
controversy concerns spin-fluctuations185,186 versus con-
ventional phonons187–190 as a bosonic glue keeping elec-
trons together.

III. MODEL PARAMETERS FOR CDW

SUPERCONDUCTORS

Bearing in mind that the main objects to which our
theory is applied are cuprates, the FS of the model
CDW superconductor (CDWS) is approximated as a two-
dimensional one.117–123 The FS is gapped by both su-
perconducting (d-wave BCS) and dielectric (CDW) in-
stabilities, which additionally compete with each other
for the quasiparticle states at the FS. Both Cooper and
electron-phonon pairings are nonisotropic in the momen-
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tum space. In Fig. 1, a sketch of a typical Brillouin zone
for a high-Tc superconductor is exhibited. The bold solid
curves (pockets) illustrate the FS of this superconductor
in the double-normal state, i.e. in the absence of both
gapping distortions.
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FIG. 1. (Color online) Schematic diagram of the two-
dimensional Fermi surface appropriate to cuprates and angu-
lar profiles of the d-wave superconducting, f∆(θ), and dielec-
tric, fΣ(θ), order parameters. Charge-density waves (CDWs)
are described by two, Qx and Qy , or one, Qx, CDW vec-
tors. The corresponding CDW configuration function fΣ(θ)
possesses either two or one (non-tinted), respectively, sector
pairs. 2α is a CDW sector opening, and β is a mismatch angle
between superconducting lobes and CDW sectors (see other
explanations in the text).

CDWs are accompanied by the appearance of dielec-
trically gapped (dielectrized, d) FS sections. A necessary
condition for that is the nesting of electron spectrum on
them in a “parent” CDW metal,116,191–193

ξ(p) = −ξ(p+Q), (1)

where, Q is the CDW-vector. The rest of FS remains
non-dielectrized (nd). For instance, the Q-vectors in
Fig. 1 connect those FS section, where the nesting phe-
nomenon is the most probable. Then, possible orien-
tations of CDW vectors turn out to be coupled rather
strongly with the inverse lattice, namely, they are di-
rected along the kx- and ky-axes in the momentum
space.76,122,194 In cuprates, CDWs constitute a sys-
tem with a four-fold (N = 4, the checkerboard pat-
tern) or a two-fold (N = 2, the unidirectional pattern
with spontaneous breaking of the crystal-lattice symme-
try) symmetry.58,76,89,90,126,130,132,195–199 This situation
is described (see Fig. 1) by the availability of two CDW
vectors, Qx and Qy, or only one, Qx. The four-fold
symmetry is often broken in various high-Tc oxides re-
vealing unidirectional CDWs or nematicity in nanoscale
clusters.200 This phenomenon was considered as a mani-
festation of the pseudogap formation.132,201–203

As a matter of fact, CDW distortions in cuprates
are short-range and form random patches. The inho-
mogeneity of electronic properties in high-Tc oxides is
most probably intrinsic (not necessarily being of the
pseudogap origin) and it may substantially influence
observations.69,72,75,76,94,182,204,205 Nevertheless, in this
paper, we restrict ourselves to the approximation where
the CDWs constitute spatially homogeneous patterns.
We consider CDWS’s in the framework of a model,

which is an extension of the Bilbro-McMillan one, ini-
tially developed for the CDW s-wave superconductors.206

In this model, the magnitude of CDW order parameter Σ
is assumed to be uniform (the s-wave symmetry) within
the FS d-sections, each of the width 2α. To fix the po-
sition of d-sections on the FS, we introduce, the angular
factor fΣ(θ) (see Fig. 1),

fΣ(θ) =

{
1, for |θ − β + kΩ| < α (d-sections)
0, otherwise (nd-sections)

, (2)

where k is an integer number, and

Ω =

{
π/2, checkerboard CDWS (N = 4)
π, unidirectional CDWS (N = 2)

. (3)

In essence, the parameter N equals the number of FS
d-sections. Then, the actual dielectric order parameter
Σ distribution over the FS takes the factorized form

Σ̄(T, θ) = Σ(T )fΣ(θ). (4)

Here, Σ(T ) is the conventional T -dependence of CDW
order parameter.
In known high-Tc superconductors, the lobes of super-

conducting order parameter are also directed along the
kx and ky axes (see Fig. 1), which corresponds to the
dx2−y2-type of superconducting order parameter symme-
try. (According to the adopted terminology, CDW sec-
tors emerge in antinodal directions of superconducting
lobes.) For definiteness, we select the direction of either
of two CDW vectors (in the checkerboard geometry) or of
the single one (in the unidirectional geometry)—in other
words, the bisectrix of a CDW sector—as a reference one
in the crystal. From the physical viewpoint, it is the
direction of a basis vector in the inverse lattice; let it
be the vector kx (see Fig. 1). This circumstance is con-
nected with experimental conditions of crystal growing.
Then, the dx2−y2 -type of superconducting order parame-
ter symmetry corresponds to the value β = 0◦ of the mis-
match angle between the bisectrices of CDW sector and
superconducting order parameter lobe (for definiteness,
positive). However, intensively discussed in the litera-
ture is, e.g., the dxy-symmetry, when the superconduct-
ing lobes are rotated in the inverse lattice by 45◦. More-
over, we suppose that the angle β can acquire other values
as well (formally, they can be arbitrary), e.g., if a super-
conductor is subjected to a non-uniform deformation.90

If those directions are different, the angle β will be reck-
oned from the bisectrix of CDW sector to that of the
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nearest positive superconducting order parameter lobe.
Of course, the sign of β has no importance for thermody-
namic properties of CDWS’s. However, as will be evident
from what follows, it manifests itself in the orientation
dependences of tunnel current.
Following this convention, we can write down the su-

perconducting order parameter profile over the FS in the
factorized form similar to formula (4) for the CDW order
parameter,

∆̄(T, θ) = ∆(T )f∆(θ). (5)

Here, ∆(T ) is the T -dependent magnitude of supercon-
ducting order parameter and the angular factor f∆(θ) is
described in the momentum space by the sign-alternating
expression

fd
∆(θ) = cos 2(θ − β) (6)

in the case of d-wave symmetry (see Fig. 1). We also
intend to analyze, on the equal footing, the case of ex-
tended s-wave symmetry described by the angular func-
tion

f sext

∆ (θ) = |cos 2(θ − β)| , (7)

for which the superconducting gap profile is the same
as in Fig. 1, but all four lobes have the same sign (for
definiteness, let it be positive).We emphasize that neither
the f∆(θ) nor the fΣ(θ) angular profile depends on T .
The described quantities (α,N, β) together with the

zero-temperature values of order parameters for “par-
ent” pure d-wave superconductor, ∆0, and CDW metal,
Σ0, constitute a full kit of parameter describing the par-
tially CDW-gapped d-BCS superconductor. The number
of energy-dependent parameters of the problem can be re-
duced by normalizing them by the parameter ∆0. Thus,
we introduce the dimensionless parameter σ0 = Σ0/∆0

describing the relative strength of the CDW and BCS
pairings, the dimensionless temperature t = T/∆0, and
the dimensionless order parameters σ(t) = Σ(T )/∆0 and
δ(t) = ∆(T )/∆0.
In what follows, it is convenient to introduce the nota-

tion S
symβ

CDWN for a partially gapped CDW superconductor,
which reflects a certain symmetry “sym” of the supercon-
ducting order parameter (see below) with the mismatch
angle β between the superconducting lobes and CDW
sectors, as well as the checkerboard (N = 4) or unidi-
rectional (N = 2) CDW configuration. The special case
of d-wave symmetry with β = 0◦, as for cuprates, will
be denoted in the conventional manner, dβ=0◦ = dx2−y2 .
For the case dβ=45◦ , which we also intend to analyze, the
corresponding notation is dxy. All intermediate β values
might be possible only in the case of internal deforma-
tions, when the crystal symmetry inherent to cuprates
is broken; they will not be analyzed below. As was in-
dicated in the Introduction, we shall also consider the
cases of extended s-wave symmetry for the superconduct-
ing order parameter, for which we shall use the notations
sextx2−y2 and sextxy . We also introduce the notations SsBCS

and SdBCS for “pure” s- and d-wave superconductors, re-
spectively.

The solution of self-consistent problem for the CDW d-
wave superconductors in the general case (with arbitrary
allowed parameter values)76,89,90,95,207 demonstrates a
mutual depression of both order parameters in compari-
son with their corresponding “pure”independent uncou-
pled counterparts. Moreover, the competition between
the Σ and ∆ order parameters gives rise to an interest-
ing phenomena of T -reentrant Σ.76,89,90,95,207 The phe-
nomenon of T -dependent reentrance was really observed
in Bi2Sr2CaCu2O8+δ.

178 The Reentrance found by us is
a subtle effect existing due to the difference between the
order parameter symmetries. This result has nothing in
common with the electron concentration reentrance ob-
tained in the framework of the Landau theory for the
competing d-wave Cooper pairing and d-density wave.208

However, all those issues remained beyond the scope
of this paper. As is shown in the next Section, the key
quantities are the angular profiles of the superconducting
order parameter (see Eq. (5)) and the total gap in the
momentum space. In particular, the order parameters
demonstrate a peculiar interference on the FS d-sections;
namely, the total gap that emerges there equals

D̄(T, θ) =
√
Σ̄2(T, θ) + ∆̄2(T, θ). (8)

This formula remains also valid, but becomes trivial, for
the FS nd-sections, since Σ = 0 there. As a result, a
variety of momentum-dependent gap profiles over the FS
(“gap roses”)89,90 arise. These roses, distorting the pris-
tine FS in the normal state (the solid curve in Fig. 1),
form the profile that is registered in ARPES experiments.
In this work, we omit the consideration of the issues
dealing with the temperature effects or the effects asso-
ciated with the modification of CDWS parameters—e.g.,
by doping the CDWS’s—on the dc Josephson current,
leaving them to be analyzed elsewhere. We are inter-
ested here only in the angular dependences of dc Joseph-
son current, which could help in determining the pairing
symmetry in high-Tc superconductors. Therefore, the
specific calculations will be carried out only for the zero
temperature, T = 0. In Appendix A, some examples of
gap roses relevant to the paper subject are illustrated.

Thus, the mixed-state CDW d-wave superconductor
demonstrates neither pure d-wave nor pure s-wave angu-
lar behavior. This fact was indicated, e.g., while analyz-
ing ARPES spectra of Bi1.5Pb0.55Sr1.6La0.4CuO6+δ.

184

Of course, any admixture of Cooper pairing with a sym-
metry different from dx2−y2-one16,26,31,52–57,209,210 may
alter the results. Moreover, the superconducting or-
der parameter symmetry might be doping-dependent.211

Other possibilities for predominantly d-wave supercon-
ductivity coexisting with CDWs lie somewhere between
those pure s- and d-extremes.



5

IV. TUNNEL CURRENT. THEORY

A. General issues

We would like to point out that, owing to the quasi-
two-dimensional character of the FS for high-Tc oxides,
we consider the simplest geometry of the tunnel junction
between two CDWS’s. Namely, their c-axes are assumed
to be parallel to each other and to the junction plane.
The dc Josephson critical current through a tunnel

junction between two superconductors, whatever their
order parameter symmetry, in the tunnel Hamiltonian
approximation is given by the general equation20,134–136

Ic(T ) = 4eT
∑

pq

∣∣∣T̃pq

∣∣∣
2∑

ωn

F
+(p;ωn)F

′(q;−ωn), (9)

Here, T̃pq are the matrix elements of tunnel Hamilto-
nian; they correspond to various combinations of FS
sections for superconductors taken on different sides of
tunnel junction; p and q are the transferred momenta;
e > 0 is the elementary electrical charge, and F(p;ωn)
and F

′(q;−ωn) are Gor’kov Green’s functions for super-
conductors to the left and to the right, respectively, of
the tunnel barrier (hereafter, all primed quantities will be
associated with the right hand side electrode). The inter-
nal summation is carried out over the discrete fermionic
“frequencies” ωn = (2n+ 1)πT , n = 0,±1,±2, . . .. The
external summation in Eq. (9) for the Josephson tun-
nel current takes into account both the anisotropy of
electron spectrum ξ(p) in a superconductor in the man-
ner suggested long time ago for all kinds of anisotropic
superconductors,212 the directionality of tunneling,44–51

and the dielectric electron-hole (CDW) gapping of the
nested FS sections (if any).133 Let us assume for def-
initeness that F(p;ωn) ≡ FCDWS(p;ωn) corresponds to
the high-Tc oxide superconductor (assumed to be CDW-
gapped) with a d-wave or extended s-wave order param-
eter. At the same time, F′(q;ωn) may correspond either
to the identical high-Tc oxide (F

′(q;ωn) ≡ F
′
CDWS(q;ωn))

or an s-wave isotropic superconductor of the original
BCS model (F′(q;ωn) ≡ F

′
Ss
BCS

(q;ωn)) with the order

parameter ∆̄sBCS(T ).
1 Thus, we restrict the considera-

tion to two representative cases: (i) the symmetric junc-
tion SsymCDWN–I–SsymCDWN involving identical high-Tc super-
conductors separated by an insulator interlayer I (this
case will be denoted as sj-SsymCDWN ); and (ii) the non-
symmetric SsymCDWN -I-SsBCS one (nj-SsymCDWN ). Figure 2 il-
lustrates both those cases for the checkerboard CDW sce-
nario (N = 4) and the order parameter mismatch angle
β = 0◦.
We consider the gap rose of the CDWS to the left from

the junction plane to be oriented at the angle γ with
respect to the normal n to the plane. The orientation
direction of the whole CDWS is determined by the di-
rection of the bisectrix of the positive superconducting
order parameter lobe in the parent BCS superconduc-
tor (see Section III and Appendix A). The actual order

DSdx2 y2
CDW4

  SsBCS

n

FIG. 2. (Color online). Geometries of symmetric (S
d
x2

−y2

CDW4 -

I-S
d
x2

−y2

CDW4 ) and non-symmetric (S
d
x2

−y2

CDW4 -I-Ss
BCS) tunnel junc-

tions describing the gap rose orientations in both electrodes
(angles γ and γ′) with respect to the normal n to the junction
plane. The tunnel directionality is described by the effective
angle 2θ0. See notation and more explanations in the text.

parameter profiles are governed by the crystal lattice ge-
ometry. At the same time, the junction plane is created
artificially and, generally speaking, the normal n to it
may not coincide with any crystal axis. In the symmet-
ric junction geometry, the same superconductor is to the
right from the junction, but its gap rose may be oriented
at a different angle, γ′, with respect to the normal. In the
case of non-symmetric junction geometry, the gap rose of
the right hand side superconductor (SsBCS) is an isotropic
circle.

B. Tunnel directionality

Specifying the dc Josephson current (9), we intro-
duce two kinds of directionality. The first one in-
volves the factors |vg,nd · n| and |vg,d · n|,

48,63,213 where
vg,nd = ∇ξnd and vg,d = ∇ξd are the normal-state
quasiparticle group velocities for proper FS sections.
Those factors can be considered as proportional to the
number of electron attempts to penetrate through the
barrier.137 They were introduced decades ago in the
framework of general problem dealing with tunneling
in heterostructures.214–216 In the framework of the phe-
nomenological approach adopted here (cf. approaches in
Refs. 40, 60, 64, 137, 138, and 217), this multiplier can
be factorized into cos θ, where θ is the angle at which the
pair/quasiparticle transmits through the barrier, and an
angle-independent coefficient, which can be in the usual
way incorporated into the junction normal-state resis-
tance RN (see below).
In addition, in agreement with previous

studies,44,45,47,48,50,218 the tunnel matrix elements

T̃pq in Eq. (9) should also make allowance for the
tunnel directionality (the angle-dependent probability of
penetration through the barrier).62,63,96,213 The problem
is rather difficult. Even if the barrier were uniformly
rectangular over the whole junction plane and the
WKB approximation were sufficient for calculations, the
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situation would not be simple.62 Really, in this case,
for a particle traversing the barrier at an angle θ, the
barrier penetration coefficient would be proportional to
exp(−hbd), where hb is the effective barrier height for the
particle (the difference between the particle and barrier
top energies), d = L/ cos θ is the relevant tunnel path,
and L is the junction thickness. We do not know the
actual θ dependences for realistic junctions from micro-
scopic considerations. Therefore, similarly to what was
proposed in Ref. 44, we simulate the barrier-associated
directionality by the phenomenological function

w(θ) = exp

[
− ln 2×

(
tan θ

tan θ0

)2
]

(10)

so that the cone opening of effective tunnel angles equals
to 2θ0 (this parameter depends on L) (see Fig. 2).
The barrier transparency is normalized by the maximum
value obtained for the tunneling normally to the junc-
tion plane and included into the junction resistance RN ;
hence, w(θ = 0) = 1. The multiplier ln 2 in Eq. (10) was
selected to provide w(θ = θ0) =

1
2 .

C. Green’s functions

In accordance with the previous treat-
ments of partially gapped CDW s-wave
superconductors85–87,93,133,205,206,219–225 and their gen-
eralization to their d-wave counterparts,76,89,90,95,207,226

and in line with the basic theoretical framework for
unconventional superconductors,64,227 the anomalous
Gor’kov Green’s functions for d- or extended s-wave
superconductors are assumed to be different for angular
sectors with coexisting CDWs and superconductivity (d
sections of the FS) and the “purely superconducting”
rest of the FS (nd sections)

FCDWS,nd(p;ωn) =
∆(T, θ)

ω2
n +∆2(T, θ) + ξ2nd(p)

, (11)

FCDWS,d(p;ωn) =
∆(T, θ)

ω2
n + D̄2(T, θ) + ξ2d(p)

. (12)

Here, the angle θ is reckoned from the tilt angle γ (γ′) in
the case of left (right) hand side electrode. The quasipar-
ticle spectra ξd(p) and ξnd(p) correspond to “hot” and
“cold” spots of the cuprate FS, respectively (see, e.g.,
Refs. 91, 111, 119, 140, 148, 183, 228, and 229). It is evi-
dent that Eq. (11) is a particular case of expression (12),
since, owing to formula (8), the gap D̄(T, θ) on the nd FS
section equals ∆(T, θ). The difference between Green’s
functions for d- or extended s-wave superconductors con-
sists in the proper choice of the order parameter angular
profile f∆(θ) (see Eqs. (6) and (7)). The Gor’kov Green’s
function for the conventional s-wave superconductor has
the standard form

FsBCS(p;ωn) =
∆sBCS(T )

ω2
n +∆2

sBCS(T ) + ξ2sBCS(p)
. (13)

It is also a particular case of Eq. (12), in which, be-
sides the absence of dielectric gapping, the dependence
on the angle θ is also absent. The d-wave, ∆(T ), and s-
wave, Σ(T ), gap functions are calculated self-consistently
on the basis of BCS-like electron-electron and electron-
hole attraction characterized by the strengths ∆0 and Σ0,
respectively.76,89,90,95 As was indicated in Section III, the
quantities ∆0 and Σ0 are zero-T values of the relevant
energy gaps in the absence of competing interaction. In
particular, at ∆ = 0, the dependence Σ(T ) is given by the
s-wave Mühlschlegel function.1,230 On the other hand, at
Σ̄ = 0, the dependence ∆(T ) is determined by the weak-
coupling equation for the d-wave superconductor.231 The
self-consistent dependences ∆(T ) and Σ(T ) for extended
s-wave superconductors are identical to those for d-wave
ones.

D. dc Josephson current

Substituting Eqs. (11), (12), and (13) into Eq. (9), car-
rying out standard transformations,134,135 assuming the
coherent character of tunneling,37,44,62 as opposed to the
non-coherent approximation232,233 valid for isotropic su-
perconductors, and making some simplifications, we ar-
rive at the following formula for the dc Josephson current
across the tunnel junction:

Ic(T, γ, γ
′) =

1

2eRN

×
1

π

∫ π/2

−π/2

dθ cos θ W (θ) P (T, θ, γ, γ′),

(14)

where133,212

P (T, θ, γ, γ′) = ∆̄∆̄′

max{D̄,D̄′}∫

min{D̄,D̄′}

dx tanh x
2T√(

x2 − D̄2
) (

D̄′2 − x2
) .

(15)
Here, for brevity, we indicated the dependences ∆̄(T, θ−
γ), ∆̄′(T, θ − γ′), D̄(T, θ − γ), and D̄′(T, θ − γ′) with-
out their arguments. Formula (14) is applicable for both
the symmetric (with an accuracy to the electrode orienta-
tion) and non-symmetric junctions. The parameterRN is
the normal-state resistance of the tunnel junction deter-

mined by
∣∣∣T̃pq

∣∣∣
2

without the factorized multiplier W (θ).

Integration over the angle variable θ is carried out within
the interval −π

2 ≤ θ ≤ π
2 , i.e. over the “FS hemicircle”

turned towards the junction plane. As was also indi-
cated above, we put W (θ) = cos2 θ in subsequent calcu-
lations. Formula (14) was obtained in the weak-coupling
approximation,232 i.e. the reverse influence of the energy
gaps on the initial FS was neglected.
At W (θ) ≡ 1 (the tunneling directionality associ-

ated with the θ-dependent barrier transmittance is ne-
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glected), putting f
(′)
∆ = 1 (actually, it is a substitu-

tion of an isotropic s-superconductor for the d-wave or

extended s-ones) and f
(′)
Σ = 0 (the absence of CDW-

gapping), as well as substituting cos θ by 1 (the absence
of tunnel directionality), Eq. (14) expectedly reproduces
the basic Ambegaokar–Baratoff result for tunneling be-
tween s-wave superconductors.134–136,232,233 On the other
hand, if the directionality and dielectric gapping are ex-
cluded but f∆ and f ′

∆ are retained we return to the
Sigrist-Rice model.59 Note, that we restricted ourselves
to the classical tunnel junction134,135,232 being a strong-
barrier limit of the more general model.234 It means that
Andreev-Saint-James-reflection processes40,235–237 were
disregarded.
In this paper, we do not consider the T -dependences

of dc Josephson current. It will be done in a separate
paper. Therefore, all further calculations will be carried
out for the zero temperature, T = 0. In this case, for-
mula (15) can be expressed in terms of complete elliptic
functions,134,238

P (θ, γ, γ′) =
∆̄∆̄′

max
{
D̄, D̄′

}

×K




√√√√1−

(
min

{
D̄, D̄′

}

max
{
D̄, D̄′

}
)2

 . (16)

Here again, the reduced notations should be understood
as follows: ∆̄ = ∆̄(T = 0, θ− γ), ∆̄′ = ∆̄′(T = 0, θ− γ′),
D̄ = D̄(T = 0, θ − γ), and D̄′ = D̄′(T = 0, θ − γ′). In
the general case T 6= 0, integration has to be carried out
numerically.

V. PRELIMINARY CALCULATIONS

A. Reference CDW superconductors: the choice of

parameters

The formulated problem does not allow the final re-
sults to be derived in an analytical form. Therefore,
we must confine ourselves to numerical calculations. All
issues associated with the influence of inherent CDWS
parameters—the relative strength of superconducting
and CDW pairing, σ0, and the degree of FS dielectriza-
tion, α—as well as the temperature, t, on the dc Joseph-
son current will be analyzed in a separate paper. Here, we
consider only various orientation dependences, in order to
check whether they can be useful to establish the type of
superconducting pairing symmetry and CDW configura-
tion in high-Tc superconductors. We confine the consid-
eration to the case t = 0. Specific values of the problem
parameters indicated above were estimated on the basis
of the available experimental data.
First of all, these are the parameters σ0

and α for the “reference” CDWS. According

to the ARPES measurements for underdoped
Bi2Sr2CaCu2O8+δ (Refs. 80, 111, 178, 239, and
240) and (Bi,Pb)2(Sr,La)2CuO6+δ(Refs. 80, 157, and
184), we may estimate the value of the parameter
α (the angular width of the nodal area affected by
electron spectrum dielectrization) to be about 15◦. The
same experiments together with STM72,141,199,241–244

and break-junction94,245 studies lead to the ratio be-
tween the critical superconducting, Tc, and pseudogap,
Ts, temperatures of about or less than 1:3. For in-
stance, tunnel measurements of nearly optimally doped
Bi2Sr2−xLaxCuO6+δ (x = 0.4) mesa-structures revealed
Ts ≈ 165 K, the onset superconducting critical temper-
ature Tc0 ≈ 40 K and the “true” critical temperature
Tc ≈ 30 K.244 The ratio 1:3 can be satisfactorily
reproduced in the framework of our CDWS model, if we

put σ0 = 1.3 at N = 4 and β = 0, i.e. for the S
d
x2

−y2

CDW4
superconductor. More specifically, tc = Tc/∆0 ≈ 0.23
and ts = Ts/∆0 ≈ 0.74 so that tc : ts ≈ 1 : 3.2. The
zero-temperature values of order parameters are shown
in Table I. Note that the corresponding calculated ratio
between the zero-temperature order parameters σ(0)
and δ(0) for the dx2−y2 superconducting order parameter
symmetry and the checkerboard CDWs is approximately
equal to 1.9, whereas the direct measurements246

of relaxation dynamics of photo-excited quasiparti-
cles in Bi2Sr2CaCu2O8+δ reveals Σ(0) = 41 meV,
∆(0) = 24 meV so that Σ(0)/∆(0) ≈ 1.7, which confirms
the adequacy of the selected parameters.

This combination of problem parameters—an SsymCDWN
superconductor with the superconducting pairing sym-
metry sym = dx2−y2 , the checkerboard CDW config-
uration (N = 4), and the parameters σ0 = 1.3 and
α = 15◦—is selected below as the reference one. We
intend to illustrate the influence of such parameters as
“sym” and N on the orientation current characteristics,
leaving the parameters σ0 and α constant. Table 1 also
quotes the relevant parameter values for other SsymCDWN
possible “reference” superconducting states considered
in this paper. The corresponding zero-T gap roses can
be found in Appendix A. Although the considered or-
der parameter symmetries are most likely not realized
in cuprates, they might appear in other superconductors
and, hence, deserve to be examined.

To detect the influence of CDW on the tunnel current,
we also need a corresponding CDW-free reference object.
As will be seen below, in this case the best such objects
for the SsymCDWN superconductor are the pure SsymBCS ones
with δBCS(0) equal to δ(0) of the former (one should bear
in mind that, in the general case, δ(0) < δ0 = 1). We
shall refer to this BCS superconductor as “BCS coun-
terpart”. It involves no CDW sectors, and we define its
orientation by the bisectrix of the positive lobe of the
superconducting order parameter.

We also select Nb as an SsBCS superconductor. Then,
the ratio between its superconducting gap247 and those in
typical high-Tc oxides248 gives the value δSs

BCS
(0) = 0.1.
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TABLE I. Critical temperatures and zero-temperature order
parameter values for Ssym

CDWN superconductors with σ0 = 1.3
and α = 15◦.

sym N tc ts δ(0) σ(0)
dx2−y2 , sextx2−y2 4 0.23 0.74 0.62 1.16

dx2−y2 , sextx2−y2 2 0.38 0.74 0.87 1.00

dxy, sextxy 4 0.45 0.74 0.92 1.27
dxy, sextxy 2 0.46 0.74 0.96 1.27

B. Selection of θ0

The angle of effective tunneling in Eq. (10) has a high
degree of uncertainty. First, in the framework of tun-
nel Hamiltonian approach,134,135 the very mechanism of
tunneling and, in particular, the link between the initial
and final “positions” of a tunneling pair on the FS’s of
both electrodes are not clear. Therefore, we confine the
analysis to the quasi-classical model of tunneling (the
WKB approximation214). Here, the path of a pair under
the barrier equals l = d/ cos θ, where d is the interlayer
thickness and θ is the angle, at which the pair “traverses”
the barrier. It is clear that, for large enough d’s, the
aperture of effective tunneling can be made arbitrarily
small (of course, with a drastic reduction of the overall
tunnel current magnitude). On the other hand, for very
thin junctions, the angles of effective tunneling can vary
significantly within the interval −90◦ < θ < 90◦, and ef-
fectively smear the current peculiarities stemming from
the existence of FS d- and nd-sections (see Eq. (14)).
As was said above (see Section IVB), formula (10)

was selected as a phenomenological one, which provides
a reasonable behavior of barrier transmission coefficient
for various angles of pair passage. We made a number
of calculations for SsymCDWN superconductors with various
sets of model parameters (see Section VA), different tun-
nel junctions, and various values of directional tunneling
parameter θ0 in Eq. (10). Figure 3 illustrates how effec-
tively the peculiarities in the orientation dependence of
dc Josephson current are averaged out when the cone of
effective tunneling grows (the specific calculations were

carried out for the nj-S
d
x2

−y2

CDW4 junction). The figure tes-
tifies that, for the selected set of reference parameters,
the angle θ0 must be rather small to effectively reveal
the CDW role, e.g., θ0 = 10◦ as is shown in the figure
by a bold curve. The results of calculations for other
SsymCDWN superconductors and “experimental setups” (see
Appendix B) confirm that it is the best choice for all
scenarios.

VI. RESULTS OF CALCULATIONS.

A. Symmetric junctions. CDW configuration

Symmetric Josephson junctions (sj-SsymCDWN ) demon-
strate more diversified characteristics due to the avail-

FIG. 3. Color online) Influence of the directional tunneling
angle θ0 on the angular dependences of the normalized dc

Josephson current, ic(γ), in the nj-S
d
x2

−y2

CDW4 junction between
the reference CDW d-wave and BCS s-wave superconductors
(see Section V A). δSs

BCS
(0) = 0.1. Positive and negative ic

values are marked by light and dark colors, respectively.

ability of a larger number of problem parameters and
their possible combinations as compared to the non-
symmetric nj-SsymCDWN case. Hence, let us begin with the
former junctions. The relevant electrode parameters are
α = α′, β = β′, N = N ′, σ0 = σ′

0, and (in the gen-
eral case) γ 6= γ′. Accordingly, the notation ic for the
quantity 2eRN

∆2

0

Ic(T = 0) is introduced.

As was said above, this paper is devoted to the anal-
ysis of orientation dependences of dc Josephson current,
i.e. the dependences of ic on the angles γ and γ′ (see
Fig. 2), for various kind of electrodes in order to deter-
mine whether they can be useful in establishing the su-
perconducting pairing symmetry and the availability of
CDWs in high-Tc superconductors. For this purpose, we
will confine the scope of presented material by reporting
the results obtained for model S

symβ

CDWN CDWS’s with the
common parameters σ0 = 1.3 and α = 15◦. The sets of
other parameters are sym = (d, sext), β = (0◦, 45◦), and
N = (2, 4).

First, let us consider the angular dependences describ-
ing the influence of different crystal orientations relative
to each other and the junction plane. In Fig. 4(a), the

dependences ic(γ, γ
′) for the sj-S

d
x2

−y2

CDW4 junction are de-
picted. The role of CDW dielectrization becomes clear if
we make a comparison with the analogous dependence,
but for the sj-SdBCS junction containing the electrodes of
the corresponding SdBCS counterpart (Fig. 4(b), see Sec-
tion VA). Note that in the latter case, both angles γ and
γ′ are reckoned from the junction-plane normal n and de-
termine the orientation of the positive superconducting
order parameter lobes (see Fig. 2). One can see that,
against the background of smooth oscillations with a pe-
riod of 180◦, the dependence ic(γ) demonstrates some
distortions, which are the most appreciable at the min-
ima and maxima.

An analogous comparison is even more spectacular
and illustrative for the cases of symmetric junctions

with an S
d
x2

−y2

CDW2 superconductor and its SdBCS counterpart
(Fig. 5). The reason is that in this case the superconduct-
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(a)

(b)

FIG. 4. (Color online) Dependences ic(γ, γ
′) for the (a)

sj-S
d
x2

−y2

CDW4 and (b) sj-Sd
BCS junctions with (a) the reference

CDWS superconductor and (b) its d-wave BCS counterpart
(see Section V A).

ing and CDW order parameters have different rotational
symmetries: four- and two-fold, respectively (see the gap
rose in Fig. 10(b)). When both electrodes are oriented
at angles close to 90◦, only the FS nd-sections make sig-
nificant contribution to the current owing to the tunnel
directionality. But here, the D̄(0, θ) gap profile in the

S
d
x2

−y2

CDW2 superconductor is close to the ∆̄(0, θ) profile in
its SdBCS counterpart, and the ic(γ) dependences in both
cases are almost indistinguishable. However, if either of
electrodes is oriented in such a way that its CDW sector is
perpendicular to the junction plane, the equivalence dis-
appears. Now, the period of ic(γ) dependence becomes
equal to 180◦.

Hence, the angular dependence ic(γ) may be not only a
useful tool for the determination whether the CDW exists
in a high-Tc superconductor (by the deviations from a
smooth periodic behavior), but also an indicator of CDW
configuration, checkerboard or unidirectional.

An interesting configuration may arise if a single-
crystalline high-Tc sample is cut at an arbitrary angle
with respect to the crystal axes. Later on, both pieces
are used as electrodes in the same tunnel junction. In

-0.1
0.0
0.1

-0.03
0.00
0.03

-180° -90° 0° 90° 180°

-0.1
0.0
0.1

 

 

 

Sdx2 y2
BCS

Sdx2 y2
CDW2

45°

 

 ic

 

90°

= 0°

 

FIG. 5. (Color online) Dependences ic(γ) for the sj-S
d
x2

−y2

CDW2

and sj-Sd
BCS junctions with the reference CDWS supercon-

ductor and its d-wave BCS counterpart (see Section V A),
respectively, for.various γ′.

essence, we would obtain a correlated rotation of crystals
on the both junction sides. Accordingly, it means a cor-
related rotation of electrodes’ CDWs with the orientation
mismatch angle ∆γ = γ − γ′ = 0. The results of numer-
ical simulation of such an experiment are presented in

Fig. 6 for the sj-S
d
x2

−y2

CDW4 (panel a) and sj-S
d
x2

−y2

CDW2 (panel b)
junctions. Besides the case ∆γ = 0, the figure also ex-
hibits the corresponding dependences for the orientation
mismatch angles ∆γ = 45◦, 90◦, and 135◦. Actually,
these dependences are nothing else but the cross-sections
of the corresponding surfaces ic(γ, γ

′)—for panel a, it is
the surface depicted in Fig. 4(a)—by the relevant planes
γ′ − γ = const.
One should pay attention that, if ∆γ = 0, the sign of

integrand in formula (14) is always positive, because the
signs of ∆ and ∆′ (see the coefficient before the integral in
Eq. (15)) are identical at any θ. Therefore, the current is
also positive for any γ, which is very similar to the case of
sextx2−y2-wave pairing (see below). A symmetric situation
with an accuracy to the current sign is observed when
the orientation mismatch angle ∆γ = 90◦ because now
∆̄(θ) = −∆̄′(θ). It is also clear that dependences ic(γ)
for ∆γ = 0 and 90◦ should differ from each other only
by sign, because the dependences D̄(θ) and D̄′(θ) are
identical.

A similar result is obtained for the sj-S
d
x2

−y2

CDW2 junction
(Fig. 4(b)). But now, the dependences D̄(θ) and D̄′(θ)
have the two-fold rotational symmetry and are identical
only when ∆γ = 0. Therefore, the dependence ic(γ) for
∆γ = 0 is not a specular reflection of that for ∆γ = 90◦.
The considered feature of sign preservation by the cur-

rent within definite vicinities of mismatch angles ∆γ = 0
and 90◦ is possible only due to the tunnel directional-
ity. All other angles lead to the intermediate situations
of variable sign. To get a better idea of them, the latter
(unidirectional) case is illustrated in Appendix C in more
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FIG. 6. (Color online) Dependences ic(γ) for the (a) sj-

S
d
x2

−y2

CDW4 and (b) sj-S
d
x2

−y2

CDW2 junctions for correlated rotations
of CDWs in electrodes at various fixed differences γ′

− γ.

detail.

B. Symmetric junctions. Superconducting pairing

symmetry

An interesting question consists in checking whether
we can use the orientation dependences of the stationary
Josephson current to discern the pairing symmetry of
high-Tc superconductors in the presence of CDWs. In
Fig. 7, the dependences ic(γ) are depicted for sj-SsymCDW4
junctions with various values of parameter “sym”. One
can see that the curves are qualitatively different and,
therefore, may provide the required information.
At the same time, we see again that, in general,

the CDW-induced peculiarities in the orientation depen-
dences ic(θ) are rather weak for the selected reference
parameter set and can be easily overlooked against the
large background superconducting behavior. This situa-

tion is illustrated in Fig. 8 for the sj-S
dxy

CDW2 junction. In

-90° -60° -30° 0° 30° 60° 90°

-0.05

0.00

0.05

0.10

0.15

Ssym
CDW4

sym =  dx2 y2  dxy

 sext
x2 y2  s

i c

FIG. 7. (Color online) Dependences ic(γ) for sj-Ssym
CDW4 junc-

tions with various symmetries of superconducting order pa-
rameter. γ′ = 0.

particular, panel b demonstrates that the discussed pecu-
liarities, interesting per se, are observable only at certain
misorientations between the electrodes, being effectively
“absorbed” at other angles.

C. Non-symmetric junctions.

Non-symmetric Josephson junctions (nj-SsymCDWN ),
where one of electrode is a pure SsBCS superconductor,
is described by a “shorter” list of parameters. In par-
ticular, the SsBCS is characterized by a single parameter,
δBCS, and is isotropic (the orientation angle γ′ loses its
sense). As a result, the corresponding orientation depen-
dences ic(γ) are not so diversified as in the symmetric
case. Nevertheless, nj-SsymCDWN junctions are rather im-
portant, because they correspond to the STM geometry
with a superconducting tip, which can be practically re-
alized.

Generally speaking, it is not strange that ic(γ) depen-
dences should be qualitatively similar to those obtained
in the symmetric setup at fixed orientations of the r.h.s.
electrode. Therefore, we confine the subject of this Sec-
tion to the influence of the possible superconducting pair-
ing symmetries in the CDWS electrode on the overall an-
gle dependences. The results of relevant calculations are
depicted in Fig. 9 for the cases of checkerboard (panel a)
and unidirectional (panel b) CDW configurations. The
calculations were carried out for the reference set of pa-
rameters. One can see, that the character of dependences
changes drastically from one pairing symmetry to an-
other, and the distinction is more pronounced in the case
of unidirectional CDWs.
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(a)
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-0.02
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 =
 0°
 90°

(b)

FIG. 8. (Color online) (a) Dependence ic(γ, γ
′) for the sj-

S
dxy

CDW2 junctions. (b) The corresponding cross-sections at
γ′ = 0 and 90◦ marked in panel a by bold curves.

VII. CONCLUSIONS

Our calculations showed that CDWs induced by the
electron-hole pairing and appropriate to high-Tc cuprates
can be probed and studied by means of the coherent
superconducting dc Josephson tunneling. The interplay
between CDW manifestations, tunnel directionality, and
possible unconventional symmetry of the superconduct-
ing order parameter may lead to an involved behavior
with several superimposed periods in the angular depen-
dences. Symmetric junctions (break-junctions, mesas)
are preferable in comparison with non-symmetric ones
(STM) in revealing CDW effects.

The results obtained confirm that the dc Josephson
current is always suppressed by the electron-hole (dielec-
tric) CDW pairing, which, in agreement with the totality
of experimental data, is assumed here to compete with
its superconducting electron-electron (Cooper) counter-
part. We emphasize that, as concerns the quasiparticle
current, the interpretation of the results may be much
more ambiguous. In particular, the states in the nodal
region of the FS in d-wave superconductors are also en-
gaged into CDW gapping76,89,90,95,207,226,249 so that the
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i c

(b)

FIG. 9. (Color online) Dependences ic(γ) for the (a) nj-Ssym
CDW4

and (b) nj-Ssym
CDW2 junctions for various types of superconduct-

ing order parameter symmetry.

tunnel spectroscopy (or ARPES) feels the overall energy
gaps being larger than their superconducting constituent.

We demonstrated that the emerging CDWs distort
the dependence of the critical Josephson Ic on the an-
gle γ between a certain crystal axis and the normal n
to the junction plane, whatever the symmetry of super-
conducting order parameter is. At the same time, if
an s-wave contribution to the actual order parameter in
a cuprate sample is dominant up to the complete dis-
appearance of the d-wave component, the Ic(γ) depen-
dences for junctions involving CDW superconductors are
no longer constant as in the CDW-free case. This pre-
diction can be verified for CDW superconductors with
a fortiori s-wave order parameters (such materials are
quite numerous76,85–87,89,90).

In this paper, our approach was purely theoretical.
We did not discuss unavoidable experimental difficul-
ties if one tries to fabricate Josephson junctions suitable
to check the results obtained here. We are fully aware
that the emerging problems can be solved on the ba-
sis of already accumulated knowledge concerning the na-
ture of grain boundaries in high-Tc oxides.17–20,23,250–256
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Note that required junctions can be created at random
in an uncontrollable fashion using the break-junction
technique.245 This method allows to comparatively eas-
ily detect CDW (pseudogap) influence on the tilt-angle
dependences.
To summarize, measurements of the Josephson cur-

rent between an ordinary superconductor and a d-wave
or extended s-wave one or between two unconventional
superconductors (first of all, high-Tc oxides) would be
useful to detect a possible CDW influence on the electron
spectrum of the latter. Similar studies of iron-based su-
perconductors with doping-dependent spin density waves
(SDWs) would also be of benefit (see, e.g., recent re-
views 105 and 108), since CDW and SDW superconduc-
tors have certain similar properties.85–87
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Appendix A: Gap roses

Due to a competitive interaction between Cooper and
electron-hole pairings, both leading to the electron spec-
trum gapping, the actual values of relevant order pa-
rameters, ∆(T ) and Σ(T ) are smaller than the corre-
sponding “parent” values ∆0 and Σ0 (see Section III).
Besides, the dielectric (CDW) order parameter “occu-
pies” only some sections (d-sections) of the FS. As a
result, a rather involved allocation of the combined en-
ergy gap D̄(T, θ) arises on the FS (see Eq. (8)). For
the calculation of dc Josephson current (see Eqs. (14)
and (15)), two quantities are important: D̄(T, θ) (the so-
called “gap rose”) and ∆̄(T, θ). They can be extracted,
e.g., from the ARPES measurements. The overall an-
gular patterns differ substantially from the pure d-wave
dependence cos 2θ.89,90,207,257

Both D̄(T, θ) and ∆̄(T, θ) are anisotropic in the mo-
mentum space. Therefore, tunnel directionality will
inevitably result in the dependence of the stationary
Josephson current ic on the orientation of both CDWS
crystal axes with respect to the junction plane, the an-
gles γ and γ′ (see Fig. 2). In this paper, we analyze the
dependences ic(γ, γ

′) for the cases when the electrodes

are S
dx2

−y2

CDW4 , S
dx2

−y2

CDW2 , S
dxy

CDW4, and S
dxy

CDW2 superconduc-
tors. We restrict ourselves to the case T = 0 and make
specific calculations for a CDWS with the parameters
σ0 = 1.3 and α = 15◦. The corresponding ∆̄(T, θ) and
D̄(T, θ) profiles over the two-dimensional FS are exhib-

ited in Figs. 10 and 11. On the nd-sections, both profiles
coincide.
Note that, in all cases, the influence of FS dielectriza-

tion on superconductivity is revealed as a decrease of the
actual δ(T = 0) value—the amplitude of superconduct-
ing order parameter lobes—with respect to the “parent”
one, δ0(T = 0) = 1. The figures demonstrate that this ef-
fect is stronger if the dielectrized FS fraction is larger (the
checkerboard CDW configuration, N = 4, versus the uni-
directional one, N = 2). At the same time, this influence
is more pronounced in the case of dx2−y2 -wave supercon-
ducting order parameter symmetry, inherent to cuprates,
because in the dxy-case, the d-sections are located around
the nodal points of the superconducting order parameter,
whereas the superconducting order parameter lobes are
the “most developed” on the nd-sections, so that their
interplay is minimal.
The vector in each panel defines the orientation of cor-

responding CDWS, so that the angles γ and γ′ in Eq. (14)
are the angles between the vector n normal to the junc-
tion plane (see Fig. 2) and the indicated vectors on the
l.h.s. and r.h.s of the junction, respectively.
In the case of s-extended symmetry of superconduct-

ing order parameter—i.e. if the electrodes are S
sext
x2

−y2

CDW4 ,

S
sext
x2

−y2

CDW2 , S
sextxy

CDW4, and S
sextxy

CDW2 CDWS’s—the gap roses re-
main the same, but all ∆̄ lobes have the same sign (we
took it positive, for definiteness).

Appendix B: Analysis of directionality

This section includes some illustrative sets (see Fig. 12)
of ic(γ, θ0) dependences calculated, in addition to that

shown in Section VB (Fig. 3), for the sj-S
d
x2

−y2

CDW4 (panel a),

sj-S
sext
x2

−y2

CDW4 (panel b), and nj-S
sext
x2

−y2

CDW4 (panel c) junction
setups with the same reference set of parameters (see
Section VA). One can see that, for all those cases, the
value of effective tunneling angle θ0 = 10◦ in formula (10)
is the best choice for the demonstration of the influence
of CDW on the orientation dependences of dc Josephson
current ic(γ). The corresponding choice is marked as
the bold curve. Of course, it is not known which θ0 is
inherent to any created junction. However, one might
expect that the interlayer variation readily realized, e.g.,
in break-junctions,94,245 would produce a broad spectra
of θ0.

Appendix C

In this Appendix, we plotted the dependences ic(γ)

for the sj-S
dx2

−y2

CDW2 junction described in Section VIA
(Fig. 6(b)) with the varying orientation γ′ of the r.h.s.
electrode, but in a more detailed representation (see
Fig. 13). The curves corresponding to the characteristic
cases γ′ = 0 and 90◦ are shown in bold. In essence, this
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FIG. 10. (Color online). Gap roses for (a) S
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CDW4 and (b) S
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CDW2 superconductors with reference parameters.
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FIG. 11. (Color online). The same as in Fig. 10, but for the case of dxy-wave symmetry.
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FIG. 12. (Color online) The same as in Fig. 3, but for (a) the sj-S
d
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CDW4 , (b) sj-S
sext
x2

−y2

CDW4 , and (c) nj-S
sext
x2

−y2

CDW4 junctions.
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FIG. 13. (Color online) 3D representation of the dependence ic(γ, γ
′
− γ) corresponding to the coordinated rotation of CDWs

in both electrodes for the sj-S
d
x2

−y2

CDW2 junction.

dependence is a counterpart of that exhibited in Fig. 4(a), but for N = 2 and rotated by 45◦.
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257 S. Hüfner and F. Müller, Physica C 483, 165 (2012).


