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Abstract. Stationary Josephson current Ic in symmetric and non-symmetric junctions involving d-wave
superconductors with charge density waves (CDWs) was calculated. It was found that, if CDWs are weak or
absent, there exists an approximate proportionality between Ic and the product of superconducting order
parameters in the electrodes (the law of corresponding states) for several factors affecting those quantities,
such as the temperature, T , or one of the parameters characterizing the combined CDW superconducting
phase (the degree of the Fermi surface dielectric gapping and the ratio between the parent superconducting
and CDW order parameters). Otherwise, the dependences Ic(T ) were shown to deviate from those in the
absence of CDWs, and the relevant corresponding-state dependences from linearity, the deviations being
especially strong at certain rotation angles of crystalline electodes with respect to the junction plane.
Hence, making use of specially designed experimental setups and analyzing the Ic(T ) and corresponding-
state dependences, the existence of CDWs in cuprates and other non-conventional superconductors can be
detected.

1 Introduction

The temperature, T , dependence of the stationary
Josephson critical current, Ic, between two isotropic
Bardeen-Cooper-Schrieffer (BCS) superconductors con-
sidered in the weak-coupling approximation [1] was first
obtained by Ambegaokar and Baratoff [2,3] in the tun-
nel Hamiltonian approach [4–6]. The original derivation
assumed no tunnel directionality and neglected any pos-
sible energy and momentum dependences of the tunnel
Hamiltonian matrix elements ˜Tpq. Those results were
soon generalized to anisotropic Fermi surfaces (FSs) and
anisotropic superconducting gaps [7,8]. Later on, after
the spin-fluctuation-driven dx2−y2-wave superconductiv-
ity scenario was proposed for high-Tc oxides [9–11], the
dependences Ic(T ) were numerically calculated for the
d-wave case as well [12,13]. It is important that in the case
of anisotropic pairing interaction leading to d-wave sym-
metry of the superconducting order parameter one should
take into account the momentum dependences of ˜Tpq in
order to avoid the trivial vanishing of the overall current Ic

due to the mutual compensation of positive- and negative-
lobe contributions [14,15].

Since the calculations of Ic for tunneling be-
tween s-wave superconductors can be (and usually are)
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restricted to the non-directional case [2,3,16,17], the nor-
malized (to the zero-temperature value) behavior of Ic(T )
is determined solely by the input dependences of the su-
perconducting energy gaps Δ(T ) and Δ′(T ) characteriz-
ing the left- and right-hand-side electrodes, respectively,
because other properties of junction barrier can be fac-
torized into the normal-state junction resistance RN . At
the same time, the normalized gap function Δ(T ) of a
weak-coupling isotropic BCS superconductor is described
by the universal Mühlschlegel function [18]. Namely, the
dependence δ = Δ/Δ0 versus t = T/Δ0 is a function
sMü(t), with the characteristic ratio between the normal-
ized zero-temperature gap δ(0) = Δ(T = 0)/Δ0 (in the
selected normalization, δ(0) = 1) and the critical tempera-
ture tc = Tc/Δ0 being equal to about 1.76 (the Boltzmann
constant kB = 1, Δ0 = Δ(T = 0)). As stems from, e.g.,
(19) in reference [19], in the case of d-wave pairing, the
gap on every small section of the Fermi surface (FS) also
“tries” to follow the Mühlschlegel equation, but the co-
sine angular behavior over the FS imposed by the pairing
anisotropy [20,21] slightly modifies the δ(t) dependence
into the dMü(t) one and brings about the characteris-
tic ratio δ(0)/tc ≈ 2.14. In other words, for every pair-
ing mechanism, we obtain a single relevant characteristic
value independent of specific superconducting parameters,
the situation being analogous to the theory of ideal gas
where all problem parameters are combined to produce
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the gas constant R. The functions sMü(t) and dMü(t) can
also be regarded as laws of corresponding states [22,23],
in analogy, e.g., with the reduced van der Waals equa-
tion in the theory of gases and liquids [24]. This circum-
stance leads in the case of the isotropic pairing to the
universality of the curve Ic(T )/Ic(0) versus T/Tc for sym-
metric junctions, as well as to the universal character of
Ic(T ) as a functional of Δ(T ). It is remarkable that the
T -behavior of the isotropic BCS Δ almost coincides nu-
merically [25] with a much simpler dependence of the mag-
netization in the molecular-field Curie-Weiss model for fer-
romagnetism [26]. The formal similarity between the order
parameters takes place, despite that the free energies in
both models differ substantially [25,27].

It would be instructive to find a similar universality
and check its possible violations for Ic(T ) in the case
of d-wave superconductors [28,29], where an account of
tunnel directionality [30,31] is unavoidable and compli-
cates the issue [14,15]. In this work, we tried to show
that since the superconducting gap is the crucial factor
driving the current behavior the relation between current
and superconducting gap magnitudes is rather robust and
can be regarded as the approximately valid law of corre-
sponding states. However, the aim of this paper is more
general. Namely, we intend to elucidate the influence of
combined structural and charge modulations inherent to
high-Tc oxides on the stationary Josephson current.

Indeed, it is known that the so-called pseudo-
gaps coexist and compete with superconductivity
in cuprates [19,32–47], being, in our opinion, a
consequence of the inherent charge density waves
(CDWs) and concomitant periodic lattice distor-
tions [19,32–36,38,39,42,44,48–55]. One should bear in
mind that the powerful conventional X-ray or neutron
scattering technique may fail in detecting CDW re-
flexes due to the smallness of structural distortions, a
patch-like character of CDW domains, or a possible
fluctuating nature of CDWs. This was proved true
when, contrary to the previous results [56] CDWs were
found in the CuO2 planes of YBa2Cu3O6+x [57] and
(Y,Nd)Ba2Cu3O6+x [48] using the resonance X-ray
scattering method. The same method made it possible
to compare CDW modulations for [(Y,Nd)Ba2Cu3O6+x]
and [La2−x−y(Sr,Ba)x(Eu,Nd)yCuO4] oxide families [58].
It turned out that CDW states have large correla-
tion lengths of 259 ± 9 Å for La1.875Ba0.125CuO4 and
55 ± 15 Å for YBa2Cu3O6.6, so that CDWs can be
regarded as static rather than fluctuating ones. At
the same time, charge modulations fluctuate at higher
temperatures [48], as it should be in systems with a
reduced dimensionality [59,60].

We emphasize that CDWs manifest themselves
in all hole-doped cuprates, even in the tetragonal
HgBa2CuO4+δ [61]. Therefore, they most probably orig-
inate from charge carriers in the square CuO2 plane, as
is usually assumed in theoretical considerations including
ours (see below).

If the d-wave Cooper pairing is assumed to dom-
inate in those materials (the majority of experimen-

tal data supports this viewpoint [62,63], although the
isotropic or extended s-wave contribution to the super-
conducting order parameter cannot be excluded from
consideration [64–66]), the interplay between CDWs and
superconductivity can lead to a lot of interesting peculiar-
ities, in particular, in quasiparticle and coherent tunnel-
ing [19,41,66–71]. Therefore, one may expect that CDWs
would reveal themselves as factors that (i) distort the
Ambegaokar and Baratoff dependence Ic(T ) [2,3], and
(ii) violate the law of corresponding states (if any) between
the T -dependences of Ic and Δ. It is important that CDW
superconductors allow one to vary their superconducting
gaps by changing not only the temperature but also other
parameters associated with the dielectric (in addition to
the superconducting) gapping of their FS and, hence, af-
fect the magnitude of the stationary Josephson current.
The same is expected to be true for the related extended
s-wave symmetry with a similar angular dependence of
the superconducting order parameter. The relevant calcu-
lations are carried out in this work for different rotations
of CDW superconducting electrodes with respect to the
junction plane. A comparison with the Josephson current
between partially dielectrized CDW isotropic s-wave su-
perconductors is made. Various properties of the latter
model have been studied earlier [72–88].

Here, we continue to study tunneling through junctions
with partially gapped d-wave CDW superconductors. The
dependences of the stationary Josephson current Ic on the
electrode orientation with respect to the junction plane
have been studied in detail previously [66]. This paper
is devoted to the analysis of not less important Ic depen-
dences on the intrinsic parameters of materials concerned,
as well as on the temperature. Meanwhile, in the course
of research, we found that the electrode orientation affects
the indicated dependences. Therefore, the problem will be
analyzed making allowance for single-crystal-electrode ro-
tations. It should be noted that the results presented here
can be applied not only to high-Tc oxides but also to other
quasi-two-dimensional superconductors with anisotropic
Cooper pairing and CDWs.

It should be noted that our calculations are made for
the case of low barrier transparency, i.e. when the insu-
lating interlayer in the junctions is wide enough and the
tunneling-Hamiltonian approach is valid [89,90].

2 Formulation

Following evidence discussed in our previous publica-
tions [41,66,68–71] and references therein, we consider a
CDW superconductor (CDWS) with a two-dimensional
FS. The superconducting d-wave gap spans the whole
FS, whereas the dielectric mean-field CDW gap develops
on the nested (dielectrized, d) sections only. The CDW-
vectors Q’s connect those FS sections. The non-nested sec-
tions remain non-dielectrized (nd). The orientations of Q’s
are determined by the crystal lattice, i.e. they are directed
along the kx- and ky-axes in the momentum space (anti-
nodal nesting) [19,91,92]. The interplay between anti-
nodal and nodal nesting (revealed, in particular, in spin
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excitations of La-based cuprates [93,94]) was discussed
recently [95]. Modulations caused by the nodal nesting
do not manifest themselves in tunneling phenomena and
hence are left beyond the scope of this work.

It should be noted that, in agreement with the X-ray
data that revealed large CDW-order-parameter coherence
lengths [58], we do not examine an interesting possibility
of fluctuating CDWs [96–98] instead of the static ones.
Hence, we neglect superconducting fluctuations, some-
times claimed to extend far above Tc [48,99]. One more
remark should be made concerning the fluctuating aspect
of CDW manifestations in cuprates. Nuclear magnetic res-
onance (NMR) studies of CDWs in the vortex cores of
YBa2Cu3O6+δ demonstrated [54] that CDWs are static
inside the cores, whereas they are weakened in the ab-
sence of the magnetic field and claimed to have a fluc-
tuating nature. (Static CDWs with a local “nematic”
C2 symmetry inside the vortex cores were found also
for Bi2Sr2CaCu2Ox [100].). According to our theory, this
fact may mean that superconductivity strongly suppresses
CDWs for the investigated doping levels. Hence, CDWs
are on the verge of T -dependent disappearance (reen-
trance) [19,35,36,41,67]. Such a situation is not manda-
tory, being severely dependent on the system parameters.
That is why CDWs are quite robust in the general case,
even within the superconducting dome.

In high-Tc oxides, CDWs demonstrate four-fold
(N = 4, the checkerboard configuration) or two-fold
(N = 2, the unidirectional configuration, probably as-
sociated with an electronic nematic or smectic order-
ing [101,102]) symmetries [19,35,36,42,44,47,66] . The di-
rection of either of two CDW vectors (for N = 4) or of
the single one (for N = 2) is chosen as a reference one
in the crystal. We select it to coincide with the basis vec-
tor kx. The magnitude of the CDW order parameter is
assumed to be constant within the FS d-sections, each of
the width 2α. Their position on the FS is described by
the angular factor fΣ(θ) = 1 for |θ − β + kΩ| < α (d sec-
tions) and 0 for the rest of FS (nd-sections). Here, k is
an integer number, and β is a mismatch angle between
the nearest positive superconducting lobe and the refer-
ence CDW sector (in this work we restrict ourselves to the
case β = 0◦ corresponding to the dx2−y2-wave order pa-
rameter symmetry inherent to cuprates). The parameter
Ω = π/2 and π for N = 4 and 2, respectively. The actual
dielectric order parameter on the two-dimensional FS can
be factorized as Σ̄(T, θ) = Σ(T )fΣ(θ), where Σ(T ) is the
T -dependent CDW order parameter, a solution of the self-
consistent gap equation system [19,35,36,67,68].

The pseudogap experimental data [19,32–47] , seem to
argue for the steep edges of CDW sector on the FS. Never-
theless, the d-wave behavior of the Σ(k) dependence also
remains on agenda [101]. If the latter scenario is true, the
results obtained would not differ qualitatively. Therefore,
to distinguish between those two possibilities, it is easier
to directly lean upon precise experimental (e.g., ARPES)
data.

Now, we can express the d-wave superconducting order
parameter profile over the FS in the form similar to that

(a)

(b)

Fig. 1. (a) Profiles of the superconducting, Δ̄(θ), and dielec-
tric, Σ̄(θ), order parameters over the Fermi surface of the par-
tially gapped d-wave charge-density-wave (CDW) supercon-
ductor. N is the number of CDW sectors with the width 2α
each. (b) The corresponding energy-gap contours (gap roses).

for the CDW order parameter, i.e. Δ̄(T, θ) = Δ(T )fΔ(θ).
The function Δ(T ) is the T -dependent magnitude of the
superconducting gap and the angular factor fΔ(θ) looks
like fd

Δ(θ) = cos 2(θ − β) in the momentum space. In the
related case of extended s-wave symmetry, the angular
function has the form fsext

Δ (θ) = |cos 2(θ − β)|. The FS
d-sections are characterized by the total gap

D̄(T, θ) =
√

Σ̄2(T, θ) + Δ̄2(T, θ),

whereas D̄(T, θ) = Δ̄(T, θ) on the nd-sections. Quasipar-
ticles demonstrate a Fermi-liquid behavior in the nodal
region [103] in contrast to the anti-nodal one with the
hot-spot deformation of the Fermi arc [60,104,105], which
corresponds to β = 0. The profiles of the order param-
eters spanning the FS and the corresponding profiles of
the energy gap (gap roses) are schematically illustrated in
Figure 1.

It should be emphasized that our model is a generic
one, whereas the observed CDWs are complex, sometimes
develop differently on crystal surfaces and in the bulk [53],
and, as is quite natural, are not identical for various high-
Tc oxides. Nevertheless, the adopted model accounts for
main features common to all materials concerned.

The dimensionless ratio σ0 = Σ0/Δ0, where Σ0 and Δ0

are the zero-T values of the corresponding order parame-
ters in the absence of competing pairing, and the number
of CDW sectors N , together with the temperature-
independent angles α and β, compose a full set describ-
ing the CDW superconductor. In the further analysis, the
parameter N and the superconducting pairing symmetry
“sym” (sym = dx2−y2 , which will be hereafter denoted
as d, and s) are assumed to be generic. Therefore, we

http://www.epj.org


Page 4 of 17 Eur. Phys. J. B (2014) 87: 115

introduce the corresponding notation Ssym
CDWN for a par-

tially gapped CDW superconductor. Pure s- and d-wave
superconductors will be denoted as Ss

BCS and Sd
BCS, re-

spectively. At the normalized temperature t = T/Δ0,
the CDW superconductor is characterized by the order
parameters σ(t) = Σ(T )/Δ0 and δ(t) = Δ(T )/Δ0.

Bearing this complexity in mind, it is no wonder
that the stationary Josephson currents between CDW
d-wave superconductors demonstrate peculiar angular de-
pendences, which were studied earlier [41,66]. At the same
time, the temperature and CDW-parameter dependences
are no less interesting in view of detecting CDWs in
cuprates and other related superconducting materials. To
carry out corresponding calculations, we consider the same
geometry as in our previous publications, specifically, re-
stricting ourselves to the two-dimensional picture of tun-
neling, with the c-axes of electrodes being oriented in
parallel to each other and to the junction plane.

The stationary Josephson critical current in the tun-
nel Hamiltonian approximation [4–6] is given by the
formula [17,106,107]

Ic(T ) = 4eT
∑

pq

∣

∣

∣

˜Tpq

∣

∣

∣

2 ∑

ωn

F+(p;ωn)F′(q;−ωn). (1)

Here, ˜Tpq are the tunnel Hamiltonian matrix elements,
p and q are the transferred momenta; e > 0 is the el-
ementary electrical charge, and F(p;ωn) and F′(q;−ωn)
are Gor’kov Green’s functions for superconductors to the
left and to the right, respectively, from the tunnel bar-
rier (hereafter, all primed quantities are associated with
the right hand side electrode). The internal summation is
carried out over the discrete fermionic “frequencies” ωn =
(2n + 1)πT , n = 0,±1,±2, . . . The function F(p;ωn) ≡
FCDWS(p;ωn) corresponds to the CDW-gapped high-Tc

oxide, whereas F′(q;ωn) describes either the identical high-
Tc oxide (F′(q;ωn) ≡ F′

CDWS(q;ωn)) or an s-wave isotropic
BCS superconductor (F′(q;ωn) ≡ F′

Ss
BCS

(q;ωn)) with the
order parameter Δ̄sBCS(T ). Hence, we consider two rep-
resentative cases: (i) the symmetric junction Ssym

CDWN -I-
Ssym

CDWN involving identical high-Tc superconductors with
an insulator interlayer I (sJsym

CDWN ); and (ii) the non-
symmetric Ssym

CDWN -I-Ss
BCS one (nJsym

CDWN , the Ss
BCS right

hand side electrode is implied).
In the general case, the positive superconducting lobe

of the CDWS to the left from the junction is oriented at
the angle γ with respect to the normal n to the junc-
tion plane. In the symmetric junction, the same super-
conductor to the right from the junction can be ori-
ented at a different angle, γ′, with respect to the normal
(see Fig. 2 for the sJd

CDW4 junction). While tunnel-
ing, quasiparticles and Cooper pairs demonstrate direc-
tionality of two types. First, the multipliers |vg,nd · n|
and |vg,d · n| appear [108–110], where vg,nd = ∇ξnd

and vg,d = ∇ξd are the normal-state quasiparticle
group velocities for proper FS sections. These multipli-
ers can be factorized into cos θ, where θ is the angle
at which the pair/quasiparticle transmits through the
barrier, and a factor that can be incorporated into the

Fig. 2. Geometry of the Josephson junction. The left electrode
is a CDW d-wave superconductor, whereas the right one can
be either an identical CDW d-wave superconductor (the sym-
metric configuration) or a conventional s-wave superconductor
(the non-symmetric configuration). See further explanations in
the text.

junction normal-state resistance RN [15,111–115]. Second,
the tunnel matrix elements ˜Tpq in equation (1) become
momentum-dependent [14,30,41,66,71,108–110,116–119],
which differs from the assumption often used for isotropic
superconductors [2,3].

Since the actual θ-dependences of ˜Tpq for re-
alistic junctions are not known, we simulate the
barrier-associated directionality by the phenomenological
function

w(θ) = exp

[

−
(

tan θ

tan θ0

)2

ln 2

]

, (2)

so that the effective opening of relevant tunnel angles
equals 2θ0. The barrier transparency is normalized by the
maximum value obtained for the normal tunneling with
respect to the junction plane and included into the junc-
tion resistance RN . Hence, w(θ = 0) = 1. The multiplier
ln 2 in equation (2) was selected to provide w(θ = θ0) = 1

2 .
As was already mentioned in Introduction, our ap-

proach is based on the assumption that the insulator layer
I in the junction is so wide that the tunneling Hamiltonian
approach is appropriate [89,90]. We also consider the orig-
inal sinusoidal Josephson relationship between the actual
stationary Josephson current IJ and the difference ϕ be-
tween the superconducting order parameter phases on
both sides of the junction [2,3,107,120],

IJ(T ) = Ic(T ) sinϕ. (3)

Equation (3) holds true for isotropic s-wave superconduc-
tors. At the same time, the situation is much more in-
volved for non-conventional ones, especially when the or-
der parameter changes its sign while spanning over the
FS [90,121]. This is believed to happen, e.g., in high-Tc

oxides where the dx2−y2 -wave superconductivity manifests
itself both in phase-insensitive [122] and phase-sensitive
experiments [107,121,123].

It should be noted that the relation IJ (ϕ) is no
longer sinusoidal in various weak-link junctions such as
constrictions or S-N -S structures (N is the normal metal)
even in the s-wave case [89,90,124–126]. The influence
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of Andreev-Saint-James reflection at the S-N bound-
ary (boundaries) [90,107,115,121,127–132] constitutes a
physical background of deviations from the Ambegaokar-
Baratoff scenario [2,3], the latter leading to equation (3)
and a monotonic convex curve Ic(T ). Those effects are to-
tally neglected here because, from the very beginning, we
assume the Blonder-Tinkham-Klapwijk parameter [129]
Z � 1, so that Andreev-Saint-James levels inside the bar-
rier are absent and the d-wave superconducting order pa-
rameter suppression [121] near the interlayer does not take
place.

The explicit expressions for anomalous Gor’kov
Green’s functions for d- or extended s-wave superconduc-
tors, which enter (1), can be found elsewhere [41,66]. As
a result, a standard – for the adopted case of coherent
tunneling [14,30,64] – procedure [17,106] leads to the fol-
lowing formula for the dc Josephson current across the
tunnel junction:

Ic(T, γ, γ′) =
1

2eRN

× 1
π

∫ π/2

−π/2

cos θ W (θ) P (T, θ, γ, γ′)dθ, (4)

where [7,79]

P (T, θ, γ, γ′) = Δ̄Δ̄′
max{D̄,D̄′}

∫

min{D̄,D̄′}

tanh x
2T dx

√

(

x2 − D̄2
) (

D̄′2 − x2
)

.

(5)

Here, for brevity, we omitted the arguments in the de-
pendences Δ̄(T, θ − γ), Δ̄′(T, θ − γ′), D̄(T, θ − γ), and
D̄′(T, θ − γ′). Integration over θ is carried out within the
interval −π

2 ≤ θ ≤ π
2 , i.e. over the “FS hemicircle” turned

towards the junction plane. If any directionality and CDW
gapping are excluded, the integration over θ is absent and
the angular factors fΔ and f ′

Δ remain preserved, we arrive
at the Sigrist-Rice model [133].

3 Results of calculations and discussion

In the previous section, in order to reduce the num-
ber of energy-dependent problem parameters (Δ, Σ,
and T ), we carried out their normalization by the pa-
rameter Δ0. With the same purpose in view while analyz-
ing the Josephson current amplitude Ic, we introduce the
dimensionless combination ic = IceRN/Δ0.

For further purposes, it is convenient to introduce
other normalizations of the quantities concerned as well.
For the temperature, it is the quantity τ = T/Tc,max,
where Tc,max means the critical temperature for the whole
junction; for sJsym

CDWN junctions, it is the critical temper-
ature Tc of the CDW superconductor; but for nJsym

CDWN
ones, it is the critical temperature of the Ss

BCS electrode,
because, in agreement with the observed ratios between
the Tc’s of cuprates and conventional metals, we select it

to be lower than the critical temperature of CDW super-
conductor. We shall refer to the quantity τ as the “reduced
temperature”. When using this parameter, we should bear
in mind that, in the case of CDW superconductors, the
critical temperature Tc depends not only on the param-
eter Δ0, but on the other parameters (Σ0, α, β, and N)
as well. Therefore, the relationship between the reduced
temperature τ and the normalized temperature t = T/Δ0

introduced above is not a simple proportionality.
Besides, for the amplitude of the superconducting or-

der parameter Δ and the magnitude of the stationary
Josephson current Ic, we also introduce normalization by
the corresponding value that this quantity has when one
of the control parameters (these are t, σ0, and α) is zero.
(One should pay attention that, for CDW superconduc-
tors, the last two cases mean a comparison with the state
of the corresponding (i.e. possessing the same Δ0) pure s-
or d-wave superconductor.). The relevant quantities will
also be referred to as reduced ones and will be denoted
by a small bold letter, with its argument being included
into braces. For instance, the notation ic{α} stands for
ic(α)/ic(α = 0).

We will also check the correlation between the reduced
Josephson current ic and, in the case of symmetric junc-
tion, the squared reduced superconducting gap δ or, in the
case of non-symmetric junction, the product of reduced
superconducting gaps δδ′, with the driving force of corre-
lation being one of the control parameters x. For such a
correlation, we will use the notation ic{x}δ2 or ic{x}δδ′.

3.1 The law of corresponding states. Effect of tunnel
directionality

Temperature dependences

From the aforesaid (see introduction), it is clear that the
combination of two “universal” theories (the BCS theory
in the weak-coupling approximation for the superconduct-
ing electrodes and the Bardeen approach for the tunnel
Hamiltonian [5] – constant tunnel matrix elements and the
neglect of tunnel directionality) must result in a “univer-
sal” normalized curve, the Ambegaokar-Baratoff one [2,3],
which describes the dependence of the reduced Josephson
current ic on the reduced temperature τ (in our notation,
ic{τ}) in the case of the symmetric junction sJs

BCS. If we
compare (see Fig. 3, solid curves) two “universal” depen-
dences, δ2{τ} for an Ss

BCS superconductor and ic{τ} for
an sJs

BCS junction, we see that they are very similar, so
that the relation between ic and δ2 is almost linear. We
should by no means expect that such a behavior remains
valid if one takes into account the possibility of Andreev-
Saint-James reflections [127,128,131] due to the transition
of junction interlayer from the dielectric into the metallic
state, so that the dimensionless barrier strength becomes
finite [129]. In this very important case, zero-energy states
are formed, and a transition from 0- to π-junction as the
temperature falls down is predicted giving rise to sub-
stantial distortions of the reference Ambegaokar-Baratoff
Ic(T ) curves [115,121,134,135].
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Fig. 3. Dependences of the reduced squared superconduct-
ing energy gap δ2 and the reduced stationary Josephson cur-
rent ic on the reduced temperature τ (left panels), and the
corresponding correlation ic{τ}δ2 (right panel) for symmetric
tunnel junctions between pure s- and d-wave superconductors
(sJs,d

BCS). The tunnel directionality is neglected (θ0 = 90◦). See
explanations in the text.

Although it is not known for sure whether the
very Andreev-Saint-James reflection affects the Josephson
current in cuprate-based structures, there is a cer-
tain evidence that the Ambegaokar-Baratoff behavior
is violated for them. Significant deviations were re-
ported, e.g., for underdoped intrinsic junctions made of
(Hg,Re)Ba2Ca2Cu3O8+δ [136], Bi2Sr2CaCu2O8+δ [137],
and YBa2Cu3O7−δ [138], which are suspected to be of
the S-N-S type, as well as for YBa2Cu3O7−δ grain bound-
ary [139,140], step-edge [141] and ramp-edge [142] junc-
tions. The concave character of the Ic(T ) curve in cer-
tain T ranges instead of the convex Ambegaokar-Baratoff
behavior was observed in the discussed experiments.
The 0 − π-transition interpretation of the corresponding
Ic(T ) data seems to be quite reasonable.

Returning to our model, which calls into play CDWs,
the simplest scenario with no tunnel directionality can-
not be applied for the calculation of Ic, e.g., through a
symmetric or nonsymmetric junction, in which at least
one electrode is the Sd

BCS superconductor, because the
sign-alternating character of the corresponding d-wave or-
der parameter makes Ic equal to zero when integrating
over the FS. Therefore, an introduction of additional fac-
tors like tunnel directionality and/or tunnel coherence,
which include extra angular model parameters, becomes
unavoidable. However, if we try to use the minimum num-
ber of extra assumptions – namely, coherent tunneling and
zero misorientation between electrodes, i.e. γ = γ′ – the
relationship between the current and the squared super-
conducting order parameter turns out almost the same
(Fig. 3, right lower panel, dashed curve), i.e. close to the
linear one. This fact gives us ground to suppose that, in
the adopted simple model, the temperature affects the cur-
rent magnitude mostly via changing the superconducting
order parameter, irrespective of its pairing symmetry.

The proposed hypothesis can be verified by calculat-
ing the ic dependences on δ2 for junctions with varying

(a)

(b)

Fig. 4. Dependences of the reduced stationary Josephson cur-
rent ic on the reduced temperature τ (left panels) and the cor-
responding correlation ic{τ}δ2 (right panels) for sJs,d

BCS with
the electrode crystal lattices rotated by γ = γ′ = 0 and 45◦

with respect to the normal n to the junction plane. The tunnel
directionality parameter θ0 = 10◦ (a) and 80◦ (b).

model parameters of CDW superconductors. Below, we
shall refer to them as the corresponding-state dependences
(CSDs). The situation becomes even more interesting if
we take into account that (i) the superconducting and
dielectric order parameters have different pairing symme-
tries and (ii) the CDW superconductor gives a possibil-
ity to alter the magnitude of Δ by changing not only the
temperature but also the parameters of FS dielectrization.

Hence, we may assert that the law of corresponding
states holds true with rather a good accuracy if the tunnel
directionality is not taken into account. However, making
allowance for this factor changes the situation drastically.
In Figure 4, the dependences ic{τ} are shown for sJs

BCS

and sJd
BCS junctions, with the Sd

BCS superconductors in
the latter being oriented at the angles γ = γ′ = 0◦ or
45◦ with respect to the normal. In panel (a), the plots
were calculated for θ0 = 10◦, i.e. for a rather strong direc-
tionality. One sees that the orientation of the anisotropic
Sd

BCS superconductor substantially affects the results. The
maximum effect is attained when the FS section that dom-
inates in tunneling includes Δ-nodes (γ = γ′ = 45◦). At
the same time, if the Δ-nodes are located beyond the ef-
fective tunneling cone (i.e. for γ = γ′ = 0◦), the ic(τ)
curves for the s- and d-wave cases are rather close. It is
so because the spread of the d-wave gap lobe in the cone
2θ0 is rather narrow at θ0 = 10◦, and the “tunnel-active”
FS section can be regarded as if Δ were isotropic. When
the directionality decreases, i.e. the parameter θ0 grows
(see panel (b) for θ0 = 80◦), the effect diminishes, and
the d-wave curves tend to their common limit depicted in
Figure 3 (dashed curves).
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Although the actual magnitude of the parameter θ0 is
unknown, its smaller values are more probable than larger
ones. Indeed, for the assumed coherent tunneling calcu-
lated, say, in the Wentzel-Kramers-Brillouin (WKB) ap-
proximation [143], which is valid at least for thick enough
interlayers, the penetration coefficient is proportional to
exp(−hbd), where hb is the effective barrier height for the
particle (pair), d = L/ cosθ is the relevant tunnel path,
and L is the junction thickness. Therefore, the plots in
Figure 4a, which correspond to thicker junctions, seem to
be more realistic than those shown in Figure 4b. It means
that for cuprates, whatever the symmetry of their super-
conducting order parameter(s), the Ambegaokar-Baratoff-
like dependence Ic(T ) and the proportionality between
ic{t} and δ2{t} should be observed in symmetric junc-
tions. Should this simple relation appropriate to the ba-
sic model be spoiled, there must be sound physical fac-
tors responsible for that. On the basis of our previous
studies [19,32–34,41,66,68–71,81,82,144,145], we propose
CDWs as a candidate.

3.2 Symmetric junctions

3.2.1 Checkerboard CDW configuration

To detect CSD violations and bearing in mind the re-
sults obtained in Section 3.1, various dependences for the
Josephson current in the symmetric junction will be cal-
culated for the tunnel directionality parameter θ0 = 10◦.
We shall start from the simplest case for electrode
orientations, γ = γ′ = 0.

Figure 5 illustrates that the law of corresponding states
is satisfied with a rather good accuracy in all practically
important considered cases of sJd

CDW4 junctions. This is
the more so interesting because every of those panels
demonstrates a specific feature associated with the avail-
ability of CDWs. In particular, the change of the param-
eter σ0 in panel (a) substantially deforms the ic{α} pro-
files, but the relevant CSDs ic{α}δ2 remain close to one
another. To a great extent, this situation takes place ow-
ing to the fact that all junction states, in which CDWs are
completely suppressed by superconductivity, are mapped
onto a single point (1,1) in the reduced coordinates. Pan-
els (b) and (c) illustrate that the law of corresponding
states is also obeyed rather well if either the degree of FS
dielectrization or the temperature, respectively, affects the
superconducting order parameter.

At the same time, some ic{x}δ2 dependences with
x = σ0 or α in panels (a) and (b) reveal a singular-like
behavior in the range of small δ’s. This is especially no-
ticeable for the α = 5◦-curve in the right panel (b). Such
behavior can also be observed in other CSDs considered
below and requires a special analysis (see Appendix). Fig-
ure A.1a in Appendix also enables one to get convinced
that the ic(α, σ0 = const) dependences on panel (a) and
the ic(σ0, α = const) in panel (b) strongly resemble the
corresponding dependences of the parameter δ(0), which
are the cross-sections of the surface δ(0) versus (σ0, α)
depicted in this figure.

(a)

(b)

(c)

Fig. 5. (Left panels) Dependences of the reduced station-
ary Josephson current ic on (a) the degree of the Fermi
surface (FS) dielectric gapping α for various ratios σ0’s be-
tween the strengths of Cooper and electron-hole pairings at
the temperature T = 0, (b) σ0 for various α’s at T = 0,
and (c) τ for various α’s at σ0 = 1.3, and the correspond-
ing correlations ic{x = α or σ0}δ2 (right panels) for sym-
metric tunnel junctions between d-wave superconductors with
checkerboard charge-density waves (sJd

CDW4). The tunnel di-
rectionality parameter θ0 = 10◦; γ = γ′ = 0. See explanations
in the text.

In their turn, the dependences ic{τ} reveal peculiar-
ities associated with the CDW reentrance in a certain
temperature interval [36]. In panel (c), they are the most
noticeable in the α = 10◦- and α = 20◦-curves, being
effectively smoothed out in the CSDs (see below).

A simple examination of Figures A.1 and A.2 makes
it evident that even the zero-temperature values of the
order parameters, Δ(T = 0) and Σ(T = 0), may drasti-
cally differ from their parent values Δ0 and Σ0. The situa-
tion becomes even more involved at finite T ’s and, at first
glance, paradoxical, if we try to carry out the CSD verifica-
tion. In the framework of ideology of corresponding states,
we should calculate the required Ic and Δ values, includ-
ing the normalizing ones (taken at T = 0), at a certain
reduced temperature τ . In Figures 6a and 6b, we demon-
strate the ic{σ0} and ic{α} dependences, respectively, and
the corresponding CSDs calculated for τ = 0.7. The re-
vealed nonmonotonic behavior is a direct consequence of
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(a)

(b)

(c)

Fig. 6. (a) and (b) The same as in Figures 5b and 5a, but
at the finite reduced temperature τ = 0.7. (c) Explanation of
the non-monotonic behavior of the ic{α} dependence in the re-
entrance region (the curve σ0 = 0.9 in panel (b)). See further
explanations in the text.

CDWs or, to be more precise, the Σ reentrance effect. In
panel (c), a relevant explanation for the curves in panel (b)
is given.

Indeed, at α = 15◦ and σ0 = 0.9, CDWs are sup-
pressed below a certain temperature T1 [35,36,41,67–69].
Up to this temperature, the dependence Δ(T < T1) co-
incides with that for a pure Sd

BCS superconductor (this is
the interval in the left panel (c), where the α = 15◦ curve
and its reference one (α = 0◦) overlap. At T > T1, the
emerging CDW effectively suppress superconductivity. In
particular, it considerably reduces Tc and makes the Δ(T )-
slope steeper (see illustrative plots in works [68,69]). As
a result, the reduced ic{τ} dependence for the sJd

CDW4
junction passes above the corresponding dependence for
the sJd

BCS one, with a cusp at the point of CDW emer-
gence. (Such cusps could already be noticed in Fig. 5c.).
The ic-ordinate of the point with the abscissa τ = 0.7 in
the α = 0◦ curve (marked by a circle) serves as a nor-
malizing value for the ic-ordinate of the point with the
same abscissa in the α = 15◦ curve (marked by a trian-
gle), which makes their ratio larger than unity. The left
panel (c) illustrates how all that looks like in the “normal-
ized” (not “reduced”!) coordinates. The parameter sets

(a)

(b)

Fig. 7. (Left panels) Dependences (a) ic{α} at σ0 = 1.3
and (b) ic{σ0} at α = 15◦ for various θ0’s for sJd

CDW4 junc-
tions. T = 0, γ = γ′ = 0. (Right panels) The corresponding
correlations ic{x = α or σ0}δ2.

(α = 15◦, σ0 = 1) and (α = 15◦, σ0 = 1.1) are located be-
yond the reentrance region in the phase plane [35,36,41].
The temperature intervals of CDW existence for them ex-
tend down to T = 0, so that the CDW begins to suppress
Δ starting from the zero temperature. As a result, the
corresponding Δ(T )-profiles become squeezed more uni-
formly in comparison with the reentrance case and the
reduced δ{τ} and ic{τ} dependences lie below the ref-
erence ones, and the discussed non-monotonic behavior
disappears.

An analogous explanation can also be given to the non-
monotonic behavior observed in the ic(σ0) curves for a
“reentrance” set of parameters. In the left panel (a), the
“reentrance” interval of parameter σ0 is painted. The fig-
ure makes it evident that all non-monotonic scenarios are
inherent to the reentrance region only. It should be noted
that the reentrance region is marked in the panel very
schematically. In reality [35,36,41], its maximum width is
attained at α = 0◦, and the reentrance takes place (not ex-
actly because α = 0◦ means a pure Sd

BCS superconductor,
irrespective of σ0-value) within the interval

√
e

2 < σ0 < 1
(it is this interval that is shown in the panel). As the angle
α grows, this interval first gets narrower (mainly from the
right side) and, starting from about α = 27◦, also slowly
shifts to the left; at α = 45◦, the interval collapses into
the point σ0 = 1

2 . In Appendix (see Fig. A.1b), we marked
the boundaries of the reentrance region by bright lines.

As was noticed above and shown in Figure 4, the weak-
ening of directionality favors the investigated law of cor-
responding states. It can be directly illustrated by plot-
ting the correlation ic{α}δ2 for various θ0’s (see Fig. 7a).
One can see that the Ambegaokar-Baratoff-like behavior
is restored at θ0 → 90◦. The same is true for the ic{σ0}δ2

dependence as is shown in Figure 7b.
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(a)

(b)

Fig. 8. (Left panels) The dependences of the normalized cur-
rent (a) ic(α) for various σ0’s and (b) ic(σ0) for various α’s
for sJd

CDW2 junctions. T = 0, γ = γ′ = 0, θ0 = 10◦. (Right
panels) The corresponding correlations ic{x = α or σ0}δ2.

3.2.2 Unidirectional CDW configuration

The CDW-driven deviations from the law of correspond-
ing states become more conspicuous if one considers the
case of sJd

CDW2 junction between Sd
CDW2 superconduc-

tors with unidirectional CDWs. The dependences Δ(α)
at fixed σ0’s demonstrate a specific “wavy” behavior dif-
fering from that in the checkerboard case (see Fig. A.2a in
Appendix) [19,35,36,41]. From Figure 8a (here, the orien-
tations of CDW-sector pairs in both electrodes are selected
to be normal to the junction plane), we see that the wavi-
ness is reproduced in the ic(α) dependences, although the
CSDs ic{α}δ2 are deformed comparatively weakly. The
case, when CDWs in the left Sd

CDW2 electrode are oriented
in parallel to the junction plane, whereas the orientation
of CDWs in the right Sd

CDW2 electrode remains the same,
demonstrates a similar behavior as is seen from Figure 9a.
Note, that ic changes its sign in comparison to the previ-
ous electrode configuration, i.e. we arrive at a π-junction
due to the alternating signs of the dominant supercon-
ducting lobes in both electrodes [41,66]. At the same time,
when both CDW sectors are oriented along the junction
plane, the CSD is violated, the deviations from linearity
being quite different from those appropriate to other con-
figurations (see Fig. 10a). The differences between ic(σ0)
dependences for the analyzed configurations in sJd

CDW2
junctions are analogous to those for ic(α), as can be seen
from Figures 8b, 9b, and 10b.

Hence, it comes about that the case of unidirectional
CDWs is more favorable for observing deviations from the
law of corresponding states.

Similarly to what was found above for the checker-
board CDW pattern, the strengthening of the direction-
ality for N = 2 leads to more spectacular CSD violations.
It is demonstrated in Figures 11a and 11b displayed for α
and σ0 dependences, respectively.

(a)

(b)

Fig. 9. The same as in Figure 8, but for γ = 90◦ and γ′ = 0.
The ordinate axis is directed downwards.

(a)

(b)

Fig. 10. The same as in Figure 8, but for γ = γ′ = 90◦.

3.2.3 Rotated junction configurations

So far, we studied examined the CSDs for the reference
Josephson junction configuration (with the electrodes ori-
ented at γ = γ′ = 0). On the other hand, other experi-
mental configurations can be fabricated easily [146,147],
giving more opportunities to study the phenomenon con-
cerned. Therefore, it is worthwhile to analyse CSDs for
different cases of rotated electrodes.

As an example, we chose the second electrode to be
rotated by the angle γ′ = 45◦. In this case, the positive
and negative contributions to the overall current ic from
the fragments of adjacent superconducting lobes that fall
within the cone of effective tunneling mutually compen-
sate each other provided that the left hand side electrode
is oriented at γ = 0◦. The other γ-values will result in
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(a)

(b)

Fig. 11. The same as in Figure 7, but for sJd
CDW2 junctions.

non-zero currents. Hence, such a configuration can play
the role of differential detector of various gap features on
the FS of the left hand side electrode. Bearing in mind
the distributions of both order parameters and the com-
bined gap (the gap rose [36]) over the FS, it is reasonable
to expect that the most noticeable effect will take place if
the left hand side electrode is rotated by the angles γ = α
or γ = θ0.

Now, by varying the angle γ, we can change the weights
and even the signs of contributions to the total current
from dielectrized and non-dielectrized FS sections. This
makes it possible – although this is a very complicated
task! – to trace minor variations in the temperature-
dependent contributions from both order parameters hav-
ing different symmetries. The results given below demon-
strate that the obtained dependences are very sensitive
to the problem parameters. We must also take into ac-
count the model approximations. Therefore, these results
have only an illustrative meaning, but may be useful for
experimenters when designing the experimental setup.

The calculated ic(τ) plots and the corresponding
ic{τ}δ2 dependences for the checkerboard CDW pattern
(N = 4) are shown in Figure 12a for α = 15◦ and vari-
ous σ0. One sees that the temperature CSDs are severely
violated for rotated crystals. Such an experimental setup
is very easy to perform: to find the effect it is enough to
change the temperature T and the rotation angle for the
same crystal during the process of measurements. Note
that the magnitudes of the currents becomes small as com-
pared to the case γ = γ′ = 0, when the lobes in both elec-
trodes are oriented along the normal to the junction, n.
“Switching on” the CDWs leads to a considerable distor-
tion of the CSD, thus confirming the high sensitivity of
this “differential” scheme to the system parameters.

The effect is even stronger for unidirectional CDWs
(N = 2) as can be inferred from Figure 12b displaying
the results of calculations for the same set of parame-

(a)

(b)

Fig. 12. (Left panels) The normalized ic(τ ) dependences for
sJd

CDW2 junctions at α = 15◦ and various σ0’s for N = 4 (a)
and 2 (b). γ = 15◦, γ′ = 45◦, θ0 = 10◦. (Right panels) The
corresponding correlations ic{τ}δ2.

ters. Huge CSD violations should be detected when σ0

is close to unity, i.e. when the Cooper and electron-hole
pairing strengths are comparable. This situation is ex-
pected for the doping values y’s not far away from the opti-
mum one, when the pseudogap-temperature curve on the
cuprate T -y phase diagram crosses the superconducting
dome [38,148,149].

The same dependences but for the fixed σ0 = 1.3 and
various α’s are depicted in Figure 13a. One can see that,
in the absence of CDWs (α = 0), the CSDs are slightly
violated. The growth of α makes violations stronger, espe-
cially when α becomes equal to θ0 = 10◦. The subsequent
increase of α leads to the decrease of violations, so that
finally the CSDs become obeyed even much better than
in the absence of CDWs. This results means that, in or-
der to check the presented theory, it would be desirable
to measure the Josephson current for a number of high-Tc

samples with different oxygen content.
Again, the deviations from the CSDs with the increas-

ing α are more pronounced in the case N = 2, which is
demonstrated in Figure 13b. The appearance of the pseu-
dogap (CDWs) on the antinodal FS sections results in
strong deviations from the corresponding state law, with
respect to not only the magnitude but also the sign. In
particular, for α ≈ θ0, the plot ic{τ}δ2 has nothing to do
with the CSD.

Hence, irrespective of whether the CSDs hold true,
the ic(τ) dependences are interesting by themselves, be-
cause CDWs – in addition to the Andreev-Saint-James-
reflection effect [115,121,134,135] – can also induce viola-
tions of Ambegaokar-Baratoff relations for cuprate-based
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(a)

(b)

Fig. 13. The same as in Figure 12, but for various α’s at
σ0 = 1.3.

junctions. Therefore, measurements of ic(τ) at varying γ
and γ′ may reveal the CDW existence in cuprate samples.

One can imagine another reason that may influence
the angular dependences of ic, namely, it is a possible
oxygen depletion at high-angle grain boundaries found
in YBa2Cu3O7−δ bicrystal junctions [150]. This circum-
stance might impede the experimental identification of
the rotation effects resulting from coherent and direction-
dependent tunneling.

3.3 Non-symmetric junctions

Calculations for non-symmetric junctions nJsym
CDWN were

carried out assuming the right hand side electrode to
be an Ss

BCS superconductor with the isotropic super-
conducting gap. Concerning the specific value of the
parameter Δ′

BCS, if the CDW superconductor is, say,
Bi2Sr2CaCu2O8+δ, and niobium is chosen as a counter-
electrode, then Δ′

BCS(T = 0) ≈ 0.1Δ0 (the gap is com-
pared with the parameter Δ0 of the counterpart SCDWN

electrode!), and we select the dimensionless parameter
δ′BCS = 0.1. Owing to such a large difference between the
order parameter magnitudes in both electrodes, the pa-
rameter Δ, as well as Σ, remains almost constant within
the temperature interval where the parameter Δ′ and, ac-
cordingly, the current ic are non-zero. Therefore, the tem-
perature dependence of the Josephson current is mainly
determined by the gap function Δ′

BCS(T ) inherent to the
conventional Ss

BCS superconductor with much smaller Tc

than that of the high-Tc oxide. Any investigation of the
CDW influence on the correlations ic{τ}δδ′ would give
rise to the results similar to those depicted in Figure 3 for
junctions with pure Ss

BCS electrodes.

(a)

(b)

Fig. 14. (Left panels) The same as the left panels in Figures 5a
and 5b, but for non-symmetric nJd

CDW4 junctions. (Right
panels) The corresponding correlations ic{x = α or σ0}δδ′.

(a)

(b)

Fig. 15. (Left panels) The dependences (a) ic{α} at γ = 0
and (b) ic(a) at γ = 90◦ for various σ0’s for nJd

CDW2 junctions.
T = 0, θ0 = 10◦. (Right panels) The corresponding correlations
ic{α}δδ′.

In Figure 14, the correlations ic{x}δδ′ are shown for
x = α (panel (a)) and σ0 (panel (b)). Here, CDWs in
the dx2−y2-wave superconductor were assumed to possess
the checkerboard configuration (N = 4), and the other pa-
rameters are θ0 = 10◦ and γ = 0◦. Conspicuous deviations
from the law of corresponding states are readily seen.

The dependences analogous to those depicted in Fig-
ure 14b are shown in Figure 15a for unidirectional CDWs
(N = 2). The violations of the proportionality in the de-
pendence ic{x}δδ′ become substantially stronger than for
N = 4. In Figure 15b, the results of the same calcula-
tions as in panel (a), but for the rotated cuprate crystal,
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(a)

(b)

Fig. 16. (Left panels) The dependences ic(α) for σ0 = 1.3 and
various θ0’s for nJd

CDW2 junctions with the orientations γ = 0
(a) and 90◦ (b). T = 0. (Right panels) The corresponding
correlations ic{α}δδ′.

γ = 90◦, are demonstrated. The left hand side of panel (b)
exhibits the dependence ic(α) rather than ic{α} to illus-
trate that the current changed its sign, because in this
case the superconducting lobes with opposite signs overlap
(nevertheless, for the sake of convenience, we inverted the
ordinate axis). It is obvious that the law of corresponding
states is no longer valid for this π-junction.

Thus, the proportionality observed in the CDW-free
case may be violated by CDWs even in the case of thick
interlayers (strong directionality) where the compensation
between current components of opposite signs is minimal.
This is much more true for thinner inter-electrode dis-
tances, when θ0 is larger. Figure 16a illustrates the results
of calculated correlations ic{α}δδ′ for N = 2, γ = 0◦,
and σ0 = 1.3. The curves become severely distorted with
growing θ0, which is a direct result of the CDW influence.
For γ = 90◦, the violations of the law of corresponding
states are also strong, as is shown in Figure 16b (the left
ordinate axis is inverted).

Hence, one can see that the ic{x}δδ′ dependences in
the non-symmetric case become more sensitive to the exis-
tence of CDWs at larger θ0’s, i.e. for more isotropic tunnel-
ing, in contrast to the symmetric junction. This behavior
can be explained by the fact that at large θ0’s both positive
and negative superconducting lobes make contributions to
the total current. But in the case of symmetric junction,
the overlap of the lobes with the same or the opposite
signs give the contributions of the same sign to the total
current. This current “rectification” does not take place
in the non-symmetric configuration. In other words, we
obtain a configuration that operates similarly to the “dif-
ferential” setup described in Section 3.2.3, and therefore
has a higher sensitivity to parameter changes.

It is worth noting that the non-symmetric configura-
tion with the controllable spacing between electrodes is

the same as that in scanning tunnel microscopy, but de-
signed to measure the Josephson rather than the quasipar-
ticle component of the tunnel current. Changing the dis-
tance between the electrodes corresponds to the variation
of the angle θ0.

4 Conclusions

It was shown that the stationary Josephson temperature-
dependent current, Ic(T ), is almost proportional to the
product of superconducting gap amplitudes Δ(T )Δ′(T )
for both electrodes in the cases of symmetric junction with
s-wave and d-wave BCS superconductors as electrodes.
The existence of such a proportionality, which can be con-
sidered as the law of corresponding states, was also stud-
ied for symmetric and non-symmetric junctions involving
d-wave superconductors with CDWs, when the supercon-
ducting gap magnitude can be controlled not only by vary-
ing the temperature, but also the half-width α of the CDW
sectors and the ratio σ0 between the strengths of parent
electron-hole and Cooper pairings. It turned out that this
correlation may be strongly violated by checkerboard and,
especially, unidirectional CDWs. Conditions were found,
when the violations become more conspicuous to be ob-
served experimentally. The temperature-driven (T is the
parameter that can be varied the most easily) CSD viola-
tions caused by CDWs turned out to be reliably detected
in properly designed symmetric junctions enhancing the
sensitivity of the system to small variations of problem
parameters. Also, the dependences on the angle α, which
describes the extension of FS dielectric gapping and can be
governed by doping, provides a test ground for detecting
CDWs as a driving force violating the law of correspond-
ing states. The non-symmetric configuration of the tunnel
junction, when a counter electrode is an isotropic BCS
superconductor, turned out to be sensitive to the CDW
manifestations as well.

The reduced Ic(T/Tc) dependences themselves were
also shown to be substantially distorted by CDWs in com-
parison with Ambegaokar-Baratoff reference curves. The
results strongly depend on the rotation angles γ and γ′
of both crystal electrodes with respect to the junction
plane. In certain T ranges Ic(T/Tc) even becomes non-
monotonic.

The results obtained have a general character and can
be applicable not only to cuprates but also to other d-wave
superconducting compounds with CDWs.

The study of the dc Josephson current and certain
emerging correlations between measured quantities can
help to detect CDWs in various superconductors. A
variety of indirect methods intended to find CDWs in
cuprates is necessary, because direct X-ray scattering may
fail due to small amplitudes of CDW-induced distortions
in CuO2 planes [57]. At the same time, the temperature
dependences of Ic, as well as the Ic-dependences on the
CDW superconductor parameters α and σ0, cannot unam-
biguously discriminate between the superconducting order
parameters of different symmetry. To do this, one should
measure, e.g., the angular dependences of the stationary
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Josephson current measured in devices with different
configurations [41,63,64,70,71,90,107,115,146,147,151,152].
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Appendix

In this Appendix, we restrict ourselves to estimations,
so that the directionality factors W (θ) and cos θ in for-
mula (4) are omitted. Moreover, we will make estimations
only for the “main” configuration of this work, the sym-
metric sJd

CDW4 junction, in which the CDW sectors and
the superconducting lobes of both electrodes are oriented
in parallel to the junction normal (γ = γ′ = 0). Then, the
upper and lower limits of integral (5) converge, and we
can easily obtain

P (T, θ) =
π

2
cos2 2θ

Δ2(T ) tanh
D̄(T, θ)

2T
D̄(T, θ)

, (A.1)

where D̄(T, θ) =
√

Σ2(T ) + Δ̄2(T, θ) on the dielectrized
FS sections and Δ̄(T, θ) on the non-dielectrized ones.
Hence, formula (4) reads

Ic(T ) =
Δ(T )
2eRN

⎡

⎢

⎢

⎣

Δ(T )
∫ α

0

tanh

√

Σ2(T ) + Δ2(T ) cos2 2θ

2T
√

Σ2(T ) + Δ2(T ) cos2 2θ

× cos2 2θ dθ+
∫ π/4

α

tanh
Δ(T ) cos 2θ

2T
cos 2θ dθ

⎤

⎥

⎥

⎦

.

(A.2)

We see that one of the difficulties in calculating the
Josephson current analytically even in our very simplified
model consists in the hyperbolic tangent in the integrands
of formula (A.2).

In the vicinity of Tc, Δ → 0, but in most cases
Σ(Tc) > 0. Then,

Ic(T → Tc) =
Δ2(T )
2eRN

×

⎡

⎢

⎢

⎣

tanh
Σ(Tc)
2Tc

Σ(Tc)

∫ α

0

cos2 2θdθ +
1

2Tc

∫ π/4

α

cos2 2θdθ

⎤

⎥

⎥

⎦

.

(A.3)

On the other hand, at T → 0, the function tanh
x

2T
→ 1,

and we obtain

Ic(T → 0) =
Δ(0)
2eRN

×
[

Δ(0)
∫ α

0

cos2 2θdθ
√

Σ2(0) + Δ2(0) cos2 2θ

+
∫ π/4

α

cos 2θdθ

]

. (A.4)

The influence of Δ(0) in the denominator of the first in-
tergrand is much weaker than that of the pre-integral
Δ(0)-factor, so that Ic(T → 0) can be regarded, with an
accuracy sufficient for estimations, as a sum of a linear
and a quadratic in Δ(0) term.

The zero-parameter value of Ic, which is used in this
work for normalization, is obtained by putting one of the
control parameters (T , Σ, α) equal to zero provided the
others remaining fixed. In the case of parameters Σ and
α, this means a comparison with a pure sJd

BCS case for
which formula (A.4) gives (α → 0 and Δ(0) → Δ0).

I0
c (0) =

Δ0

4eRN
. (A.5)

(We obtained a formula that differs from the case of sJs
BCS

junction [3] by a factor of 1
2 . This is of no surprise because

there is a cosine factor in the sJd
BCS-case.).

If the temperature T is selected as a control param-
eter, the situation is more involved. It is so because the
value of Ic(T = 0) is governed by Σ(0) and Δ(0) (see for-
mula (A.4)). The latter are interdependent functions of
model parameters and demonstrate a rather complicated
behavior (see Fig. A.1, the profiles are observed from dif-
ferent directions). Attention should be paid to a close sim-
ilarity between the ic(α, σ0 = const) and ic(σ0, α = const)
dependences calculated at t = 0 and plotted in a number
of figures in Section 3, on the one hand, and, on the other
hand, the corresponding cross-sections of the δ(0)-surface
depicted in panel (a).

With the same illustrative purpose in view, in Fig-
ure A.2, we exhibit the (α, σ0)-dependences of the nor-
malized zero-temperature order parameters δ(0) and σ(0)
obtained in the case of Sd

CDW2 superconductor. One can
easily see (e.g., in Fig. 8) that the corresponding ic(α, σ0 =
const) dependences reproduce this “wavy” profile, but the
CSDs ic{α}δ2 remain more or less close to the law of cor-
responding states for sJd

CDW2 junctions. At the same time,
just this behavior is responsible for abnormal deviations of
ic{α}δδ′ correlations from the law of corresponding states
in the case of nJd

CDW2 junctions (see Sect. 3.3).
The reduced current ic is calculated as a ratio be-

tween the quantities Ic and I0
c determined in a more rig-

orous way. Nevertheless, as the estimations above show,
with rather a high accuracy, this ratio contains a Δ2-term
in both limiting T -regions and, additionally, a Δ-term at
T → 0 (see formulas (A.3) and (A.4)). The latter should
be more pronounced at small α to produce a square-root
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(a) (b)

Fig. A.1. Dependences of the actual normalized zero-temperature order parameter values δ(0) (panel a) and σ(0) (panel b)
for the Sd

CDW4 superconductor on the parent problem parameters α and σ0. In panel (b), the boundaries of the phase diagram
area where the reentrance occurs are shown by bright curves.

(a) (b)

Fig. A.2. The same as in Figure A.1, but for the Sd
CDW2 superconductor.

singularity at small δ’s, e.g., in the ic{σ0}δ2-dependences.
Exactly this behavior is really revealed in our calculations
(see the right panel of Fig. 5b as an example). In other
cases, the approximate proportionality between ic and δ2

holds true in a wider temperature range.
Thus, a simple analysis of formulas (A.3) and (A.4)

brings us to a conclusion that it is just the appear-
ance of CDWs that is responsible for the deviations in
the ic{x}δ2-dependences from the law of corresponding
states. This conclusion is valid for various physical quan-
tities x that govern the magnitude of superconducting or-
der parameter in partially gapped CDW superconductors,
namely, the temperature T , the relative strength of dielec-
tric and superconducting pairing Σ0/Δ0, and the degree
of FS dielectric gapping α. As a result, those deviations
can be used to indirectly detect CDWs in the examined
objects.
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Szymczak, A.I. Voitenko, J. Phys.: Condens. Matter 23,
385701 (2011)

37. T. Yoshida, M. Hashimoto, I.M. Vishik, Z.-X. Shen, A.
Fujimori, J. Phys. Soc. Jpn 81, 011006 (2012)

38. S.E. Sebastian, N. Harrison, G.G. Lonzarich, Rep. Prog.
Phys. 75, 102501 (2012)

39. V.B. Zabolotnyy, A.A. Kordyuk, D. Evtushinsky, V.N.
Strocov, L. Patthey, T. Schmitt, D. Haug, C.T. Lin, V.
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