
Homework 3

Problem 1

Check that Bell states |Ψ±〉 and |Φ±〉 are eigenstates of both the �parity� operator σ̂Az ⊗ σ̂Bz and
the �phase� operator σ̂Ax ⊗ σ̂Bx .

Problem 2

Take |Ψ−〉 state. What is the density operator of qubit B if we subject qubit A to projective
measurements in the eigenbasis of σz opeator? (In other words: we measure if qubit A is in �up�
or `down� state of its σz, and we do it in a projective way). What about when we measure in
eigenbasis of σx operator of qubit A? Repeat then for |Ψ+〉 state.

Problem 3

The CHSH inequality for measurement setting choices x and y (each of them chosen from two
possibilities, labeled by 0 or 1) and measured observables a and b (each assumed to take on
possible values of ±1) reads

〈a0b0〉+ 〈a0b1〉+ 〈a1b0〉 − 〈a1b1〉 ≤ 2 .

This inequality has to be ful�lled when the state of the bipartite system (with part A in which
we measure observable a and part B in which we measure observable b) is described by a �local
realistic model� (or a model with local hidden variables, using a di�erent terminology).

Check that it can be broken in quantum mechanics. Take |Ψ−〉 state of two qubits. The
measurement settings correspond then to choosing an axis along which we will measure the
qubit. They are thus parametrized by unit length vectors ~x and ~y, and the LHS of the inequality
is a sum of terms of the form

〈Ψ−| (~x · ~σA)⊗ (~y · ~σB) |Ψ−〉 .

See that if we choose ~x0 = ~e1, ~x1 = ~e2, ~y0 = − 1√
2
(~e1 + ~e2), and ~y0 = 1√

2
(−~e1 + ~e2) (where

~e1 and ~e2 are two orthogonal unit vectors) the CHSH inequality is broken. You should obtain
the LHS equal to 2

√
2 (which, by the way, is the maximum value that you can get in quantum

mechanics).
You can do it by brute force, or try to use these hints: Show that (~σA + ~σB) |Ψ−〉= 0. Use

this to get rid of B from the above expectation value, which will simplify the calculations.

Problem 4

Make sure you know how quantum teleportation works. Write the state of three qubits, with the
second and the third being in one of Bell states (chosen as Φ− here so that we do not repeat the
lecture), as

|ψ〉1
∣∣Φ−〉

23
= (α |0〉1 + β |1〉1)

∣∣Φ−〉
23

.

Rewrite this state in such a way that the states of qubits 1 and 2 are written in basis of Bell
states. Assume that we measure qubits 1 and 2 in this basis. What are the states of qubit 3
obtained after particular result of this measurement? What operation need to be done to obtain
the �nal state of qubit 3 given by |ψ〉3?

Bonus question / something to think about: how could you do projective measurements in
Bell basis using only projective measurements on each qubit separately? (Hint: doing unitary
operation Û and then projection on Û |α〉 gives the same information as projecting on Û−1 |α〉)


