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* Driven dissipative Bose-Hubbard model
* About quantum complexity and phase-space representations

* the positive-P method
* The truncated Wigner method

* Simulations of the driven-dissipative Bose-Hubbard model

* Qutlook
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Examples of dissipative Bose-Hubbard systems

Arrays of optical cavities Ultracold atoms in optical lattice with forced losses

Y Y i 2 ] J J JU(N) JUN) J
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o """.U ° ° ’ .o ‘ 1\‘\ E_ F
lo;F |..\|F l',..|F :I0|F '\\\. N \\\ :—E
v - U J \ .
Vincentini, Minganti, Rota, Orso, Ciuti, PRA 97, 013853 (2018)

Labouvie, Santra, Heun, Ott, PRL 116, 235302 (2016)

Polaritons in micropillars

Also structured lattices — e.g. Lieb lattice

ane

Baboux, Ge, Jacgmin, Biondi, Galopin,

Tureci, Amo, Bloch, PRL 116, 066402 (2016)
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Difficulties of simulating quantum mechanics

Suppose we have a system with M sites, each site can have 0,1,..., (d-1) particles

orbitals (2,3,...,d-level systems)
modes

How many variables do we need to describe the state? J

* Classical physics: configuration {nl, no, ..., nM} ~ M real variables
. : M :
Closed quantum system state vector ] complex variables
d—1 d—1
=>. > - E ﬁ Chingee i IM1) @ |12) - @ [nag)
1—0 TLQ—O

NldQM

* Open quantum system: density matrix

= Z)\ﬂ‘l’j)(‘l’jl

How can there be hope?

complex variables
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Quantum complexity

(Type 1) Universal quantum computer, Shor’s, Grover’s algorithms, etc...

* needs precise knowledge of microscopic subsystem observables
o {E — A

: : . :
0 & — W LR

0y 4 H I E:

1) —"— U U | U |

(Type 2) Quantum behaviour of (most?) experimental systems

* knowledge of bulk or locally averaged quantities suffices

* statistical uncertainty mirrors experimental reality

_e_
? B g
Lopes, Imanaliev, Aspect, Cheneau, Boiron, g g -
Westbrook, Nature 520, 66 (2015) = o °
< 1 0 %o g
o | 8 -o-
Cabrera, Tanzi, Sanz, Naylor, Thomas, ~ § Kl
i ; —o= .
Cheiney, Tarruell, Science 359, 301 (2018) <
SRl 300 250 800 750 200 1b 1'5 2I0 2l5 ”’14'0 4I5
* (us) N (103)
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Complete quantum mechanics with limited precision

Approach full qguantum predictions as some technical parameter is changed

* “Asymptotic approach”
*  Reduce basis set but treat what happens inside exactly

*  matrix product states, “DMRG”, PEPS

E’EE—EE
*  multi-configuration methods, MCDHF... IZI'B
| | | | | 0 2 4 6 8 10 12

local dimension ———p»

* “Stochastic approach”

* Use full basis but randomly choose a few configurations

. Q

*  path integral Monte Carlo )

1
* phase space methods (positive-P, Wigner...) ‘\o
. wPe 08000060

\ o-©
101 102 103 104 105
* Each approach has its own quirky pros and cons number of samples >
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Positive-P representation 1/3: configurations

M subsystems (modes, sites, volumes) labeled by j

Coherent state basis, complex, local (; |ij>j _ e—|043| /2 ozja |Vac)
Local operator kernel K()\) _ ® ‘aj)j <5;‘3
e ampluce 6 > Bl
full system configuration A={ayg,....,an, 01, B}
s = [ a3 A

Correlations between subsystems are all in the distribution of configurations

P_|_ (A) The distribution is positive, real —» let's SAMPLE IT !
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Positive-P representation 2/3 : Identities and observables

Crucial element: differential identities :

Follow from the operator kernel:

~ );(8; ; A=+ LA

A(X) = A o 7 day :

@ (B515le); o : 8‘7: o

: A’d‘j = |Qj + 55 A E

Observable: occupation E L aﬁj i E
. Respeceemcccmccs f Al — LG |
(Nj) = @ay) =T [alap] o= [oarimit Al =Fih :

_ / M Pe(A) Tr |ala;7]

_ /d4M)\ Pi(A) o {63- + i] 1r W I W -

8013'

— @A PN g,

= lim (aj)@j )stoch.

S—o0 ‘ 

A~

p= [ ™A PR

we have S samples of A
— the configurations

distributed according to P, (\)
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Positive-P representation 3/3 : Dynamics. One site example

Density matrix o« distribution P_ for the fields ~ random samples of the fields & 3

Master equation: Bose-Hubbard site
dissipation 7y Femesmmssssssssssssss=—-—- :
op . Vo Ui
9P _ [H,fj} L7 (2apa’ —a'ap — pa'a) . H=—a'a'aa— Aa'a
ot 2 : 2 .
apply
identities

Fokker Planck equation

oP o 1 . . Q /. . 0* (—iU 9? (iU
i~ {oan (e f)on g (w305 () 3 (3) 7

deterministic GPE (ket) deterministic (bra) diffusion (quantum noise)

: : : stochastic
Stochastic (Langevin) equations: \ correspondence

different noises

(Z—j = (—’anﬁ 4 % — %) o+ vV —iUa&(t) S
s , , ~y — ~ E White noise :
d—t — (‘H,UC&/@ - ’LA = 5) )8 + Vv +’LU/85(75) E <€(t)f(tl)>stoch _ 5(t . tl) E

mean field part guantum noise part

15.11.2021 Seminarium ZOA, Jagiellonian University, Krakéw, Poland 10/22 INHHES '!,',_



Overall properties for a many-body system

Density matrix o« distribution P_ for the fields ~ random samples of the fields & 3

2M :

*From ~~ 2 d variables we goto S samples x 2M

* Therefore ---- Scales extremely well (linear with the nhumber of modes M)
* Requires no particular symmetries, explicit time-dependence trivially added

* BUT can be unstable, usually no good for long-time equilibrium.

[ more on this later ! ]

* Still..... particularly suited to large and “dirty” problems.

Dirty problems done dirt cheap!
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Comparison to path integral Monte Carlo

Path integral Monte Carlo Phase-space representation

Configuration size:
N particles x T time slices

Configuration size:
M modes

Typical algorithm: Metropolis Typical algorithm: Langevin equations

weights
--> phase problem in dynamics

no weights for dynamics
--> No sign problem there

no noise amplification problem noise amplification if dissipation insufficient
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Achilles heel - noise amplification limits simulation time

EXAMPLE

here be some
stupid location
in phase space

co

Ua: Noise
Amplification

:L\/‘i’\/\ > (a, B)

long time dynamics excluded Particularly for closed Hamiltonian systems.
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Dealing with noise amplification

* |t was found that the simulation time is limited: [ 2.5 .
p  Afmax;N; > 1,
i | TGN
m lfmaxjf\{; << 1,
L T

* Various ways have been developed to improve this performance:

. hast PD, Drummond, PRA 66, 033812 (2002), J Phys A 39, 2723 (2006):
stochastic Gauges PD et al, PRA 79, 043619 (2009): Wuster, Corney, Rost, PD, PRE 96, 013309 (2017)

* guantum interpolation PD, PRL 103, 130402 (2009);
Ng, Sorensen, PD, PRB 88, 144304 (2013)

* Or it can be optimal to just use approximate representations:

* i Sinatra, Lobo, Castin, J Phys B 35, 3599 (2002)
truncated ngner Norrie, Ballagh, Gardiner, PRA 73, 043617 (2006), PRL 94, 040401 (2005)

* STAB (Stochastic adaptive Bogoliubov) pb, chwedericzuk, Trippenbach, Zin, PRA 83, 063625 (2011)
Kheruntsyan et al, PRL 108, 260401 (2012)

* It was also found that simulation time grows
with dissipation to an external bath:

2 —log N
lsim ™~
U—~

* But not really tested at the time .......

15.11.2021 Seminarium ZOA, Jagiellonian University, Krakéw, Poland 14/22 INHHES l!,’,_



positive-P representation of the driven dissipative BH model

PD, Ferrier, Matuszewski, Orso, Szymanska, PRX Quantum 2, 010319 (2021).

* Evolution equations for samples

oo - . . : .

—atj — iAjij — Z'Uj(]{?()é;f — ’LFj — 7730134— _@Uj aj &-j(t) -+ Zk kajak’
Oa; e~ o~ , |~ TT. Y ' J1 v
8_753 = iAja; —iUjasaf —iFy — Fa/4+ \/—iU; &, §(t) + 3, idkj0n

White Gaussian noise deals with interparticle collisions

(&; (t)ﬁk(if)% = 6(t —t") 050, (E5(DE())s = 8(t — t’)v5jkh-

The rest of the equations is basically mean field

g=%a - Y [Jija;ai + J;;,.ajaj]
j connections %,j (a) Y
~ U Noise
AT~ J AT AT~~~ ~ A~

Hj = —Aja;r-aj + 7 a;r-a;ajaj + Fja;r- + F;aj Generating
dp = o

i —1 [H,p} + Z 5 [2a3paj —a;a;p — pajaj]

J
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Positive-P simulations stabilised by the dissipation

(d) Open Systems ( Closed Systems
(0e]

v:stabilising  stationary state can be reached 2. Noise
and studied Amplification

in a full quantum description t’\"i’v\ > (a, )

> (@, B)

1.004 1
0.7
S|
0.4}
0.996 0.1
200 1 e _ _ 0.04 InStabI|Ity
seems stable over here triggered
Z 100 0.2 0.02} y too low
0.005
0
0 0 0

N U S S

0 0.1 0.2 03 04 0 2 4 6 8 10 0 2 4 6 g 10 01 2 3 4 5 é 7
. . Ut
increasing
dissipation single Bose-Hubard site
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Regime of stability for the positive-P approach

* Remarkably, stability is determined by single-site parameters

oopmm
Strongly Driven Regime om m
(a) ! ooli m
NOISE o o o O:l o
Generating (UNSTABLE) o0Of1 m

o

Regime of stability:

F 0.30
>3y —
y230(5)

y > U when F <001U

o

o

i Ui i . o
H; = A:,a,;aJJr 2‘7 aj ;ra,jajnLFj T+F

PD, Ferrier, Matuszewski, Orso, Szymanska, PRX Quantum 2, 010319 (2021).

1072 101

o oom =
m (STABLE)

o 0 ’ ENE &
ONE B Strongly
o'r .
Interaction oogmm Damped

O OOEMEN Ji52
Dominated O

M Regime
B

10° 100 102 103
v/U =y
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Truncated Wigner representation

Different operator basis, different operator identities U
i 7] T

2 10 |+ positive-P H = Haaaa— Aa'a
- 7 AN =a;A dp 7o
| _ A =ak % _ i [a,q]
atA ot + L o3 T o 1 ~ ot
W T 2005 )Y alA = |8+ —| A N
. . L0 | day +5 (2apa’ — atap — pata)
Awaj = | & + — - AW S : i A
~ 1 0]~ o n
P T
AWCLJ- = ij — 58—%_ AW A(],j 6JA
3 order terms — need to be truncated
Different Fokker-Planck equation l
0Py 0 y 7« v 0?
— 2 = (=iU (la)* =1 +iA——)a+iU —+cc.+—-——— ¢ P
ot Jda ( (‘ | ) 2 da*da? 2 2 0a*da |V
Deterministic GPE-1 /
N diffusion (vacuum noise)
positive-P
oP. (0 . 5 O /. AN, 0F [(—iUN\ , & [iU\ ,
W = {8(1 (—f,-(/ (l_‘.d + LA — §> Y — % ({,-[) (.l_l.d — f,-A — 5) j + (‘“)(_132 ( 2 ) X + ﬁ (2> j } P_|_
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Truncated Wigner equations

Stochastic (Langevin) equations:

(2—(; = (—iU(\a\z—l) + 1A — 2)a—l—\/j77(t)

Initial condition:

a; (0) !

0
:¢j+ﬁ"7j

Always stable, sometimes not exact

(Ufﬂk) = Ojk

F=Uy=3.16U

(b) /

...............................

0 0.1
6 -4 -2 0 2 4 6 -2 -1 0 1 2

AU AJU
positive-P: symbols
trunc-Wigner: dashed
exact: solid

positive-P

a;(0) = ¢) = 5;(0)

Exact but can be unstable

((iﬁ — (—iU()gﬁ + 1A — %) o+ \/Wozﬁ(t)
((]jﬁ (—I—?U(Yﬁ—?A— —) [5—%\/?[55( t)
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4 .
10 High N

/ both
truncated Wigner !/  accurate

Stability is largely

independent of coupling J

High N * computational effort scales
linearly with the size of the
system.

* Computational effort is
independent of
dimensionality.

* Time-dependent system

positive-P parameters and non-
Low N J—— uniformity are trivial to
-2} Here, MPS etc ~ Implement.
10 can be

accurate
7 /
10 /
/

accurate

pos-P Stability condition: :
~ 2 3U max {\/N, 1} :

-2 -1 0 1 2 3
10 10 10 10 10 10

v/ U

PD, Ferrier, Matuszewski, Orso, Szymanska, PRX Quantum 2, 010319 (2021).
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0.3

100
non-uniform 1 ox256x256 _ 162000
0.2 . -3 ~ 10
50 driving F 2
(illumination) density matrix elements
= 0 0.1

GPE mean field

full quantum (positive-P)

local density quantum model

T laprransnionrnnss vitionmmunris Y T [ S A - LeBoite, Orso, Ciuti, PRL 110, 233601 (2013).
S L
:g/ 0.5
= 2 body correlations | | v
0 2 3 M P (e s 1 ‘
0.2 —r——r———y .
Site occupatlon
— 0.15} -
=3
& 0.1f koo .
2
0.05F J
@\ >
U [ L L 1 [] 1L
-80 -60 -40 -20 0 20 40 60 80
Ay *
€T
PD, Ferrier, Matuszewski, Orso, Szymarska, PRX Quantum 2, 010319 (2021). 6[]
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Summary and outlook

. Quantum dynamics of huge systems can be done
under the right conditions, though stability issues

. Full quantum calculations of large Bose-Hubbard models
positive-P method found to be stable with sufficient dissipation™ = ° = ™
scalable. e.g. 10° sites is easy L
truncated Wigner accurate in complementary regimes
. Other dissipative models may also be possible. et
e.g. spins, Jaynes-Cummings-Hubbard '
Schwinger bosons — ng, sorensen, J Phys A 44, 065305 (2011) 07 w0 a0t

Huber, Kirton, Rabl, SciPost Phys 10, 045 (2021) (truncated Wigner)

.- . . Ng, Sorensen, PD, PRB 88, 144304 (2013)
SU(n) pOSItIVG-P-/Ike representatlons Begg, Green, Bhaseen arXiv:2011.07924 (stochastic gauges)

1.01

. Phase space approach also very good for multi-time correlations
similar form to Heisenberg equations .

0.97

0.96

References:

PD, Ferrier, Matuszewski, Orso, Szymanska, Fully Quantum Scalable Description of Driven-Dissipative Lattice Models,
PRX Quantum 2, 010319 (2021).

PD, Multi-time correlations in the positive-P, Q, and doubled phase-space representations, Quantum 5, 455 (2021).
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Unequal time correlations

* Expressed in terms of Heisenberg operators

S~

Alt) = ei(t—to)f{“/h ﬁ(to) 8—i(t—t0)ﬁ/h

* Time ordered correlation functions.
Correspond to all sequences of measurements

e P o e e e

(A1(t1)Az(t2) - - - An(tn) Bi(s1)Ba(s2) - - Bm(sam)) hhstz< .Sty
> - §1 =282 2...2 SM
time grows time grows
*e.g.
(@' (0)a' (7)a(r)a(0)) particle present both at t=0 and t=tau
(Ei‘ (’r)a (7)8(0)6‘(0)) anomalous pair correlation:

anihilate pair at t=0 create at t=tau
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Partial analogy positive-P <-> Heisenberg equations of motion

Correspondence in observable calculations: E a sv» O CLT <7 ,8

Heisenberg equations of motion:

da(t) a7 s T\
= (—iUa'(H)a(t) +iA — =) at) ~ U
gi“(*) ( 2) H = —ala'aa - Aa'a
da'(t) oy s b
— 7 T _ S
= =t (+zUa (£)a(t) — i 2)
positive-P equations of motion
do . . Y :
Frie (—zUaB + A — 5) a+ vV—iUa&(t)
d ~
o _ (4—an6 — A — 3) B+ VFiUBE()
dt 2
Indeed, many unequal time correlations have remarkably simple expressions
g(g)(T) _ @) al(t+7)an(t + 7)a(t) _ Re(on(t) aa(t+7)aj(t+7) a5 (t))s
YT @l am)@le+nat+ ) Nile) Mt +7)
<

PD Quantum 5, 455 (2021).
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Evaluation of variously ordered correlations

Normal ordering: positive-P variables

(@, (t1) - @, (ta)g, (51) + +Agp (52))

= (Bpy (t1) -+ Bpp(tn)
Anti-normal ordering: Q distribution variables

e (ta)ay, (s1) - ap, (sm))
(t1) -+ o (W)ﬁgl(sl)“'

(ap, (t1)
— (o,
conversion P->Q

ay=o;+¢G 5 Bi=8+(
(Cj)stoch = 05 (CCk)stoch = 05 (CF Ck)stoch = 1

Mixed ordering:

1) sample what is possible using positive-P variables
2) convert variables to doubled-Q
3) sample what is possible using Q variables

q1 (31) tr gy (SM)>StDGh

/SqM (3M ))Stm:h

PD Quantum 5, 455 (2021).

Order 2nd 3rd 4th
(number of operators) order | order | order
Total permutations 12 56 240
single time correlations 4 8 16
multi-time accessible

with P representation 4 14 36
additional accessible

with Q representation 4 14 36
additional accessible

with mixed order (Sec. 5.4) - 12 72
Total doable 12 48 160
time ordered not doable - - -
Not time ordered, not doable - 8 80

Table 2: A tally of @, a' products involving up to four operators,
evaluated at one of two times. The general form considered is
(A(ta)B(tb)C(tC)D(td)) where A, B, C, D can be either of &
or a' (same mode), and the time arguments can take up to
two distinct times t =0 and t =7 > 0.
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Unconventional photon blockade

Complete antibunching,

- U K o
Subtle interference effect v potential single-photon source
Liew, Savona, PRL 104, 183601 (2010) ]
Bamba, Imamoglu, Carusotto, Ciuti, PRA 83, 021802(R) (2011) robustness to background photons.
12
® 1
el 02
gt P4 1D "
~§p0y A1y U =
. ~ 06[
F Fi 5
‘_;{‘ 0.4[
. 0.2} N=T
4110) 01)
0
K 0 02 0.4 0.6 0.8
: o2l (r) = T
— ﬁ]‘} , PD Quantum 5, 455 (2021).
2 5 L] n L] n
2k
= 15

2
gﬁ,l)(
e}
o —_
SIS
|
|

[H, p] +-=) [2 ipa; —ajalp — PTajaj]

. i ‘ J
] TP TTTTTPRRITr v S R —— —
T e— [Qajﬁaj — EE;ajﬁ— ﬁ&;aj} . (96)

i
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Multi-time correlations ctd

PD Quantum 5, 455 (2021).

32 site Bose-Hubbard chain

anomalously ordered correlations _
correlation wave after quench

by conversion to Q distribution

3 .
F=3 1.01f
22 1
Tt; T 0.997
1
3 = 0.98f
£ 0.971
0.96
-10 ? i 6 8 0 2 Alf é é 10
G = (a2(to + 'r)a;(to +7)a ( 0)a2(to)) ( - (t - .
— Re<052 (to + 'T),82(t0 -+ ’T) 2(t0)0{2( )>St0ch 91,3( o+ T a;l\lo + 7)aq(to

Ga = (a2(to)[@h(to + 7)]%a2(t0)) m(to)nj(to +7)

((]5,2 (tO)/Bé (tO + T) a2 (t0)>stoch
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Closer look at occupation dependence

stability
F=U

ER B BB | |
Enw Occupation

Em
OENE BN
ONEER
cooonnm
0000
]
o o
o 0 oOnm
(+4 §
OEREN
OmREN
CONEN A
ONER
OEEER |
n
Low Occupation
N . [ |

accuracy, comparison to trunc Wigner

F=Uy=316U

(b) /

(3
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