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Quantum systems are typically characterized by the inherent fluctuation of their physical observables.
Despite this fundamental importance, the investigation of the fluctuations in interacting quantum systems at
finite temperature continues to pose considerable theoretical and experimental challenges. Here we report
the characterization of atom number fluctuations in weakly interacting Bose-Einstein condensates.
Technical fluctuations are mitigated through a combination of nondestructive detection and active
stabilization of the cooling sequence. We observe fluctuations reduced by 27% below the canonical
expectation for a noninteracting gas, revealing the microcanonical nature of our system. The peak
fluctuations have near linear scaling with atom number ΔN2

0;p ∝ N1.134 in an experimentally accessible
transition region outside the thermodynamic limit. Our experimental results thus set a benchmark for
theoretical calculations under typical experimental conditions.
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Bose-Einstein condensates (BECs) have become a
cornerstone of current developments in quantum simulation
[1], and one would expect a complete description of their
properties to be available. However, in spite of considerable
theoretical effort, the atom number fluctuations between the
thermal and condensed component of an interacting Bose
gas at relevant atom densities are still not fully understood.
In principle, such a quantum system can be described
through all moments of its probability distribution, which
have indeed not been obtained for large interacting BECs
[2–6]. To date, experiments have been limited to the first
moment corresponding to the condensate fraction [7–9] as
well as the critical temperature indicating the onset of
condensation [10,11]. Only recently BEC atom number
fluctuations corresponding to the second moment have
become experimentally accessible [12].
These fluctuations pose a subtle problem with surprising

challenges and rich physics [6]. Historically, a description
of the noninteracting Bose gas was developed within the
grand canonical ensemble, which shows unphysically large
fluctuations below the critical temperature [13]. This is
referred to as the grand canonical catastrophe [14,15],
and is one of the few examples where the predictions of

different statistical ensembles differ dramatically. Thus, any
description of the fluctuations must be based on canonical
or microcanonical approaches.
In the canonical ensemble, the asymptotic behavior of

the condensate atom number variance in the noninteracting
Bose gas was first obtained by Politzer [2]. Later, exact
numerical recursion relations for this noninteracting case
were found [16], which recently allowed for an initial
comparison with experimental results [12]. However, the
canonical ensemble assumes the existence of an external
reservoir exchanging energy with the system under inves-
tigation. This assumption is not met in the case of an
ultracold gas isolated from the environment. Therefore, the
microcanonical ensemble needs to be invoked, which is
numerically demanding and currently does not allow for a
full comparison at typical experimental parameters.
In the microcanonical ensemble the key quantity is the

partition function ΓðE;NÞ, i.e., the number of ways to
distribute the energy E between N atoms. Calculation of
ΓðE;NÞ for a noninteracting gas in a harmonic trap is closely
related to the classic mathematical problem of partitions.
DiscussionsbetweenLeibniz andBernoulli inspired intensive
work on this topic [17], with breakthroughs achieved a
century ago by Ramanujan and Hardy [18]. In particular, it
was shown that the canonical andmicrocanonical fluctuations
agree for large atomnumber in the noninteracting1Dgas [19].
The results for the 3D case in the microcanonical

ensemble were not known until 1997 [3], when a fourth
statistical ensemble, called the Maxwell’s demon ensemble,
was proposed. In this ensemble the system exchanges
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particles with the reservoir, without changing its energy. It
is applied to the thermal cloud at sufficiently low tempera-
tures, where the BEC comprises the reservoir. The ensem-
ble yields an asymptotic expression for the microcanonical
fluctuations in the noninteracting gas [20]

ΔN2
0 ¼

�
ζð2Þ
ζð3Þ −

3ζð3Þ
4ζð4Þ

�
N

�
T
T0
c

�
3

: ð1Þ

Here T0
c is the critical temperature of a noninteracting gas in

a harmonic trap and ζðxÞ is the Riemann zeta function. In
particular, the second term corresponds to the reduction in
the number fluctuations in the microcanonical ensemble
with respect to the canonical result given by the first term.
Thus, the ratio between the canonical and microcanonical
fluctuations in the 3D isotropic case is 0.39, corresponding
to a reduction by 61%.
Importantly, interactions are expected to modify the

fluctuations of the condensate atom number ΔN2
0. In the

homogeneous case, initial results showed that interactions
suppress the fluctuations by a factor of 2 at very low
temperatures due to a strong pair correlation of the atoms
reducing the number of degrees of freedom [4,5,21].
Moreover, interactions have been included using numerous
methods such as the aforementioned Maxwell’s demon
ensemble [22], number-conserving quasiparticle methods
[23,24], master-equation and hybrid quasiparticle approaches
[25,26], anda correlatedmany-body approach [27].However,
only some of these methods are based on a microcanonical
ensemble and none of them allow for the analysis of
harmonically trapped interacting BECs at typical experimen-
tal atom numbers. Moreover, most approaches are only valid
at low temperature and do not capture the peak fluctuations
near T0

c.
Additionally, the fluctuations are expected to scale

anomalously with atom number: ΔN2
0 ∝ N1þγ , with

γ ≠ 0 [4,5]. This is in stark contrast to most classical
systems where the central limit theorem ensures normal
scaling of the fluctuations ΔN2 ∝ N due to the existence of
a finite microscopic coherence length scale [21,28]. The
characterization of BEC atom number fluctuations is thus
an important outstanding challenge that has been hindered
by technical fluctuations of BEC experiments until
recently. This technical limitation was mitigated in our
recent experiments, enabling the current experimental
characterization of BEC fluctuations.
In this Letter, we characterize the atom number fluctua-

tions in a weakly interacting BEC as a function of atom
number and trapping geometry. To avoid technical fluctua-
tions, BECs with a well-controlled atom number and
temperature are prepared through a combination of non-
destructive detection and active stabilization of the cooling
sequence. We quantitatively analyze the fluctuations in two
ways. The fluctuations are compared to an exact canonical
calculation for the noninteracting Bose gas, which shows

fluctuations reduced by 27% with respect to the canonical
expectation, indicating the microcanonical nature of the
system. Second, the fluctuations are fitted with a phenom-
enological model showing anomalous atom number scaling
with an exponent γ ¼ 0.134� 0.005, which we compare to
the expectation in the thermodynamic limit.
In a first step, we theoretically estimate the importance of

using an interacting microcanonical ensemble with respect
to the more readily available canonical ensemble calcu-
lations. This is achieved for ensembles of up to 105 atoms
using a new computational method. In brief, we apply the
usual Metropolis algorithm but perform a random walk in
the space of Fock states, accounting for Bose enhancement
with perturbatively included interactions. The random walk
results in the set of visited Fock states obeying canonical
ensemble statistics. By postselecting samples according to
their energy, we obtain representative “microstates” of the
microcanonical ensemble [29]. Figure 1(a) show the results

(a)

(b)

FIG. 1. Atom number fluctuations of a BEC. (a) Calculated
variance of BEC atom number as a function of relative temper-
ature in the canonical (red diamonds) and microcanonical (blue
circles) ensembles, with (empty symbols) and without (filled
symbols) interactions at a scattering length a ¼ 100 a0 for N ¼
1000 87Rb atoms in a trap with ωa ¼ 2π × 20.0 Hz and λ ¼ 10.
(b) Experimental variance of BEC atom number as a function of
temperature (blue points). The error bars represent statistical
uncertainties of the variance (vertical) and 1σ spread in temper-
ature (horizontal). The dashed line is a fit (see text), where the
blue band represents the uncertainty of the fit. The gray area
indicates the offset due to technical fluctuations. The aspect ratio
was λ ¼ 7.28� 0.02 and the atom number at peak fluctuations
was Np ¼ ð1.49� 0.06Þ × 105. The results are plotted as a
function of the temperature rescaled with the temperature at
peak fluctuations. The solid black lines in both panels are exact
canonical calculations for a noninteracting gas [16].

PHYSICAL REVIEW LETTERS 126, 153601 (2021)

153601-2



for N ¼ 1000 atoms for trap aspect ratio λ ¼ 10.
Importantly, the microcanonical result lies clearly below
the canonical expectation as indicated by Eq. (1). In the
elongated case shown here, the ratio S between the peak
variance in the microcanonical and canonical ensembles is
S ¼ 0.72, corresponding to a reduction by 28% for this
atom number. Overall, it is evident from Fig. 1(a) that the
effect of interactions is small and leads to a minor increase
of the variance in both ensembles.
Given the small effect of interactions, we calculate S for

a range of aspect ratios and atom numbers for the non-
interacting case as shown in Fig. 2. For low aspect ratios λ
and large atom numbers the ratio S tends towards the
limiting value 0.39 given by Eq. (1). In highly elongated
traps with large aspect ratios, S tends towards 1, since
microcanonical and canonical fluctuations are identical in
the noninteracting 1D case. The dependence of S on the
atom number is shown in Fig. 2 (inset) for λ ¼ 6. This
indicates that the microcanonical and canonical results
scale differently with atom number. In particular, we
observe a roughly logarithmic dependence of S on N for
atom numbers 102 < N < 104. These results show that a
clear reduction of the fluctuations below the canonical
result is expected under realistic conditions and motivates
the following experimental investigation.

The experimental apparatus used to produce BECs was
previously described in detail inRef. [30]. Briefly, around109
87Rb atoms are first captured and cooled in amagneto-optical
trap. The cloud is then optically pumped to the jF ¼ 2;
mF ¼ 2i state. Then it is transported into a cigar-shaped
quadrupole-Ioffe-configuration magnetic trap with axial
trapping frequency ωa and radial frequency ωρ [29], where
it is cooled by radio-frequency (rf) forced evaporation.
The sequence outlined above is typically subject to

technical fluctuations that prevent the observation of atom
number fluctuations. To overcome this challenge, a
stabilization procedure is initiated when the cloud contains
∼4 × 106 atoms at a temperature 14 μK. The cloud is
probed using minimally destructive Faraday imaging, and
the atom number is corrected using a weak rf pulse of
controllable duration. The pulse removes excess atoms, and
the outcome of the stabilization procedure is verified by a
second Faraday measurement. This allows us to prepare a
well-controlled number of atoms with a relative stability at
the 10−4 level [30,31].
For efficient cooling towards BEC, a tight magnetic trap

and consequently large collision rate is desirable. In its
most compressed configuration, our trap has an aspect ratio
λ ¼ 17. This can lead to significant phase fluctuations
across the spatial extent of the cloud [32], which evolve into
density modulations during time of flight (TOF) and thus
hinder the precise determination of atom number and
temperature. We therefore decompress the magnetic trap
for our measurements, limiting the aspect ratio to 4.5 <
λ < 10 where the phase coherence length is larger than the
condensate length in the long direction.
In the final step of the experimental sequence, BECs are

produced by forced evaporation ending at a rf-frequency
corresponding to the desired BEC temperature. To ensure
proper thermal equilibrium, the BEC is first held at the final
rf frequency for 800 ms and a further 400 ms without rf
radiation before the trap is turned off.
The clouds are probed after 35 ms TOF expansion using

resonant absorption imaging on the F ¼ 2 → F0 ¼ 3
cycling transition. Fringes in the processed image due to
vibrations of optical components are mitigated by mini-
mizing the time-delay between the absorption and reference
image. Optical pumping is applied between these images
to transfer the atoms to the transparent F ¼ 1 state. Thus,
the atom and beam images can be taken only 340 μs apart,
limited only by the camera shift speed.
For each experimental configuration corresponding to a

chosen aspect ratio and atom number, the fluctuations were
measured as a function of the temperature T. At every
temperature (corresponding to a rf end frequency) a set of
60 measurements according to the experimental sequence
outline above was taken [33].
To determine the BEC atom number in each image, the

wings of the cloud are fit with a Bose-enhanced thermal
distribution from which the temperature is obtained. The

FIG. 2. Ratio S between the calculated peak variance of the
noninteracting BEC in the microcanonical and canonical ensem-
bles as a function of the trap aspect ratio λ for N ¼ 102 (blue
points), N ¼ 103 (green diamonds), N ¼ 104 (red triangles), and
N ¼ 105 (purple square) atoms. The black dashed line corre-
sponds to the asymptotic value estimated within the Maxwell’s
demon ensemble [see Eq. (1)]. The three experimental points with
the lowest atom number Np ¼ 8.8 × 104–10.4 × 104 are shown
for comparison (open points). The typical error bar shown
indicates the 68.2% confidence interval on the experimental
value. (Inset) S as a function of the number of atoms for fixed
aspect ratio λ ¼ 6.
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fitted distribution is subtracted from the image, and the BEC
atom number N0 is obtained by integration of the remaining
density. However, the variance cannot be determined directly
from N0, since small remaining drifts of the magnetic offset
field lead to minor temperature variations with a median
standard deviation of ∼3 nK. We eliminate this drift by
subtracting a linear fit of the condensate number as a function
of the total atom number [12] and determine the residuals ηi,
where i indicates the order in time. The BEC atom number
variance is then given by a two-sample variance of the
residuals

ΔN2
0 ¼

1

2
hðηiþ1 − ηiÞ2i: ð2Þ

Thus, this two-sample variance contains theBEC fluctuations
and detection noise, but excludes slow technical drifts.
Figure 1(b) shows this variance of the measurements as a
function of T for a given configuration of the experiment.
The peak fluctuations are determined by a fit toΔN2

0 also
illustrated in Fig. 1(b). The fit model is inspired by the
asymptotic behavior of the fluctuations in a noninteracting
gas ΔN2

0 ¼ ζð2ÞðkB=ℏω̄Þ3T3, where ω̄ is the geometric
mean of the trapping frequencies [2]. Moreover, the
fluctuations decay in a near steplike manner close to the
critical temperature, which we model with a Heaviside step
function ΘðTp − TÞ, where Tp is the temperature at the
peak fluctuations. To account for small temperature drifts
the expression is furthermore convolved with a normal
distributionN ðT; σTÞ centered on the temperature T with a
standard deviation σT given by the median of the measured
temperature variation. Thus, we fit the data with the model

ΔN2
0ðTÞ ¼ ðf � gÞðTÞ þO; ð3Þ

where f and g are given by

fðTÞ ¼ ΔN2
0;p

�
T
Tp

�
3

ΘðTp − TÞ; ð4Þ

gðTÞ ¼ N ðT; σTÞ: ð5Þ

The three fit parameters are the peak atom number variance
ΔN2

0;p, Tp and an offsetOwhich accounts for experimental
noise [12]. Since the atom number varies as a consequence
of the evaporation, we determine the atom number at peak
fluctuations Np from a spline interpolation of the atom
number as a function of the temperature for all measure-
ments in a given configuration, evaluated at Tp. Figure 3
shows the measured peak atom number variance for all 13
experimental configurations of aspect ratio and atom
number (for a tabular presentation of the data see
Supplemental Material [29]). The three points at lowest
atom number are also included in Fig. 2.

We quantitatively evaluate the peak fluctuations using two
approaches. First, we compare the measured fluctuations to
the expected fluctuations in a canonical noninteracting gas,
which can be calculated under conditions comparable to the
experiment. Second, the fluctuations are investigated using a
phenomenological model to probe their dependence on atom
number and trapping geometry.
To compare experiment and theory the average ratio S

between the observed fluctuations and the exact theoretical
result for the noninteracting canonical ensemble ΔN2

0;p;can

is evaluated. We obtain S from a fit of

ΔN2
0;p ¼ S½1þ aδλþ bδ lnðNÞ�ΔN2

0;p;can; ð6Þ
inspired by the scalings with atom number and aspect ratio
in Fig. 2. The coefficients a and b allow for a linear scaling
with the trap aspect ratio and the logarithm of the atom
number, where δx ¼ x − hxi denotes that the mean over the
set of experimental parameters has been subtracted. This
yields an average ratio S ¼ 0.73� 0.05 corresponding to a
27% reduction of the fluctuations and clearly reveals the
microcanonical nature of our system with reduced fluctua-
tions below the canonical ensemble expectation. The
coefficients a ¼ 0.04� 0.04 and b ¼ 0.24� 0.26 re-
present a correction to S which are barely resolved within
our data range, supporting the interpretation that the
microcanonical nature of the system constitutes the most
important deviation from the canonical result.
We use a complementary approach to analyze the scaling

of the fluctuations with atom number and aspect ratio λ.
Inspired by Eq. (1), we use the phenomenological model

ΔN2
0;p=N ¼ aþ bλNγ; ð7Þ

where a, b, and γ are fit coefficients allowing for linear
aspect ratio and a nonlinear number dependence. In

FIG. 3. Peak fluctuations of a BEC. (Data points) Observed
peak variance of the BEC atom number as a function of the atom
number at peak variance Np and trap aspect ratio λ. The thick
black bars indicate the 68.2% confidence interval. Narrow stems
connect the data points to the base to guide the eye. (Surface)
Theoretical expectation for a noninteraction canonical ensemble
scaled according to Eq. (6).
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particular, the exponent γ quantifies the degree of anoma-
lous atom number scaling.
We first fit the exact canonical result ΔN2

0;p;can with this
model which yields a ¼ 1.327� 0.014, b ¼ 1.5� 0.5, and
γ ¼ −0.27� 0.03. Thus, the coefficient a is close to its
limiting value ζð2Þ=ζð3Þ ¼ 1.37 corresponding to the first
term in Eq. (1). More significantly, the negative sign of γ
combined with the relatively large value of b shows that
even the exact theoretical result scales anomalously withN.
This can be attributed to the transition from a system with
reduced dimensionality at low atom numbers to the limiting
3D case [12]. Hence, we do not expect our experiment to
reflect the thermodynamic limit, where the scaling has been
investigated theoretically [4,5,22].
Figure 4 shows the experimental data and the fit

according to Eq. (7) using a maximum likelihood method.
Contrary to the noninteracting theoretical case, we find
anomalous scaling with γ ¼ 0.134� 0.005 > 0. We inter-
pret our result as being due to the interplay between the
dimensionality effects in a microcanonical system and
interaction effects, which are predicted to yield γ ¼ 1=3
in the thermodynamic limit [4,5]. In particular, Fig. 2 shows
that a microcanonical system generally scales different
from a canonical one in both λ and N. Since γ > 0, Eq. (7)
diverges and the coefficient a ¼ 0.55� 0.04 cannot be
interpreted as a limiting value. Moreover, b ¼ 0.020�
0.012 is very small due to the large value of Nγ . This result
thus provides a simple analytical model as a benchmark for
future theoretical investigations.
In conclusion, we have measured the peak fluctuations of

a weakly interacting Bose-Einstein condensate as a func-
tion of atom number and trap aspect ratio. The significant
differences between a canonical and microcanonical
ensemble description of these fluctuations were investi-
gated numerically by postprocessing ensembles generated
via the quantum Metropolis algorithm. Experimentally the

fluctuations were found to be reduced by 27% relative to
the expectation for a canonical noninteracting gas, in
qualitative agreement with our theoretical prediction.
This clearly demonstrates the microcanonical nature of
the system and thus guides future theoretical work. In
addition, the peak fluctuations were found to follow a
weakly anomalous scaling with the total atom number
ΔN2

0p ∝ N1.134. We interpret the scaling as an interplay
between dimensional effects and the limiting case in the
thermodynamic limit with ΔN2

0p ∝ N4=3.
Future experiments will aim to observe the slight

increase of the fluctuations due to interactions, predicted
by our theoretical calculation. To date, this effect is
shrouded by measurement uncertainties and the depend-
ence of the fluctuations on trapping geometry. Moreover,
the use of larger atomic clouds will provide experimental
insight in the fluctuations in the thermodynamic limit [4,5].
Finally, technical improvements will allow for larger data
sample sizes and enable the investigation of the time
dependence and higher moments of the atom number
distribution [34].
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TABULATED EXPERIMENTAL VALUES

Table I provides the experimental parameters and the values obtained from fits of Eq. (3) in the main text, ordered according
to atom number at peak fluctuations Np. Additionally, the theoretical value for the fluctuations within the canonical ensemble is
given. The data corresponds to Fig. 3 and Fig. 4 in the main text.

TABLE I. Comparison of the measured fluctuations ∆N2
0 and the theoretical value within the canonical ensemble ∆N2

0,can. In addition the
atom number Np and temperature Tp at the peak fluctuations as well as the axial and radial trapping frequencies ωa and ωρ, the trap aspect
ratio λ = ωρ/ωa and the fitted offset O are given.

Np/105 a Tp (nK) ab ωa/2π (Hz) ωρ/2π (Hz) λ O/105 a ∆N2
0 /105 a ∆N2

0,can/105

0.89(5) 123+6
−3 17.56 127.80 7.28 0.233+0.012

−0.012 0.94+0.15
−0.09 1.59

0.95(19) 148.3+2.9
−0.9 17.68 165.84 9.38 0.347+0.019

−0.019 1.24+0.13
−0.13 1.82

1.04(12) 93.2+0.7
−0.9 17.10 78.28 4.58 0.37+0.03

−0.03 1.01+0.17
−0.13 1.68

1.28(7) 95.2+5.9
−0.3 17.10 78.28 4.58 0.45+0.03

−0.03 1.56+0.19
−0.13 2.04

1.49(6) 148.4+0.4
−7.4 17.56 127.80 7.28 0.38+0.02

−0.02 2.5+0.3
−0.3 2.54

1.68(2) 176.5+2.4
−0.9 17.68 165.84 9.38 0.52+0.03

−0.03 2.0+0.3
−0.3 3.10

1.915(7) 159.8+0.4
−0.3 17.56 127.80 7.28 0.46+0.03

−0.03 2.5+0.3
−0.2 3.26

2.32(3) 169.0+2.7
−1.1 17.56 127.80 7.28 0.72+0.03

−0.03 2.6+0.7
−0.5 3.94

2.52(10) 123.7+7.2
−0.5 17.10 78.28 4.58 0.89+0.04

−0.04 2.0+0.4
−0.3 3.97

2.61(7) 199.9+5.7
−1.0 17.68 165.84 9.38 0.77+0.03

−0.03 4.4+0.6
−0.4 4.57

3.1(10) 183.3+8.0
−1.2 17.56 127.80 7.28 0.97+0.06

−0.06 5.64+0.91
−0.12 5.01

4.1(17) 211+3
−11 17.56 127.80 7.28 1.52+0.11

−0.11 5.8+0.9
−0.7 6.73

7.03(6) 212.7+1.8
−1.6 17.29 92.52 5.35 2.33+0.14

−0.14 6.3+1.2
−0.9 10.84

a The quoted uncertainties are statistical bounds on the fitted values corresponding to a 68.2% confidence interval.
b The quoted uncertainties are purely statistical and additional systematic uncertainties due to finite switching time and non-ballistic expansion during the time

of flight are not included [1].

NUMERICAL METHOD

In the following we briefly present the algorithm used to compute the atom number fluctuations in a Bose-Einstein conden-
sate presented in the main text. Calculations of the atom number fluctuations in the non-interacting canonical ensemble were
performed using exact numerical recursion relations [2]. Our algorithm for the calculation of fluctuations including interactions
and within the microcanonical ensemble is outlined below.

Statistical ensemble: We invoke the interpretation of a thermal state as an ensemble of many configurations of a given system,
where a given configuration corresponds to a specific distribution of the atoms among the available single particle states. The
algorithm aims to generate M representative members of a statistical ensemble in order to estimate the condensate occupation
and fluctuations according to

〈N0〉 ≈
1

M

M∑
i=1

N
(i)
0 , 〈N2

0 〉 ≈
1

M

M∑
i=1

(
N

(i)
0

)2
∆N2

0 = 〈N2
0 〉 − 〈N0〉2, (1)
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where the index i runs over the chosen configurations, and N (i)
0 is the number of condensed atoms in the i-th configuration.

The representative members are collected during a random walk in the space of system configurations using the Metropolis
algorithm.

Single configuration and its energy: We represent a single configuration of the system as a Fock state |n0, n1, . . . nkmax
〉i.

Here nk denotes the occupation of the k-th energy level. To simulate the canonical ensemble we limit the space of Fock states
to those obeying the constraint

∑kmax

k=0 nk = N , where N is the total number of atoms. The energy of a single copy is given by

Ei =

kmax∑
k=0

εk (nk)i, (2)

where εk is the k-th single-particle energy, and we use index i in the symbol (nk)i to stress that nk is the occupation of the k-th
energy level in the i-th configuration of the system. Our results do not depend on a cut-off kmax corresponding to the maximal
single particle state taken into account in the simulation, provided that it is sufficiently high to cover all important physical
phenomena.

Algorithm: We use the Metropolis algorithm, which in essence consists of the following steps:

1) We initiate the first state |n〉1 = |n0, n1, . . . nkmax
〉1 by randomly choosing the ni’s. The total energy of this configuration

is E1 =
∑kmax

k=0 εk (nk)1.

2) Next, a new candidate state is generated from |n〉1 by shifting a particle from a randomly chosen energy level k0 to another
randomly chosen energy level k1. The energy of the new candidate vector of occupations |n〉cand is

Ecand =

kmax∑
k=0

εk (nk)1 − εk0
+ εk1

. (3)

3) IfEcand < E1 then |n〉cand is accepted as |n〉2. Otherwise, the candidate state is accepted with probability e(Ecand−E1)/kBT ,
where kB is the Boltzmann constant. If the candidate is rejected we set |n〉2 := |n〉1.

4) We repeat steps 2) and 3) to generate |n〉3, |n〉4 . . . |n〉m . . .

During the first iterations, the sampled configurations tend towards attractors as in a thermalization process. The samples during
this burn-in period are discarded, and we only record states from a random walk around equilibrium. The remaining set of visited
Fock states is our representation of the canonical ensemble of the system, and it is used to compute the average occupation and
fluctuations of the condensate atom number according to Eq. (1).

Microcanonical ensemble: The microcanonical ensemble is an ensemble of states with constant atom number N and energy
E. To mimic the microcanoncial ensemble we post process the sampled states by removing configurations with a total energy
Ei outside a narrow energy window around the most probable energy. When the window is narrowed, the averages 〈N0〉 and
∆2N0 stabilize. The remaining configurations are our representative members of the microcanonical ensemble.

Interactions: To account for interactions we modify the formula for energy using perturbation theory

Eint
i = Ei + i〈n0, n1, . . . nkmax

|Ĥint|n0, n1, . . . nkmax
〉i, (4)

where Ĥint is the part of the Hamiltonian that describes the interaction energy. The results from the main text correspond to

Ĥint =

∫
d3rΨ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r), (5)

where Ψ̂(r) is the bosonic annihilation field operator.

Technical remarks: In the method outlined above we sample different configurations of the system, using a random walk in
the space of configurations. Performing a single step in this walk is well optimized. To collect a good representation of the
ensemble one needs to store configurations that are not closely correlated and we only consider samples separated further than
the correlation length in the Metropolis random walk. However, for a large number of atoms, a single step does not change
the system significantly and the correlation length becomes very long. Thus, the computation for N = 105 non-interacting
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atoms in a spherical trap takes 6 weeks on a multi-core computational server [3]. For higher aspect ratios and atom numbers the
computation becomes even more demanding, rendering calculations unfeasible.

We do not account directly for any superposition of Fock states. Our analysis is devised to work for the ideal gas and for a
weakly interacting system. We will present a detailed analysis of the method, with benchmarks and generalizations elsewhere.
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