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1. Preface
Physics is a scientific discipline which attempts to describe reality using the language of
mathematics. Since this became the dominant paradigm in the field, thanks largely to the
celebrated achievements of Isaac Newton, physics has been used mainly to describe idealized objects (material points, spheres, infinite planes etc.), which could, in a certain respect,
be thought of as models of the simplest real objects existing in nature. This is due principally to the obvious practical limitations of the application of mathematical methods, but
also perhaps to a certain inclination of the human mind towards such idealizations. For
example, Johannes Kepler’s idea of replacing the complex and not very accurate system
of circular epicycles to describe the movements of the planets with elliptical orbits seemed
absurd to the brightest minds of the time [11]. This criticism was based on ideology—the
circle was believed to be more ‘noble’ than the ellipse. It was also based on the fact that
mathematical formalism could be applied relatively effectively to spheres and points, but
becomes cumbersome when applied to real objects. The idealizing tendency is manifested
today by the fact that physics can say much about things no one has seen (such as quarks, or
the Big Bang), but when it comes to everyday objects and phenomena, such as the behavior
of living creatures or the weather, its powers of prediction seem weak by comparison.
Although it seems that certain physical theories (for example Maxwell’s equations or,
more generally, quantum electrodynamics [12]) are absolutely accurate within the limits
of their application, for practical reasons we can apply them only to the simplest objects.
Thanks to our knowledge of physics, we can create devices which do not exist in nature,
but which we can build from circles, spheres, cubes, cylinders, rods, and so on. Semiconductor devices made from rectangular parallelepipeds, provide a good example. Irregularities which occur during the fabrication process usually adversely affect the devices’
performance, so monocrystalline solids are used and efforts are made to avoid any such
3

dislocations. Although this might seem perfectly reasonable, it is not necessarily the best
approach. In the natural world regular objects are rare, but organs, tissues, even individual
cells are such effective mechanisms that often we cannot fabricate anything comparable—in
many cases, even when we consider them in the simplest form, as chemical reactors.
An additional, mathematical rather than physical, obstacle is the complexity of the calculations required by the models. These are mostly numerical calculations, which generate
specific kinds of problem, such as convergence and numerical errors. This can cause very
serious errors which are, however, difficult to detect. Unfortunately, physicists who use
numerical methods often lack the knowledge necessary to avoid such problems, while specialized mathematicians rarely focus on problems in physics.
The papers presented here concern a class of nanotechnological devices, namely, contemporary semiconductor lasers. These are simple enough (in the sense presented above)
that we can model them, predict and explain their properties, often even quantitatively
(assuming a certain tolerance). Although such devices are relatively simple, they require a
self-consistent combination of models related to very different physical phenomena:
1.
2.
3.
4.

electric current and diffusion of the carriers
heat generation and flow
electromagnetic wave propagation
quantum effects in quantum wells, quantum dots, superlattices, etc.

Theories relating to the first two phenomena were developed in the 19th century and
are still in use (except in some areas of semiconductor laser research, where quantum
effects can lessen their validity). Maxwell’s equations, which describe electromagnetic
waves, were also formulated in the 19th century, but their status is rather different.
Their validity and accuracy has not so far been falsified in any experiments, and they
serve as the basis of, for instance, the theory of relativity. In contrast, electrons in solid
states and their interactions with electromagnetic fields can only be described using the
theory of quantum mechanics—which was formulated in the 20th century—and in the
case of quantum-mechanical calculations we have to use many, often coarse, approximations. Even in idealized solid states, such as ideal monocrystalline structures, exact
quantum-mechanical calculations are practically impossible. In semi-conductor lasers,
slightly more complex structures (heterostructures) are used, which require additional approximations. Fortunately, semiconductor lasers are very useful devices of which many different types are therefore made, providing extensive experimental data which can be used
to verify the proposed simplifications. Moreover, semiconductor laser technology is closely
related to other important research areas such as single photon emitters, entangled states
and Bose-Einstein condensation—providing further motivation to conduct investigations
and another source of experimental observations.
The papers include quantum-mechanical calculations for different types of heterostructure (quantum wells, quantum dots and superlattices), as well as algorithms used in real numerical calculations with convergence analysis. I also present constructions in which I have
been involved (electrically and optically pumped lasers, edge-emitting, surface-emitting,
external cavity diode lasers, quantum cascade lasers), which have been fabricated or are
planned to be made in the near future. Naturally, the models used for such different con4

structions vary significantly, but the underlying physics is the same, and many of their
elements are interchangeable.
My work on the modeling of semiconductor lasers has been part of the activity of
the Photonics Group at the Institute of Physics, Lodz University of Technology, led by
Prof. Włodzimierz Nakwaski, and could not have been completed without the help and
inspiration of my colleagues, who produced individual models which were then developed
and joined together to form a general model. Our work has also benefitted from partnerships with the Institute of Electron Technology in Warsaw, the Laboratory of Physics of
Nanostructures at the École polytechnique fédérale de Lausanne, and with the Division of
Microelectronics at Nanyang Technological University in Singapore. I personally was able
to gain experience working in experimental laboratories at the first two of these institutions,
developing knowledge and expertise which have been extremely useful, including in my
theoretical investigations.

2. Tunnelling of carriers in multiple quantum wells [1]
In 1962, three independent publications on semiconductor lasers appeared [13–15]. The
active regions were simple p-n junctions. They operated only at the temperature of liquid
nitrogen and in pulsed mode, and had threshold current densities of over 104 A/cm2 . These
shortcomings were due to a lack of optical confinement of the modes, as well as to a lack of
confinement of the electrons and holes. Soon, however, lasers with a double heterostructure
(DHS) appeared, in which a narrower-gap material (which functions as both the waveguide
and the active region) is surrounded by a wider-gap material. In this design, both the mode
and the carriers are confined. The first laser to emit a continuous wave at room temperature,
driven by current with a density of around 2000 A/cm2 was constructed in 1970 [16].
The next breakthrough was achieved by splitting the optical confinement (the minimal
thickness of which is determined by the wavelength) and the confinement for the carriers,
which it is beneficial to reduce, in order to increase the carrier density. Such designs were
called separate confinement heterostructures (SCHs). When the thickness of the active region
(i.e. the material with the lowest band gap) is in the order of nanometers, quantum effects,
beneficial in this case, appear. In bulk material, the density of states is proportional to the
square root of kinetic energy. This means that the density of the carriers that contribute
√
to population inversion—that is, those with the least energy—is very low, since E → 0
when E → 0 (see figure 1, 3D curve). If the carriers are spatially confined in one dimension
within a region the width of a few nanometers, momentum in that direction is quantized.
The momentum cannot be zero, so the minimal kinetic energy must be greater than zero.
This implies that the density of states at the minimal energy is no longer 0 (see figure 1).
Such structures are called quantum wells (QWs). Quantum-well lasers appeared in the late
1970s [17] and enabled a reduction of threshold current densities to the order of 100 A/cm2 .
Reducing the thickness of the active layer also causes the volume at which the laser
radiation is amplified to be reduced. This is especially important in vertical-cavity lasers
(i.e. lasers in which the direction of the emission is perpendicular to the epitaxial layers).
If, due to this effect, the gain provided by a single quantum well is insufficient, multiple
quantum well (MQW) active regions can be used, consisting of several quantum wells separated by thin barriers. These barriers must be thin enough to make the whole active region
5
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Figure 1. Two- and three-dimensional densities of states (DOS). In real structures of quantum-well
lasers the barriers cannot be considered infinite.

narrow relative to the wavelength. If, on the other hand, the barriers are too thin, the wells
interact strongly, reducing the beneficial effects of the spatial confinement of the carriers.
In structures containing MWQs, the uniformity of the population of wells becomes an
issue. If the whole system was isolated with a well-defined temperature, this problem
would not exist, because such systems would be populated by electrons according to the
Fermi-Dirac distribution. However, in a system into which new carriers are delivered while
others disappear, a certain degree of localisation is possible. This effect is reduced by decoherence processes and by the fact that localised states are unstable, i.e. a localised particle
will tunnel between the wells. In a paper published in 2009 [1], I estimated the time needed
by a localised electron to tunnel from one side of a system of identical wells (typical for
semiconductor lasers) to the opposite side, and then compared this time with the average
lifetime of the carrier in the laser. What now follows is a summary of this paper and its
main contributions.
The most general description of a quantum state is the density matrix. By constructing
this matrix for a system of identical quantum wells and solving the evolution equation, the
following formula was calculated for the expected value of the position of a particle as a
function of time:

hẑi(t) =

∑

anm cos(ωnm t)

(1)

Em − En
}

(2)

n<m

ωnm =

where Ei is the i-th (counting from the bottom) energy level (1-dimensional Schrödinger
equation eigenstates are not degenerated, so ωnm 6= 0), while anm are certain coefficients.
The time of tunnelling τt can be estimated as the time after which the most slowly varying
term changes its sign into its opposite:
τt 6

π}
min( Em − En )
n<m
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(3)

The minimal difference needed between energy levels can be found numerically, since calculating the levels themselves requires numerical calculation. However, an interesting approximation can also be found analytically, which enables the important parameters to be
identified and their influence on this difference to be determined qualitatively.
The energy levels of a Hamiltonian describing a system consisting of wells separated
by barriers can be calculated as zeros of the determinant of a matrix of which the elements
depend on energy. The matrix for a system of n wells is almost block-diagonal, i.e. only a
very few elements do not fit this scheme. The matrices on the main diagonal are the matrices
of a system with a single well. As a result, it was possible to find a recursive formula for the
determinant of the matrix for an arbitrary number of identical wells separated by identical
barriers. Eventually, a function of energy Wn (E ) which is a polynomial of the n-th degree (n
being the number of wells) of variable W1 (E ) (i.e. the determinant of the single-well matrix)
was found, which allows solutions of the equation Wn (E ) = 0 to be expressed as corrections
to the solutions of the equation W1 (E ) = 0, which are the energy levels for a system with a
single well. Very close agreement was found when the results obtained using this method
were compared with the exact values (found numerically) for two- and four-well systems.
Following this analytic approach, interesting formulas can be obtained. For example, in
a system of two or four wells, where the depth of the wells (U0 ) is large compared to the
lowest energy level (δE), the distance between the closest levels is proportional to:
!
p
2mb (U0 − δE)
δE exp −2d
(4)
}
where 2d is the barrier width and mb is the effective mass of the carrier in the barriers. The
time of tunnelling estimated by formula (3) for an electron in a system of two quantum wells
with widths of 60 Å, separated by 70 Å-wide barriers, and with other parameters similar to
those in the arsenide materials, is less than 1 ps. As might be expected, for such systems
with four quantum wells the time of tunnelling is slightly more than twice as long. It is
worth emphasizing that this is the longest time of tunnelling, and applies to the electrons
at the bottom of the quantum wells. Electrons with higher energies tunnel much faster.

3. Above-threshold model [2, 3]
Lasers can be optimised in terms of many different parameters. Naturally, the most fundamental question is whether or not the laser will lase, i.e. whether the laser will reach
the threshold. In most cases, the lower the threshold (usually expressed as the threshold
current) the better. However, a construction optimised to have the lowest possible threshold current is not necessarily optimal in terms of such important parameters as efficiency,
maximal output power, and single- or multi-mode operation. A model which can describe
the laser above its threshold, and allows us to calculate how the emitted power depends on
the current (the so called light-current curve), is called an over-threshold model.
An over-threshold model has to take into account stimulated emission as an additional
source of carrier losses in the active region. The losses caused by stimulated emission are
proportional to the product of the light intensity and the material gain. Because of the
non-linear dependence of the gain on carrier concentration, these losses introduce a highly
7

non-linear term to the diffusion equation, which may cause problems with its numerical
solution.
In a paper published in Physica E [2], the convergence of the diffusion equation in the
threshold (or below threshold) case was analysed and found to have the following form:
 j (r )
κ∆u(r ) − Au(r ) + Bu2 (r ) + Cu3 (r ) + ⊥
=0
ed

(5)

where u is carrier concentration, r is position in the plane of the active region, and A, B, C are
the standard constants (independent of u, although they may depend on r), which describe
the carrier recombination processes (but not the stimulated emission). The current density
perpendicular to the active region is denoted by j⊥ , e is is the elementary charge and d the
thickness of the active region. This equation describes how the carriers injected into the
quantum well diffuse and recombine. Coefficient A describes the rate of the monomolecular recombination (i.e. recombination on defects), B is the coefficient of the bimolecular
recombination (i.e. spontaneous emission) and C is the Auger recombination coefficient.
The solution of this equation gives the distribution of carrier concentration in the active
region, which in turn allows us to find the distribution of the optical gain.
Numerical methods such as the finite element method are very effective at solving linear differential equations. For this reason, the solution (or more precisely, an approximated
solution) of a nonlinear equation can be obtained by iterative solving of appropriately linearized equations. In the threshold case, the only problems are the terms Bu2 and Cu3 .
These terms can be linearized using the first order Taylor polynomial calculated at u0 —the
value of the concentration taken from the previous iteration. This leads to a linear equation
with the following form:
κ∆u − (u − u0 )
where

∂L
j
( u0 ) − L ( u0 ) + ⊥ = 0
∂u
ed

L(u) = Au + Bu2 + Cu3

(6)
(7)

is the function that describes carrier losses. After a simple calculation of the derivative of
the threshold losses described by the formula (7), the following formula was found:
κ∆u − ( A + 2Bu0 + 3Cu20 )u +

j⊥
+ Bu20 + 2Cu30 = 0
ed

(8)

The fundamental question is of course whether this method is convergent. To prove convergence, the equations for two adjacent iterations were subtracted. Using the mean value
theorem, the following equation for δi (the difference of the concentrations calculated in the
adjacent iterations) was obtained:
δi = −(ui − ui−1 )

κ∆δi − δi

∂L
∂2 L
(ui−1 ) + $i δi2−1 2 (µi ) = 0
∂u
∂u

(9)
(10)

where qi is a function with values from the interval (0, 1) and µi is a function with values
between ui−1 and ui−2 . In the threshold case, equation (10) has the following form:
κ∆δi − δi ( A + 2Bui−1 + 3Cu2i−1 ) + $i δi2−1 (2B + 6Cµi ) = 0
8

(11)

Formally, this equation has the form of a diffusion equation (with the unknown function
δi ) with losses proportional to δi and non-negative sources independent on δi . This means
that δi as the solution of this equation is non-negative. So, according to the definition (9),
the sequence of concentration ui is non-increasing (for i > 2). On the other hand, this
sequence is bounded from below by 0 (because concentration must be non-negative) and
so the sequence is convergent.
In the over-threshold case, the carrier losses caused by stimulated emission must be
included. To the threshold losses L described by equation (7) one must add, in the case of
single-mode operation, an appropriate term:
Lot (r ) = L(r ) + P

2gM (r )
R
(1 − R)}ω S M

(12)

where P is the emitted power, R is the reflectivity of the mirror through
R which the radiation
is emitted (the other is assumed to have 100% reflectivity), M (r )/ S M is the normalised
transverse mode distribution and }ω is the photon energy. Finding the unknown power
P for a given voltage U (higher than the threshold voltage) relies on solving a system of
equations formed by the diffusion equation and an optical model which will show when
the gain has compensated for all radiation losses.
The approach which led to equation (10) can also be used in the over-threshold case.
Similarly to the threshold case, function ∂L/∂u is also positive, so if the second derivative
∂2 L/∂u2 is positive, we can also be sure, in this case, that the sequence of iterations will be
convergent. Unfortunately, function ∂2 g/∂u2 is negative, so at higher powers this condition
may be not fulfilled.
In the case of multi-mode operation, equation (12) is modified by adding all the lasing
transverse modes:
2gi Mi
R
Lot = L + ∑ Pi
(13)
(1 − Ri )}ωi S Mi
i

where index i numerates the lasing modes. The additional equations which allow us to find
the powers Pi (powers of all the modes) are the conditions which state that the modal gain
for each of the modes must be 0.
The model described above does not require in its over-threshold part any additional
parameters to those used in the threshold case. Figure 2 presents results of over-threshold
modelling compared with corresponding experimental data obtained for the VCSEL described in paper [18]. A very good agreement will be noticed between the model and
the experiment. Competition between the fundamental mode (LP01 ) and the first excited
higher-order mode (LP11 ) is also visible in the calculations.
The results presented in paper [2] were included in the model of semiconductor lasers
developed by our group and have been used, with a significantly larger scope in the modelling and optimisation of different constructions with a significantly larger scope.

4. Quantum cascade lasers and superlattices [4, 5]
Quantum cascade lasers (QCLs) differ from other semiconductor lasers in many ways. The
most fundamental of these is the lack of a p-n (or more precisely p-i-n) junction, which in
9
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Figure 2. Calculated and measured light-current curves for the VCSEL described in [18]. The lines
LP01 i LP11 are the powers of the corresponding transverse modes.

other light-emitting semiconductor devices is the source of photons. The wavelengths at
which QCLs emit are in the mid- and far-infrared ranges, where small and effective emitters are difficult to obtain. The creators of the first QCL, at Bell Laboratories, published their
results in a series articles in 1994 [19–22]. Their laser was fabricated on InP substrate and
the wells and barriers in the active region were made from InGaAs/InAlAs. A significant
advantage of this material system is the fact that InP has a lower refractive index in relation
to the active region which, as a result, becomes a waveguide. In QCLs with AlGaAs/GaAs
active regions grown on GaAs substrates, in which the active region has a lower refractive
index, the substrate must be optically insulated from the active region, which is a significant disadvantage [23]. Such lasers appeared a few years later [24, 25] and in Poland were
fabricated for the first time at the Institute of Electron Technology in Warsaw in 2009 [26].
The radiative transitions in QCLs take place between states located within a single band
(in practice, the conduction band). Figure 3 gives a schematic view of the difference between
inter- and intra-band transitions. In a single-QW potential, such as that shown in this figure,
it is not possible to obtain population inversion. A suitable scheme of quantum states can
be obtained in a superlattice, i.e. a periodic system of thin barriers and wells, polarised
using an appropriate electric field. In each of the periods of the superlattice, there is a
part containing states in which population inversion may appear and a part responsible
for the transport of electrons from one lasing part to the next, in the adjacent period of the
superlattice (figure 4). In this way, a quantum cascade of light-emitting electrons is formed,
and for this reason such lasers are called quantum-cascade lasers. The energy levels and
their wave functions must be designed in such a way that certain levels are very effectively
depopulated in non-radiative processes, while in others radiative recombination is more
effective.
In papers concerning the electronic structure of superlattices [5, 26], the envelope function approximation was used to find electronic states in such superlattices. This method
had been widely used on similar problems, although in the case of quantum cascade
lasers the layers might be only a few atomic monolayers thick. Ordinarily, the method
assumes that the envelope function is almost constant at inter-atomic distances. Even so,
10

(a)

(b)

Figure 3. Transitions between states in quantum wells, represented by red arrows: inter-band (a)
and intra-band (b).

it worked surprisingly well, i.e. its predictions agreed with the experiment, and required
only 1-dimensional calculations. The envelope functions in such superlattices are solutions
of the Schrödinger equation with a potential as in figure 5 and effective electron masses. In
order to avoid problems with unbound states, an infinite barrier was placed next to one end
of the superlattice potential. In addition, the effective masses in the barriers and wells were
different. At the interfaces the so-called Ben Daniel Duke conditions had to be fulfilled for
each interface:
lim Ψi (z) = lim Ψi+1 (z)

(14)

1 0
1
Ψi (z) = lim ∗ Ψi0+1 (z)
∗
+
mi
z → a m i +1

(15)

z→ a−

lim

z→ a−

z→ a+

where a is the position of the interface, Ψi is the envelope function in the i-th layer and mi∗
is the effective mass in the i-th layer. Analytic solutions of the Schrödinger equation with
potentials of constant electric fields U (z) = eFz − U0 were known to be linear combinations
of Airy’s functions Ai and Bi:


Φ(z) = AAi k ( Z0 − z) + BBi k ( Z0 − z)
(16)
r
2meF
E − U0
3
k= − 2
Z0 =
(17)
}
eF
where E is an eigenenergy and e < 0 is the elementary charge. In order to find the energy
levels and wave functions (or more precisely, the envelope functions) for the potential, as
in figure 5, it was enough to join the analytic solutions (16) on the interfaces, using the
conditions (14) and (15), and the boundary conditions. Non-zero solutions of this problem
are possible only for certain values of parameter E, the energy levels. In the language of
algebra, this means that we want to find non-zero solutions of the homogeneous system of
2n + 1 linear equations (with the coefficients which depend on E ), where n is the number of
the layers in the potential considered, and which have the same number of the unknowns
(coefficients of the linear combination (16) in each layer). This system only has non-zero
11
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Figure 4. TEM image ([26]) of the layers that make up three periods of the superlattice of the laser
described in [26] aligned with the picture of the potential in the conduction band with calculated
wave functions of the most important quantum states.

solutions if the determinant of the matrix of the system is 0. Schematically, the matrix takes
the form presented in formula (18), where the non-zero entries are denoted by bullets.
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(18)

This matrix is not symmetrical, which makes finding the energy levels more difficult. For
that purpose, singular value decomposition (SVD) was used, which exists for any matrix
and allows the matrix M to be written as the following product:
M = UΣV T

(19)

where matrices U, V are unitary (and therefore non-singular), while the matrix Σ is diagonal
and real. From this, we know that M is singular if and only if there is a zero on the diagonal
of Σ. A great advantage of this semi-analytic approach (which is not the only one available)
is that it is possible to include the dependence of the effective mass on energy E (so-called
band non-parabolicity) in the model. A Schrödinger equation in which the mass depends on
energy is no longer a question of finding eigenvectors and eigenvalues for a linear operator,
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Figure 5. An example of potentials used in the calculations. It reproduces 2.5 periods of a QCL
kV
superlattice polarised by an electric field of 48 cm
. The infinite barrier is placed 20 nm from the edge
of the superlattice.

so it is difficult to include this phenomenon in numerical methods that rely on discretisation
and look for eigenvalues of matrices created this way.
It is very important fo find all of the energy levels. Numerical solving of equations
with multiple solutions is always a problem. However, in this case, the states were
non-degenerate (as bounded states of a 1-dimensional Schrödinger equation) and the number of zeros of the l-th wave function was l (when the functions were numbered from 0
counting from the lowest energy). In practice, this greatly facilitated the finding of solutions, especially as the number of zeros in a wave function can be calculated in a smart way,
without requiring the wave function values inside the layers to be mapped.
4.1. Applications of the model
GaAs-based QCLs were produced as part of the project “Advanced technologies for infrared photonics” at the Institute of Electron Technology. The fabrication of the actual lasers
was preceded by calibration growths of test superlattices, measurements and calculations.
Each test superlattice was a multiple repetition of a well-barrier pair and was not polarised.
In such superlattices, mini-bands are formed in which the energy levels are densely packed.
This presents a problem when attempts are made to find the zeros numerically, since numerical errors can make distinctions between close levels impossible. The thicknesses of
the mini-bands are determined mainly by the width of the barriers.
The structures our group investigated had barriers with thicknesses of 46 Å and 11 Å.
Calculations showed that for barriers with a thickness of 46 Å the mini-bands are so narrow
that it is difficult to distinguish them on a spectrum from the energy levels of a single-well.
However, when the barriers are 11 Å wide, even though the heavy-hole mini-bands are
still narrow, the electron and light-hole mini-bands are around 30 meV wide. This creates a
qualitative change in the measured photoluminescence spectra. Moreover, the calculations
revealed certain discrepancies between the design and the fabricated structures in terms
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of the composition and thickness of the layers. These findings were confirmed in other
experiments.
Photoluminescence spectra give little information concerning higher energy levels.
Much more can deduced from analysis of photoreflectance spectra. This type of experiment
was performed at the Institute of Physics, Wrocław University of Technology. Analysis of
the spectra obtained seems to confirm quantitative agreement between the calculations and
reality, but the fact that interpretation of photoreflectance spectra is sometimes ambiguous
must be taken into account. A very valuable confirmation of the photoreflectance results
was provided by a direct measurement of inter-band photoluminescence, i.e. the emission
caused by transitions of electrons between two minibands in the conduction band. The
agreement between the calculated transmission energy and that measured in our experiments was found to be very good—the discrepancy was less than 10% in the worst case.
Superlattices in active regions of QCLs are much more complicated than the test structures mentioned above. After a few corrections to the growth and processing of the laser
structures, at the Institute of Electron Technology in Warsaw, on Friday 13th of February
2009 at around 13 UTC, the first Polish QCL lased [26]. The work summarized here includes my involvement in investigations that contributed this project, alongside research
teams and in collaboration with Polish laboratories.

5. Quanum dot lasers [6]
The idea of using 0-dimensional structures (i.e. objects with very small dimensions in all
three directions) in semiconductor lasers appeared in the early 1980s [27], shortly after the
first such structures were fabricated, in the Soviet Union in 1981 [28] (Russian original), [29]
(English translation). At that time, it was not possible to use 0-dimensional structures in
real lasers, but theory predicted that such lasers would have very low threshold currents
regardless of temperature. The models described the objects as cuboids (or often as cubes),
which were called quantum boxes. The first publications on semiconductor lasers in which
emission originated in quantum dots (the term quantum dot was already in use), appeared
in 1994 [30], although, because of the low quality of the dots, this observation was questioned [31]. In spite of progress in the technology, quantum dots in the active regions of
semiconductor lasers are still far from reaching the parameters described in ideal models.
This is one of the reasons why the characteristics of actual lasers differ significantly from
the original predictions.
The most important feature of the quantum dot (generally defined as a potential
bounded in all three dimensions) is its discrete energy spectrum, which is similar to the
spectra in atoms. Unlike in atoms, however, the discrete part of the spectrum is relatively
narrow—below the potential of the barrier material. Even so, from the point of view of
basic research, an advantage of quantum dots is the fact they are stationary and can be investigated individually—which, in the case of atoms, is very difficult. In laser applications,
the discrete spectrum means that creating population inversion in quantum dots requires
significantly fewer carriers than the same operation would in quantum wells. This enables
the fabrication of lasers with extremely low threshold currents [32–35]. Moreover, thanks
to different fabrication technologies, it is possible to achieve emission in spectral ranges
which are out of the reach of quantum wells based on similar materials [36–38]. Optical
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amplifiers based on quantum dots are very fast and can have wide gain spectra [39]. Similar features make quantum dots very good absorbers in semiconductor saturable absorber
mirrors (SESAMs) [40].
Different kinds of quantum dot are now manufactured, depending on their applications. For basic research, they are very convenient, immobile analogues of atoms which,
moreover, can sometimes be excited electrically. Because of this, they are also a very useful
tool which can be designed to emit single photons, generating entangled states, and can
be used for other applications in experiments concerning the most fundamental questions
in physics [41–44]. For such uses, single dots or pairs of coupled dots are normally used.
Lasers, however, need active regions with a very high surface density of dots. Unfortunately, contemporary methods of growing quantum-dot active regions are not able to create
layers where dots are at once identical (or almost identical) and highly numerous. Because
of the stochastic distribution of the dimensions of dots, the spectrum of the whole system no
longer resemble an atomic spectrum and becomes a continuous spectrum. For this reason,
when considering quantum dot lasers it is not necessary to construct a very precise model
of individual dots. It is enough to describe the average density of states over the whole
system of dots.
Models of step-like potentials, which work well for quantum wells, might suggest that
the distances between successive energy levels should increase. However, experiments
with self-organising quantum dots, for instance in Stranski-Krastanov growth mode (such
processes are usually used for the growth of laser structures), show that the distances between the subsequent photoluminescence peaks are almost identical [45, 46]. For this rea-

position

Figure 6. Potential of a harmonic oscillator (dashed line—parabola) and a model of quantum-dot
potential (continuous line).

son, a 2-dimensional harmonic oscillator potential is often used. The third dimension is
taken into account as a shift of the energy levels in the 2D potential. Additional theoretical investigation has proven the workability of this simplified model [47, 48]. The growth
direction in which the dot is flattened compared with the other two dimensions is treated
separately. The potential inside the dot cannot be unbounded, as is the case in harmonic
oscillator potentials, since it is limited by the barrier potentials. A simple modification
of the harmonic potential, presented in figure 6, can avoid this problem. The solution
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of the Schrödinger’s equation for such a potential is much more complicated than using
well-known analytic solutions for harmonic oscillators. Fortunately, numerical calculations
made for certain potentials show that the differences between the energy levels obtained
in both potentials are negligible, which is not the case if one compares finite and infinite
rectangular potential wells.
In order to calculate optical gain, it is necessary to know the potential profiles in the
conduction and valence bands. The positions of photoluminescence peaks do not reveal all
the necessary information. In the harmonic oscillator approximation, the energetic distance
between the peaks is equal to }(ωc + ωv ), and the distances between subsequent levels
in the conduction and valence bands are }ωc i }ωv , respectively. The photoluminescence
spectrum determines the sum ωc + ωv , but to know both numbers one has to make an as
sumption concerning the potentials. If we consider both potentials as being identical, we
obtain the following relation:
r
ωc
mv
=
(20)
ωv
mc
where mc , mh are the effective masses in the bands. Another possible assumption is that
both potentials have the same width but different depths: Uc , Uv . In this case, a different
relation holds:
r
ωc
mv Uc
=
(21)
ωv
mc Uv
Assuming that the depths follow the same relation as in InGaAs/GaAs quantum wells, the
relation Uc /Uv ≈ 7/3 should be valid.
The degree of degeneracy of energy levels in the two-dimensional harmonic potential
increases linearly with the number of the level. This means that under strong enough excitation the gain of the transitions between excited levels can be higher than that of the
base-level transitions. This fact has important implications, to which we shall return.
The statistical parameters of a quantum-dot ensemble—such as surface density and full
width at half maximum (FWHM) of the spectrum (which is determined by the variance
of the distribution of the dot dimensions)—are crucial for the purposes of determining the
laser properties. High surface density means that high gain can be obtained, but also that
the carrier concentration needed to achieve transparency is higher. Similarly, good uniformity (i.e. low FWHM) increases the gain at the peak wavelength, but decreases the tolerance
upon detuning from the peak.
In edge-emitting lasers, the longitudinal modes are so densely distributed that the emitted wavelength fits with the gain maximum. Switching to the shorter wavelength, related
with excited-state transmission, is therefore a problem (or in other respects an opportunity) [49, 50]. On one hand, it is difficult to achieve high-power emission at the long wavelength, corresponding to ground-level emission. On the other hand, an important advantage of quantum-dot lasers is the fact that their threshold current is usually very low [32–
35]. In vertical cavity surface emitting lasers, much higher material gains and wider gain
spectra are necessary. These lasers operate in a single longitudinal mode, determined by a
very short resonator. As the temperature rises due to the electrical current, the gain peak
shifts more strongly than the resonator wavelength. For this reason, in order to achieve
higher powers, the structures are usually designed in such a way that at the threshold the
laser operates at a wavelength longer than the gain peak wavelength. As a result, the gain
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improves with the increasing current. The threshold current is increased by such detuning,
so designs must be made carefully. In VCSELs, both the surface dot density and the uniformity of the dots have a strong, often non-monotonic, impact on the parameters of the
device (see figure 7). Paper [6] shows numerous relations illustrating this influence, both
for tuned and detuned lasers. In particular, it suggests that (up to a certain point) lowering
the level of dot uniformity does not increase the threshold (see figure 7). The results and

Figure 7. Threshold current density as a function of surface density of QDs (left) and QD uniformity
(right). Details can be found in [6].

models presented here have been used to fabricate quantum-dot VCSELs [18, 51]. In this
type of laser, its active region has to provide a high optical gain, what makes the application
of quantum dots especially difficult.
This could be helpful in obtaining higher powers from quantum dot VCSELs. The research presented here shows that quantum-dot based active regions have many advantages,
but also important limitations. These limitations may be some of the reasons why quantum
dots have not replaced quantum wells in most applications.

6. Vertical external cavity surface emitting laser [7, 8]
Semiconductor lasers are in general electrically-pumped devices, and this is perhaps their
principal advantage, together with their very small size and remarkable efficiency. However, vertical external cavity surface emitting lasers (VECSELs), sometimes called semiconductor disc lasers (which is the more general term), are for the most part optically pumped.
Schematic views of one such laser are given in figure 8. Typical semiconductor lasers emit
either high power (edge-emitting lasers) or good-quality beams (VCSELs). With optical
pumping, it is possible to have both features at the same time. Optical pumping is usually
performed by a high-power semiconductor laser, so the VECSEL can be seen as a converter
in which a high-power but low-quality beam becomes a very high-quality beam, still with
high power (although of course lower than that of the pump) [52]. This is not, however, the
only or maybe even the most important application of VECSELs. The external cavity can
17

(a) Basic (as grown) structure
capable of yielding only limited powers

(b) Structure with the substrate removed (flip-chip)

(c) Structure
with
an
intra-cavity heat spreader
made from a transparent
heat conducting material

Figure 8. Schemes of three typical VECSEL structures. Scale and aspect ratio are not preserved
(the thickness of the DBR and active region are only a few micrometers, whereas the substrate and
heat spreader are a few hundreds of microns thick). The cavity is formed by the DBR and external
concave mirror.

contain a non-linear crystal or saturable absorber and, thanks to the very high field intensity
within the cavity, spectacular effects can be achieved.
The first articles about such lasers were published in the early 1990s [53]. The highest
recorded power from a single-chip VECSEL now exceeds 100 W at CW [54]. By second harmonic generation, it is possible to obtain very high, multi-watt powers [55, 56], which are
often impossible to achieve with other semiconductor lasers at these wavelengths. A good
review of VECSELs can be found here [57]. Our group is involved in works on VECSELs
emitting in a spectral range of 1300–1550 nm [58], near 1 µm [59, 60], and generating the
second harmonic in the visible spectrum [61].
The power of the pumping laser must be greater than the emitted power. The efficiency
of VECSELs can be close to 50% [62], but even so the amount of pumping power that dissipates as heat is very high. In the case of the simplest construction, presented in figure 8(a),
the heat must flow through the whole thick substrate. If we assume that the diameter of the
area through which the heat flows is 200 µm (this is the order of pumping beam diameters)
and the thickness of the substrate (GaAs) is 400 µm, we obtain a temperature difference
between the top and bottom of the substrate of almost 300 K per Watt of heat. Of course,
the diameter of the cylinder through which the heat is transported is not well-defined, but
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this coarse approximation is not too inaccurate. Under such conditions, it is not possible to
build a satisfactory laser, but this simple estimation suggests two possible ways in which
the thermal resistance of the structure may be reduced:
1. by reducing the distance between the most heated part of the structure and the heat sink
2. by broadening the area through which heat is transported to the heat sink
The first method can be achieved simply (at least in theory) by removing or significantly
thinning the substrate, as shown in figure 8(b). As for the second, it is not sufficient to
increase the pumping spot, since a certain threshold power density is necessary, so the
threshold power (which turns almost entirely into heat) would increase with the spot area.
Fortunately, there is another way of increasing the width of the heat stream flowing into the
substrate. By placing a thick layer of a material of good thermal conductivity on or beneath
the heated area, it is possible to make the heat spread out laterally within this layer, and
the heat flows down to the heat sink in a much wider stream, reducing thermal resistance.
Because of this mechanism, the additional layer is called a heat spreader. Figure 8(c) presents
a structure with a heat spreader over the active region (inside the optical cavity). Alternatively, the spreader can be placed between the active region and the heat sink. It is important
to place the heat spreader as close as possible to the main heat source, which in this case
is on top of the active region. However, the intra-cavity layer can introduce unwanted
optical imperfections in the cavity, so both schemes (heat spreader over and under the laser
structure) are used.
When an intra-cavity heat spreader is used, it is crucial that it be transparent for both
the light from the pump and the light emitted by the VECSEL. However, the choice of
transparent materials which are also good heat conductors is rather limited. Fortunately,
the best known heat conductor—diamond—is transparent. Another candidate is silicon
carbide, although this is not only rather expensive and not readily available, but is inferior
to diamond in terms of its thermal properties. It is also important to ensure the quality of
the surfaces of both materials which are in contact with each other. Especially in the case of
intra-cavity heat spreaders, the contact between the heat spreader and the laser chip must
be as good as possible, since any additional heat resistance at their interface deteriorates
the performance of the heat spreader. The other (upper) surface of the heat spreader must
also be of good quality, since scattering of the emitted light can introduce significant optical
losses. For these reasons, the quality of all surfaces should be very high [63].
Both methods of reducing heat resistance (application of a heat spreader and removing the substrate) can be used simultaneously. However, there is a question over
which method is more effective, and whether there is any benefit to using them together.
Three-dimensional calculations of heat transfer in VECSELs performed using software developed by our group, produced some interesting results. Under the assumption that the
lateral distribution of the heat sources is described by the Gaussian distribution of the standard deviation 50 µm (which translates as a diameter of 200 µm using the 1/e2 definition)
and the total power is 4 W, we performed calculations for:
1. a structure without the substrate and heat spreader (as in figure 8(b))
2. a structure with a substrate of thickness 100 µm (i.e. a thinned substrate) and a diamond
heat spreader (figure 8(c)). The diamond’s heat conductivity was assumed to be equal to
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W
, which is much less than the highest reported values, while the contact between
1200 mK
the surfaces was assumed to be ideal
3. a combination of the two aforementioned structures

The first structure was found to have the highest thermal resistance (24.5 K/W). However,
it was many times lower than in the as-grown structure. The thermal resistance of structure
number 2 was more than four times lower than in structure number one. The optimal structure, of course, was the third, which had a thermal resistance slightly over 4 K/W. Despite
the fact that these calculations did not take into account the resistances of the chip–the heat
spreader interface and the heat sink–chip interface (solder)—which are very important but
difficult to measure, it is clear that heat spreaders have great potential.
6.1. High contrast grating
In each of the structures in figure 8, the DBR presents an obstacle to the heat as it travels
towards the heat sink. The thickness of the DBR is determined by the parameters of its
materials and by the requirement for high reflectivity (' 99%). The DBR makes a very
significant contribution to the laser’s thermal resistance, and if we could replace it with a
superior heat conductor, this could allow for further optimisation of the VECSEL’s properties.
There is another way to obtain very high reflectivities—a high contrast grating (HCG).
In its most standard version, this is a periodic structure consisting of long stripes of
high-refractive index material on a low-index material, which is sometimes deposited on
a substrate with a high refractive index, as shown in figure 9. Such constructions are simin0

n0

n1

n1

n2

n2

n3

Figure 9. Schematic cross-sections of the two most common designs of high contrast grating. The
refractive indices fulfil the following condition: n1 , n3 > n0 , n2 . Usually the material with the lowest
refractive index is air (n0 ≈ 1).

lar to a diffraction grating, but in this case the dimensions of the stripes and the distances
between them are shorter than the wavelength. For this reason, the term subwavelength high
contrast grating is sometimes used. The term ‘high contrast’ refers to the fact that there must
be a clear difference between the refractive indices of the materials. By a careful combination of the dimensions and refractive indices, it is possible to obtain a reflectivity spectrum
no worse than that in a DBR. From the point of view of thermal properties, it is then possible
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to replace the thick DBR with, for instance, a diamond heat spreader with a silicon HCG
structure. The high refractive index contrasts between the diamond, silicon and air produce
very good optical properties in such structures.
Replacing the DBR with diamond should significantly reduce the laser’s thermal resistance, but this is not the only advantage. In patent [patent] we analysed three structures:
1. a structure without the substrate and with a diamond intracavity heat spreader—the
best that is currently available
2. a structure in which the DBR is replaced by a diamond with a silicon HCG structure
inside the diamond
3. a structure in which the DBR is replaced by a diamond, and a hole is drilled into the
copper heat sink in such a way that it should be possible to make an HCG on the diamond–air interface and insert an optical fibre from the bottom
The first structure is the reference. The second is the simplest (in terms of the concept,
although not technically), only replacing the DBR with diamond. The calculated thermal
resistance of the first structure is 4.84 K/W and of the second 3.54 K/W. The reduction is
significant, but an HCG made of silicon surrounded by diamond has unsatisfactory optical
properties—the reflectivity spectrum is too narrow. Moreover, the fabrication of such a
structure would be difficult. Depositing silicon on diamond would seem to be a much

Figure 10. Comparison of temperature distributions in structure 1 (left) and 3 (right). The width of
each of the presented sections is 100 µm.

better idea. The spectral width of reflectivity over 99.8% increases from 4 nm, in the case
of structure two, to 60 nm. The maximal reflectivity is also higher, but in both structures it
is very close to unity. Moreover, this method of fabrication is reasonably easy. The main
problem is the air surrounding the HCG. It is required to obtain such good properties, but
air is also a very good thermal insulator. On the bottom side of the laser, where such a
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structure should be located, there is the heat sink, which must not be thermally insulated
from the laser. Fortunately, thanks to the thick diamond between the HCG and the laser,
which acts as a heat spreader, making a hole of 1 mm in diameter in the heat sink does
not increase the thermal resistance of the device significantly—from 3.54 K/W to 3.69 K/W.
Figure 10 shows the difference between the temperature distributions in the first structure
(with a DBR on the bottom and diamond on top) and in the third (with diamond on both
sides). The impact of the bottom diamond on heat transfer can clearly be seen. Due to
the fact that we can make a hole in the heat sink along the laser’s axis almost without
affecting its thermal properties, it is possible to connect an optical fibre to the bottom. This
would radically simplify the VECSEL’s construction, and remove the necessity for precise
adjustment of the pumping beam.
An HCG can also be designed to play many different roles. It seems possible to obtain almost perfect transparency, to create focusing mirrors of focal lengths of single microns, optical isolators, etc. HCGs are extensively investigated by our group, which has its
confirmation in publications in influential journals and presentations at important conferences [64–69].
Whether or not VECSELs will find significant commercial applications beyond research
laboratories is still an open question. One potentially important application is as light
sources, if VECSELs prove to be superior in some respect to light sources based on more
conventional emitters. Our group is involved in research on using VECSELs to produce
visible light performed at the Institute of Electron Technology in Warsaw and École polytechnique fédérale de Lausanne, and some of the preliminary results have already been
published [7, 61].

7. Model of capacitance in semiconductor lasers [9, 10]
Semiconductor lasers have multiple applications of which optical telecommunication is one
of the most important. Contemporary long-distance data transmission systems are based
mainly on distributed feedback (DFB) semiconductor lasers, which emit wavelengths of
around 1550 nm. At short distances, such as between the chips of a computer or between
computers in a building, copper wires are also becoming obsolete. Transmission of electrical signals has severe limitations [70, 71]. For example, electrical signals suffer from
very high attenuation if the modulation frequency exceeds 1 GHz, while cross-talk between
adjacent wires disturbs the signal. For these reasons, there is a need to replace copper
wires by optical systems wherever a high bit rate is required. Replacing copper wires by
optical links would help significantly to enhance the speed of high-performance computing (HPC) systems [70, 72]. Currently, optical links are deployed at the rack-to-rack and
intra-rack scale [73]. Such optical links contain many elements, including light emitters. In
short-distance links, emitters like those in long-distance systems cannot be used, for reasons
including their cost, size, power consumption and temperature stability requirements. Distributed feedback lasers must be replaced by emitters suitable for short-distance systems.
GaAs-based VCSELs are the natural choice, because of their low production costs and very
low heat-to-bitrate-ratio [74]. In optical links, such lasers are driven by voltages modulated
at frequencies of tens of GHz [75–81]. However, even small capacitance or inductance can
introduce differences between the voltage and the current flowing through the laser. This
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introduces a difference between the electrical signal (voltage) and the optical signal (intensity of the light emitted by the laser). making it difficult to distinguish logical low states
from high states. This in turn can lead to errors in data optical transfer. In semiconductor
lasers, not inductance but capacitance may be the problem, so capacitance has been analysed by many authors [76, 82–90]. However, our model is the first which can predict the
properties of electrical modulation in semiconductor lasers.
The small signal modulation experiment (SSM) is the basic way to produce a quantitative description of the laser’s reaction to modulation [91]. It allows to find Z ( f ), which
is the dependence of the laser’s complex impedance on the modulation frequency. In the
literature, many authors report fitting the values of resistances and capacitances in a relatively simple equivalent circuit to experimental results [80, 86, 87]. Such an approach gives
an idea of the capacitances related to different elements of the laser, but cannot provide any
information when a laser is being designed.
Our model, described in [9], is based on an analysis of constant-voltage potential distributions in a laser. These potential distributions are obtained by using the electrical and
thermal models described earlier. The energy of the electric field can be used, instead of
electric charge, to define the capacitance of a capacitor (C) by the following formula:
C=

2E
U2

(22)

where E is the energy of the electric field and U is the voltage on the capacitor. An arbitrary
area between two equipotential surfaces can be considered a capacitor. The energy of the
electric filed in any area Ω can be calculated using the following formula:
ε0
E=
2

Z
Ω

ε( x, y, z) ∇V ( x, y, z)

2

dxdydz

(23)

where ε 0 is the vacuum permittivity, ε is the relative permittivity of the medium and V
is the calculated potential distribution. Figure 11 presents an example of the distribu2.5 V
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Figure 11. Distribution of the energy density of the electric field for two different voltages in a VCSEL structure [92]. The layers of high energy densities are (counting from bottom): the laser’s
junction and two oxide layers. The dashed line denotes the symmetry axis, common for both
cross-sections.

tion of the electric field energy in an arsenide VCSEL designed for application in optical
23

links. Over 95% of the energy of the electric field is accumulated in the junction and two
current-confining oxide layers. In order to analyze the impact of capacitance on the laser’s
electrical parameters, the laser is divided into areas separated by appropriately chosen
equipotential surfaces. Then, an equivalent circuit is built as shown in figure 12. The capac-
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Figure 12. Partition of a VCSEL by equivalent surfaces and the resulting equivalent circuit [92]. For
the laser structure a cylindrical symmetry as in figure 11 is assumed.

itances are determined in the way described above, while the resistances are determined
based on the simulated current ad potential differences between the equipotential surfaces.
We have verified the validity of our model by comparing the calculated values of the
complex impedance of lasers with impedances measured in small signal modulation reflection (SSMR) experiment, for modulation frequencies up to 40 GHz. The results are pre120
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Figure 13. Results obtained using the capacitance.model. Comparison of predicted by the model
(dashed lines) and measured (solid lines) complex impedances of a VCSEL as functions of modulation frequency [9]. The calculations and measurements were performed for two above-threshold
currents.

sented in figure 13. Very good agreement between the theoretical and experimental results
can be seen for frequencies up to around 20 GHz. The fact that the calculated modulus of
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the impedance is too low at higher frequencies can be at least partially explained by the
expected decrease in the permittivity. Due to the lack of appropriate material data, we
assumed a constant value equal to the static value of the permittivity.
The laser’s impedance is not the only information which can be obtained using the
model. For the equivalent circuit it is possible to solve a set of differential equations for
the currents flowing through its elements. This is a method for finding the distortions of
the current signal. Solutions Il (t) of the set of differential equations are linear combinations
of decaying exponential functions and a function Il∞ (t) determined by the shape of the
voltage signal.
(1)
(n)
Il (t) = Il∞ (t) + Al exp(λ1 t) + · · · + Al exp(λn t)
(24)

Parameters λi are negative eigenvalues of the matrix describing this set of differential equations. The dimension of this matrix depend on the number of the elements in the equivalent
circuit. Constants Al are determined based on the initial conditions.
Capacitance is not the only factor that limits the modulation frequency in semiconductor
lasers. The dynamics of the photons in the cavity and carrier recombination processes in the
active region also play very important roles. These processes are described by the following
rate equations for the number of photons and carriers [93]:

dN
1
= F1 ( N, P) + I (t)
(25)
dt
e
dP
= F2 ( N, P)
(26)
dt
where N, P are the numbers of carriers and photons respectively, F1 and F2 are functions
describing carrier recombination and photon generation (or absorption), I is the current
flowing through the laser and e is the elementary charge. Functions F1 and F2 can, in the
case of small signal modulation, be approximated by the following linear functions:
F1 ( N, P) = γ11 N (t) + γ12 P(t)

(27)

F2 ( N, P) = γ21 N (t) + γ22 P(t)

(28)

Solving of system (25) in the linear approximation is a standard procedure. For currents
described by linear combinations of exponents and trigonometric functions (as is usually
the case for the modulation voltages used in modulation experiments) the solution can be
given in an analytic form. The problem lies in finding appropriate values for the equation’s
parameters. So far, in the literature, the solutions of (25) have been fitted to experimental
data which is not satisfactory. Thank to our model it should be possible to calculate these
parameters based on the structure’s design. For instance, parameter γ22 is the photon life
time in the cavity, which can be computed using an optical model. The other parameters can
be found using the idea and calculations that my model of above-threshold laser operation
is based on, presented in [2]. I have already started working on this model. which would be
the first model capable of predicting the modulation parameters of semiconductor lasers.

8. Summary
The papers presented here concern theoretical calculations (numerical analysis,
quantum-mechanical calculations) and modelling of various types of semiconductor laser:
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edge and surface emitting, electrically and optically pumped, with active regions containing quantum wells, quantum dots and superlattices. Most of the work was carried out
in co-operation with technology laboratories and was used in the fabrication of real devices. Each type of active region required a separate model of the optical gain. The most
challenging aspect (especially in terms of numerical implementation) was the modelling of
superlattices, despite the fact it was not a full gain model. On the other hand, creation of
the capacitance model required a very different approach to laser modelling.
One of the main obstacles to the modelling of modern devices is the lack of consistent data on the values of material parameters. Usually, such devices contain materials or
structures which have not been analyzed closely. Close co-operation with experimentalists
and access to the results of many measurements (and not only to those that are most satisfactory, those being most usually published) is then invaluable. It is worth remembering
that experimental results in the form of numbers and graphs, even if presented in the best
possible way, do not reveal all the information obtained during the measurements. This
lost information may concern matters which are difficult to express in numbers or which
the experimentalist considers (possibly erroneously) unimportant or obvious. For these
reasons, performing or assisting in experiments oneself is extremely important.
Even in ideal situations, however, one should not expect the modelling of such complicated systems using under-researched materials to provide quantitatively exact results.
Devices in the early stages of their development may have very different parameters, despite the fact that they are in other respects nominally identical. This is not, of course,
the only cause of discrepancies between calculations and measurements. In the Preface, it
was mentioned that the simplification of models allows for applications to more complex
situations. However, further simplification is often needed. The fact that we can write
equations on a piece of paper does not mean that finding their solutions will be swift or
straightforward (and such solutions are usually only numerical, since analytic solutions
are a rare luxury). Despite the fact we live in only three dimensions, even in the case of
the most fundamental equations, such as Maxwell’s equations or transport equations (of
heat, current), finding solutions (especially if they are self-consistent) is still extremely time
consuming. For this reason, any symmetry in a problem, which allows its dimensions to be
reduced, is very welcome. Often, the modelled structure is somewhat simplified in order
to attain such symmetry. Fortunately, the error induced by such simplification can often
be estimated by performing a single calculation for both the simplified and non-simplified
cases. If this test shows that the difference is small enough, the remaining calculations can
be performed using the simplified model.
Solid state quantum modelling is more difficult. It is not possible to perform
non-simplified calculations, so the main criterion of the validity of the model is its consistency with experiment. Moreover, it is usually difficult to measure values which are
directly related to such calculations. For these reasons, different kinds of model are used.
Even so, the case of quantum cascade lasers has shown that even a very simplified model
(an envelope function approximation) can be successfully used to find electronic states even
at higher energy levels.
Despite the fact that a model is not always able to predict the exact experimental characteristics of a device, modelling can be a very efficient way to predict whether a modification
that is being considered will produce favorable results (or if its implementation is worth
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the effort). The other important use is in predicting the theoretical limits of the device’s
parameters, since modelling usually idealises the situation. This, however, need not be always true. The model takes into account only those phenomena which have been included
in its construction. This is a very important factor, which occasionally causes the use of
(especially commercial) computer models to be misleading, due to the lack of information
on how they work.
Of course, there are also situations when creating a device is impossible without advanced modelling. Quantum cascade lasers are again a very good example, in which the
structure of electronic states must fulfill several subtle conditions. In any case, creating a
realistic model can save a lot of money and time when developing devices, and allows a
deeper understanding of what is occurring within them.
In this review I presented only a part, though very important, of my scientific activity.
The following achievements I personally consider most valuable.
1. Devising the capacitance model and the basis for a model of modulation properties of
semiconductor lasers and their application to analysis of VCSELs. Despite the fact that
this model was created only recently, it allowed to predict that VCSEL structures can be
significantly simplified without worsening their modulation properties. Experimental
results, unpublished yet, confirm these conclusions.
2. Devising the above-threshold model for semiconductor lasers. It differs from the models
that can be found in the literature, and, like the capacitance model, is adjusted to the
models developed by or group, being their expansion. The work on this model allowed
for optimization of threshold calculations, thanks to the analysis of convergence of the
algorithms used, I performed.
3. Implementation of an optical gain model which has been included in the simulation
software developed by our group. Results obtained using this model were used in a
great number of publications of our group.
From the things not described in this review:
4. Initiation of experimental investigations concerning characterization of devices and determination of material parameters used in semiconductor lasers. As a result, one paper [94] has already been published, and measurements performed in our group’s laboratory (under development) have already given valuable, from the point of view of
laser’s modelling, data. Such data are usually not available in the literature. Moreover,
the success (so far) of these investigations confirms my conviction that the categorisation
of physicists as either experimentalists or theoreticians is in general wrong.
Besides, the fact that all the students whose MSc supervisor I was, continue scientific career
in various institutions. Most of them have already got their PhD.
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M. Wasiak, J. Kubacka-Traczyk, and J. Muszalski. “Strain impact on periodic gain
structures on Vertical External Cavity Surface-Emitting Lasers”. in preparation.
A. Jasik, A. Sokół, J. Muszalski, A.Wójcik-Jedlińska, J. Kubacka-Traczyk, A. Broda,
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M. Dems, Y. Y. Xie, Z. J. Xu, Q. J. Wang, D. H. Zhang, and T. Czyszanowski.
“High-contrast grating reflectors for 980 nm vertical-cavity surface-emitting lasers”.
In: Proc. SPIE 9372 (2015), pp. 937206-937206-9. DOI: 10.1117/12.2080989. URL:
http://dx.doi.org/10.1117/12.2080989.
M. G˛ebski, M. Dems, A. Szerling, M. Motyka, L. Marona, R. Kruszka, D. Urbańczyk,
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