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H5. �. Cywi«ski, Dephasing of eletron spin qubits due to their interation with nulei inquantum dots, Ata Phys. Pol. A 119, 576 (2011).H6. E. Barnes, �. Cywi«ski, and S. Das Sarma, Master equation approah to the entral spindeoherene problem: Uniform oupling model and role of projetion operators, Phys. Rev. B84, 155315 (2011).H7. J.-T. Hung, �. Cywi«ski, X. Hu, and S. Das Sarma, Hyper�ne interation indued dephasingof oupled spin qubits in semiondutor double quantum dots, Phys. Rev. B 88, 085314(2013).H8. �. Cywi«ski, Dynamial deoupling noise spetrosopy at an optimal working point of aqubit, Phys. Rev. A 90, 042307 (2014).) Desription of the sienti� goal and the obtained results ontained in amonothemati group of researh papers presented here as a sienti� ahievement4.1 Introdution and motivationAbout 20 years ago the experimental researh on truly quantum properties of matter entereda new era, in whih the oherent manipulation and measurement of individual quantum sys-tems beame possible. The mid-90s breakthroughs in manipulation of quantum states of singletrapped ions [1℄ and of small numbers of mirowave radiation photons trapped in a avity [2℄ werereognized in 2012 by the Nobel ommittee. In the ontext of this dissertation it is important tonote that these pioneering experiments also demonstrated how interation with an environmentleads to deoherene of quantum states of a single system [3℄.At the same time interest in reation of a quantum omputer was spurred by two theoretialbreakthroughs: the disovery of quantum algorithm of fatorization by Shor [4℄, and the proofof possibility of error orretion of quantum states of qubits [5℄. These provided both the strongpratial motivation and the hope for atually ahieving the goal of buliding a large-sale (multi-qubit) devie exhibiting quantum oherene.The resulting exitement quikly a�eted the ommunity of solid state physiists. Sine thelassial omputation is the main area of pratial appliation of solid state physis (espeiallysemiondutor physis), it was natural to suggest to build a quantum omputer with solid-statedevies. The most often invoked motivation was the prospet of easy salability of suh a system(something whih is not obvious with, say, trapped ions). The main obstale in this endeavouris the fat that, in ontrast to the systems studied in quantum optis, the semiondutor orsuperondutor based qubits are embedded in a ondensed matter environment. Strong ouplingwith many environmental degrees of freedom (lattie vibrations, �utuating eletri �elds due tomoving harges, magneti �eld �utuations due to paramagneti spins present in the material,et.) means that the deoherene is expeted to be muh faster.The question of whether the bene�ts of potential salability outweigh the drawbaks assoi-ated with the strong oupling to nontrivial environment remains still unsettled. However, fromthe point of view of basi siene, the researh on solid-state based qubits during the last 15 yearshas been quite fasinating. Most importantly in the ontext of this dissertation, the strong ou-pling to an environment having rih physis an be seen as an interesting theoretial hallenge,whih requires going beyond the weak-oupling and Markovian approximations.The researh desribed below enompasses two faets of the deoherene problem for the solid-state based qubits. In hapter 4.2 I will review the theory of deoherene of a spin qubit (a spin ofan eletron loalized in a semiondutor quantum dot) whih is interating via hyper�ne ouplingwith the spins of the nulei of atoms of the host material. In this ase the Hamiltonian of theenvironment and of the qubit-environment oupling is known (thanks to previous theoretial andexperimental studies), and the theoretial hallenge is posed by the strong qubit-bath oupling2



and the slowness of the dynamis of the environment. These two prelude the use of Born-Markovapproximation (whih leads to textbook Bloh-Red�eld equations for Markovian dynamis of thequbit's redued density matrix). In hapter 4.3 I will fous on an often enountered (in ondensedmatter systems) situation, in whih the information on the dominant soure of noise a�eting thequbit is laking. Either the main soure of noise is simply unknown, or important parametersharaterizing the environment are not available from measurements other than those of thequbit itself. I will disuss there how, under the assumption that the bath is a soure of lassialGaussian noise, one an use the measurements of oherene dynamis to reonstrut the spetraldensity of suh a noise. The two parts of the dissertation are therefore omplementary, but itshould be notied that the alulations from setion 4.3.2, where qubit oupling to a square ofnoise is onsidered, have a similarity to the theory of hyper�ne-indued deoherene of eletronspin from setion 4.2.4. This similarity is not aidental: below I will try to explain how theinteration with the nulear bath an be approximately mapped on the problem of quadratioupling to a Gaussian-distributed quantum variable.4.2 From the mirosopi desription of the environment to alulation ofqubit's deoherene dynamis: the ase of eletron spin oupled to thenulear bathIn this hapter I will desribe a theory of deoherene of a single loalized eletron spin ausedby its interation with a bath of nulear spins. Creation of this theory was motivated by spineho experiments on quantum-dot based spin qubits whih were onduted between 2005 and2008, espeially Refs. [6, 7℄. At that time no existing theoretial model was appliable to theregime of rather low magneti �elds in whih these experiments were onduted. The theorypresented in papers [H2℄ and [H3℄ was foused on this regime in quantum dots based on III-V ompound semiondutors. The formalism presented in these artiles allowed for e�ientalulation of the spin eho signal, and it was used to predit oherene dynamis in otherexperimental protools. The preditions of papers [H2,H3℄ for the ase of spin eho were lateron�rmed by experiments [8℄. Furthermore, while the Ring Diagram Theory (RDT) of [H2,H3℄was relying on the assumption of large nulear bath (tehnially it employed 1/N expansion,where N is the number of nulei appreiably oupled to the eletron spin), the omparison ofRDT with exat numerial simulations of a system with N =20 spins [H4℄ showed that it andesribe quite well the spin eho deay due to interation with suh a rather small environment.These results were disussed in a review paper [H5℄, where the lose relation between the RDTat short times and alulation using the quasi-stati bath approximation was noted.The RDT of Refs. [H2,H3℄ employs an e�etive pure-dephasing Hamiltonian obtained from thefull Hamiltonian of the hyper�ne interation by an approximate anonial transformation. Suhan approah an be straightforwardly generalized to more ompliated multi-eletron systems.The most important example of suh a system is a singlet-triplet (S-T) qubit in a double quantumdot, whih has been a subjet of intense experimental researh sine 2005 [6, 8�10℄. The e�etiveHamiltonian based alulation of singlet-triplet deoherene is the subjet of paper [H7℄, wherepreditions for oherene deay are given for the S-T qubit operated in the regime of singlet-triplet splitting larger than the typial Overhauser splitting of two-eletron spin states.Despite the fat that the RDT suesfully predited the spin eho deay at low magneti �eldsin GaAs, doubts about the validity of the e�etive Hamiltonian approah were raised in worksin whih the Nakajima-Zwanzig (NZ) generalized Master equation approah was employed whileusing the full hyper�ne Hamiltonian [11, 12℄. The paper [H6℄ sheds some light on the relationbetween the e�etive-Hamiltonian approah of [H2,H3℄ and the results obtained using the NZapproah.The �rst three setions of this hapter ontain a rather detailed review of the physis of spinqubits interating with the nulear bath. I hope that they provide enough bakground for thesubsequent three setions, in whih the results of papers [H2-H7℄ are summarized.3



4.2.1 Semiondutor spin qubits and the nulear bathWhen using a spin of a single eletron on�ned in a quantum dot (QD) as a qubit was proposedin 1998 [13℄, quantum dots available then had at least tens of eletrons on�ned in them, andthere was in fat no truly realisti idea for readout of single-spin states. Work done during thesubsequent deade hanged this, and by about 2006 qubits based on single spins, and pairs ofspins in double dots, were initialized, oherently ontrolled, and read-out in many laboratories.Spins on�ned in eletrostatially de�ned gated quantum dots in GaAs were ontrolled withtime-dependent gate voltages [14℄, while the ones on�ned in self-assembled InGaAs quantumdots were ontrolled optially [15, 16℄. In the following we will take the oherent ontrol of spinfor granted, sine we fous here on the interation of the spin with its environment and theresulting deoherene of quantum states of the qubit.Before a single spin was atually on�ned in a quantum dot, it was predited that its energyrelaxation in �nite magneti �eld B (longitudinal relaxation in the NMR/ESR terminology)will be dominated by proesses of phonon sattering, with the spin-orbit interation allowingfor transitions between the Zeeman-split energy levels [17℄ (see also [14℄ for a very transparentdisussion). This predition was experimentally veri�ed in both self-assembled [18℄ and gatedQDs [19℄, with the phonon-indued proesses identi�ed by their harateristi B and tempera-ture dependene. The phonon-indued energy relaxation ould be desribed using the standardBloh-Red�eld [20℄ approah: the spin-phonon oupling is weak, allowing for using the seond-order perturbation theory, and the autoorrelation time of the phonon bath is muh shorterthan the timesale on whih the spin relaxes, allowing for the use of Markovian approximationleading to the exponential deay of the elements of qubit's redued density matrix. It is alsoimportant to note that the relaxation times T1 are at least a miliseond for typial experimentalonditions. The phonon ontribution to spin dephasing (transverse relaxation in the NMR/ESRterminology) was theoretially shown [21℄ to lead to dephasing time T2 = 2T1, showing that ifthe lattie vibrations and spin-orbit oupling were the main soure of deoherene, spin qubitswould remain oherent for up to a miliseond. Unfortunately, it is not the phonon bath that isthe most dangerous for spins in semiondutors. The main ulprit demanded the development oftheoretial methods more ompliated and interesting than the textbook Bloh-Red�eld theory.The hyper�ne oupling of the eletron spin to the nulear spins and the nulearHamiltonian.Already around 2001 it was notied that the most dangerous environment a�eting the ohereneof a spin loalized in a semiondutor is in fat the bath of nulear spins oupled to the eletronby ontat hyper�ne (hf) interation [22�24℄. This is espeially relevant for III-V materials suhas GaAs and InGaAs, sine neither Ga, nor In and As have any zero-spin isotopes. In thefollowing I will fous on the ase of III-V quantum dots, but it should be kept in mind that thespin bath is almost ubiquitous in the ase of semiondutor spin qubits (also the ones in silionand diamond), and for all the single-spin qubits being urrently investigated it is the main soureof deoherene.1The hf oupling of a loalized eletron spin to nulear spins is desribed by the Hamiltonian
Ĥhf =

∑

i

AiŜ · Ĵi , (1)where Ŝ is the eletron spin operator, Ĵi is the operator of the i-th nulear spin, and the ontathf ouplings Ai = Aα[i]|Ψ(ri)|2, where Ψ(ri) is the eletron envelope funtion at the i-th nulearsite (with normalization to the primitive unit ell volume: ∫V |Ψ(r)|2dr = ν0). The hf energies1In the ase of qubits based on more than one spin, suh as the singlet-triplet qubit, the manipulation of whihrelies on exhange interation between the two eletrons, the harge noise might be in fat more important insome parameter regimes [25℄. In any ase, it is easier to suppress harge noise than remove the nulear spins froma typial semiondutor nanostruture. 4



Aα for a nulear speies α are Aα = 2
3µ0~

2γSγJα|uα|2, where µ0 is the vauum permeability,
γS and γJα are the eletron and nulear spin gyromagneti fators, respetively, and uα is theamplitude of the periodi part of the Bloh funtion at the position of the nuleus of α speies(the normalization is ∫ν0 |u(r)|2dr=1). The number of nulei interating appreiably with theeletron is de�ned as
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, (3)where nα is the average number of nulei of this speies in the unit ell (i.e. in III-V ompoundswe have ∑α nα=2), and the sum over u is over all the Wigner-Seitz unit ells.The hf Hamiltonian an be written as Ĥhf= Ŝ · ĥ, where we have introdued the Overhauser�eld operator ĥ =

∑
iAiĴi. In some ases (disussed below) one an neglet the quantumdynamis of ĥ(t) (written here in Heisenberg piture), and replae it by lassial vetor h. Thequantum averages measured in a given experimental setup are then replaed by lassial averagesover an appropriate distribution of h. In this piture we see that the loss of oherene of theeletron spin is due to an averaging over eletron preession about randomly distributed e�etivemagneti �elds h.Another representation of the hf Hamiltonian whih will prove useful in the following disus-sion is

Ĥhf = ĥzŜz + V̂� , (4)where
V̂�= ĥxŜx + ĥyŜy =

1

2
(ĥ+Ŝ− + ĥ−Ŝ+) , (5)is the eletron-nulear �ip-�op operator. Note that in this �ip-�op term we �nd the transverse(with respet to the magneti �eld de�ning the z axis) omponents of the Overhauser �eld, h⊥.The Hamiltonian in Eq. (1) is very often alled the entral spin Hamiltonian.2 This Hamilto-nian is in fat integrable, and it an be diagonalized with the help of Bethe ansatz, as was �rstdone by Gaudin [26℄. However, it has to be stressed that the integrability of the problem doesnot allow for obtaining the solution for dynamis of a system with an appreiable number N ofspins, sine for the alulation of entral spin oherene dynamis one needs the full spetrumof the Hamiltonian with the orresponding eigenstates. The brute-fore numerial treatment ofthe problem requires dealing with a Hilbert spae of dimension 2N , while in Gaudin solution oneonly needs to deal with ∼N degrees of freedom - but one has to solve a set of ∼N nonlinearoupled Bethe equations for these quantities. It turns out that this task is manageable only for

N ≤ 20 (see [27℄ and [28℄), whih is in fat the same as the system size whih an be treatedwith appropriate numerial methods for quantum state evolution [29℄. Gaudin's solution is alsoimpossible in the ase of all nulei not having the same Zeeman splitting - a situation whihexists for III-V quantum dots, and whih is very important for theory of spin eho deay in thissystem [H2,H3℄.The Hamiltonian of the whole system (the qubit and the bath) ontains also the qubit's part:
HQ = ΩŜz + Ĥontrol(t) (6)2It should be noted that the term �entral spin problem� is often used to refer to any system in whih wehave the �entral� spin of interest (the qubit) whih is oupled to many other spins omprising the bath. Thequbit-bath oupling does not have to be of the Heisenberg form, and the self-Hamiltonian of the bath an havemany forms. The Hamiltonian of the eletron interating with the nulear spins in a quantum dot desribed herebelongs to suh a generalized lass of entral spin problems when the dipolar interation between the nulearspins is inluded. 5



where Ω is the Zeeman splitting, and Ĥontrol(t) represents the time-dependent external ontrol�elds. Here I will only onsider external ontrols in the form of very short pulses performingrotations of the qubit's state, say π or π/2 rotations about the x axis.The �nal element of the mirosopi desription of the system is the Hamiltonian of the bathitself:
Ĥbath =

∑

i

ωα[i]Ĵ
z
i + Ĥdip , (7)where ωα is the Zeeman splitting of the nuleus of the α speies, and Ĥdip is the Hamiltonianof the dipolar interations between the nulear spins. For magneti �elds used in almost all theexperiments on spin qubits these interations an be assumed to onserve the net z omponentof the nulear spin:
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+
i Ĵ
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j ) , (8)where the summation is over the nulei i and j of the same speies, and the ouplings are givenby
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1− 3 cos2 θij
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(9)where rij is the distane between the two nulei and θij is the angle of rij relative to the B �elddiretion.Energy sales in the Hamiltonian and their basi onsequenesIt is ruial to note the smallness of the energy sale of the intrinsi Hamiltonian of the bathompared to the typial temperatures at whih the experiments are onduted. For B �elds usedin experiments (whih rarely exeed one Tesla, and are always less than about 10 Teslas) thenulear Zeeman energies ωα are of the order of 0.1 µeV, whih orresponds to about 0.1 mK. Fur-thermore, the nearest-neighbour dipolar ouplings are of the order of 0.1 peV, whih orrespondsto ∼ 1 nK. This means that even in the best dilution fridges, reahing temperatures ∼1 mK, thethermal equilibrium density matrix of the nulei will be ρ̂J ∼ 1. The other onsequene is theslowness of the intrinsi nulear dynamis. In fat, it is not obvious that in a given experimentthe average over many repetitions of the yle of qubit intialization-evolution-measurement isequivalent to averaging over this density matrix, i.e that the time averaging is equivalent toensemble averaging. In other words, the ergodiity of the nulear dynamis should not be takenfor granted when onsidering real experimental situations.Let us look more losely at intrinsi nulear dynamis. The transverse omponents of theOverhauser �eld, h⊥, deorrelate on timesale of τ⊥∼100 µs in III-V materials, whih is set bythe broadening of the nulear resonane lines by dipolar interations [i.e. the spread of nulearenergy splittings due to the ∑i,j bij Ĵ
z
i Ĵ

z
j term in Eq. (8)℄. At �nite B �eld we also have Larmorpreession of hx,y, and in the range of B relevant for experiments on III-V QDs the period ofthis preession is muh shorter than τ⊥. Suh a oherent preession of a marosopi number ofnulear spins has a striking impat on the dynamis of spin eho deay, see Setion 4.2.4. Onthe other hand, the longitudindal omponent of the Ovehrauser �eld, hz, deorrelates on a muhlonger timesale τ||. hz hanges due to nearest-neighbour �ip-�ops [the �rst term in Eq. (8)℄, andthe umulative e�et of many suh �ip-�ops an be desribed as a proess of nulear spin di�usion[30℄. Given the nulear spin di�usion onstant D and the size L of the QD, we have τ||∼L2/D,whih is ∼1 - 10 minutes in gated quantum dots.3 The experiments give the deorrelation timeof ∼10 s in GaAs [32℄, in qualitative agreement with theory [33℄.3The thing to note is that the gated dots are strain-free relatively to the self-assembled ones. In the latter,the spatially inhomogeneous strain leads to loal gradient of eletri �elds, and thus to quadrupolar splittingsof the nulei. These splittings an strongly suppress the nulear spin di�usion, and the longitudinal Overhauser�eld dynamis in SAQDs an be even slower, with nulear polarization in these QDs persisting for at least tensof minutes [31℄. 6



In the presene of the eletron the k-th nuleus experienes the Knight �eld ∼ Ak, themaximum value of whih is ∼ A/N (for simpliity I use here the fat that in III-V materials all
Aα are of the same order of magnitude). This quantity, whih in GaAs QD with N ∼106 is ∼0.1neV, is also the spread of Ak ouplings. From time-energy unertaintity priniple we an expetthat for times muh shorter than N/A∼ 10 µs, the inhomogeneity of the ouplings should nothave any impat on system's dynamis, while at muh longer times the exat distribution of Ak(i.e. the shape of the eletron's wavefuntion) ould matter. This observation will be importantfor many of the following onsiderations.The last important observation is related to the mismath of eletroni and nulear Zeemansplittings: Ω≈1000 · ωα due to the ratio of eletroni and nulear magnetons. We fous here onmagneti �eld for whih Ω is muh larger than the Overhauser �eld felt by the eletron4 (whihis ∼ 1 mT in GaAs, see below), and ωα is muh larger the the dipolar broadening of nulearspin splittings (whih orreponds to a �eld of about 0.1 mT). At suh �elds Ω ≫ ωα meansthat the diret eletron-nulear �ip-�op desribed by Eq. (5) is energetially forbidden. It isthus natural to treat the V̂� term perturbatively, as it only leads to virtual transitions, whihin the seond order of perturbation theory lead to appearane of e�etive eletron-mediatedinterations between the nulei. An equivalent statement is that at large B the in�uene of h⊥�eld is strongly suppressed, with this �eld ontributing a orretion to spin splitting ∼h2⊥/Ω andgiving a small tilt of the quantization axis away from the z diretion by angle ∼h⊥/Ω.Taking all the above into aount we an safely assume that on timesales of less than a few
µs the nulear bath is stati, and then we an replae traing over the nulear density matrix byaveraging over a lassial distribution of stati Overhaused �elds. Sine the number of nulei Nis large, the distribution of these �elds (appliable when the signal averaging time is longer thanthe autoorrelation time of hz) is Gaussian [22�24℄:
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. (11)The standard deviation σ of the distribution of the Overhauser �eld is an important quantity:this is the typial value of the e�etive �eld exerted by the nulei on the eletron. In gated dotsmade of GaAs, σ orresponds to a �eld of about 3 mT.4.2.2 Eletron spin deoherene due to its interation with the nulear bath: basionsiderationsWhen Ω≫ σ we an an either ompletely neglet the in�uene of h⊥ (or equivalently V̂�), orperturbatively replae it by an e�etive eletron-mediated inter-nulear interation. The latterase will be disussed in detail in Setion 4.2.4. Here we only fous on the fat that in bothsituations we will deal with pure dephasing Hamiltonian:

Ĥ = ΩŜz + ĤB + ŜzV̂ , (12)where ĤB is the bath Hamiltonian, and V̂ is the bath operator oupling to the z omponent ofthe eletron spin. With suh a Hamiltonian, the diagonal elements of the redued density matrixof the qubit are onstant, and interation with the environment auses only the deay of theo�-diagonal element,
ρS+−(t) ≡ 〈+|TrJ ρ̂(t) |−〉 〈+|TrJe−iĤtρ̂(0)eiĤt |−〉 , (13)4This orresponds to a very reasonable, from the point of view of qubit ontrol, requirement that the eletronspin splitting and the diretion of its quantization axis is mostly due to the external B, with nulei giving only asmall orretion. 7



in whih |±〉 are eigenstates of Ŝz, ρ̂(t) is the density matrix of the total system, and TrJ is thepartial trae over the nulear degrees of freedom. Let us de�ne the deoherene funtion W (t),whih for the ase of free evolution of the spin is given by
WFID(t) = ρS+−(t)

ρS+−(0)
= 〈eiĤ−te−iĤ+t〉 , (14)where 〈...〉≡TrJ [ρ̂J(0)...], and

Ĥ± = ±Ω/2 + ĤB ± V̂ /2 . (15)The alulation of qubit's dephasing is now mapped on averaging (over the initial density matrixof the bath) of a spei� evolution of the bath itself: equation (14) an be interpreted as anaverage of the evolution due to Ĥ+ forward in time, followed by bakward-in-time evolution un-der Ĥ−. This an be viewed as a variation of a typial struture enountered in nonequilibriumquantum statistial mehanis [34℄, an average over an evolution de�ned on a losed time-loopontour. This struture allows for use of methods of diagrammati perturbation theory, as wewill see in Setion 4.2.4.Inhomogeneously broadened free indution deayIn most of the experiments on single QDs, the total time of data aquisition (a yle of qubitintialization-evolution-readout repeated many times) is longer than a minute. This means thatthe result of the experiment orresponds to averaging of the qubit's evolution over the equilibriumnulear density matrix. The same situation is of ourse enountered in experiments on ensemblesof optially-exited self-assembled quantum dots [35, 36℄. The measured dephasing of the eletronis then dominated by the ensemble averaging, and it ours on timesale on whih the bathdynamis is irrelevant.As already mentioned, for Ω ≫ σ the e�ets of h⊥ are suppressed. On the other hand,the averaging over the hz omponent leads to very strong dephasing of the eletron spin. Letus fous on standard free evolution experiment (alled �free indution deay�, FID, in most ofliterature, in deferene to old terminology of NMR), in whih the eletron spin is intialized inthe xy plane, it is allowed to freely preess for time t, and �nally it is rotated again to the z axisand subjeted to a projetive measurement. From many repetitions of suh an experiment (withmany measurements taken for eah delay t) the time-dependene of 〈Ŝx,y(t)〉 is obtained. Theexpeted result is the average of preession over a Gaussian distribution of preession frequenies,
Ω+ hz, whih reads

〈Ŝx(t)〉 = 1

2
cos(Ωt)e−(t/T ∗

2
)2 , (16)where the inhomogenous broadening dephasing time T ∗

2 =
√
2/σ [with σ given by Eq. (11)℄is about 10 ns in GaAs QDs, whih is muh shorter than the timesales of nulear dynamisdisussed in the previous setion. We an see that in this ase the quasi-stati bath approximation(QSBA), in whih the nulei are treated as stati during eah instane of spin evolution, buttheir �utuations due to their dynamis between the repetitions of the experiment are takeninto aount, is justi�ed. Suh a fast Gaussian deay of spin oherene was on�rmed in manyexperiments [6, 37�40℄However, in the ontext of quantum omputation, the dephasing due to inhomogeneousbroadening is not the fundamental obstale. The T ∗

2 deay omes from ine�ient and noisyreadout proess enforing very long data aquisition time. The apparent dephasing is only dueto our lak of knowledge about the initial value of hz - if this value was known at the beginningof the experiment, then, provided that the experiment took less than a few minutes, there wouldbe muh less averaging over hz involved. In fat, single-shot readout shemes (whih are mostprobably neessary anyway for operation of any realisti quantum omputation iruit) weredeveloped for quantum dots [41℄, allowing for shortening of the experiment duration by orders of8



magnitude, down to times signi�antly shorter than the hz autoorrelation time. Furthermore,if we are interested in using the qubit as a quantum memory, the e�ets of quasi-stati energyshifts of the qubit an be removed by the appliation of the spin eho pulse sequene [30, 42℄.Let us now review these methods of �looking beneath the inhomogenous broadening�.Spin eho and its generalizationsIn a spin eho (SE) experiment the spin initialization and readout are the same as in FID, butthe spin is additionally rotated by angle π around one of the in-plane axes at the midpoint of itsevolution, at time t/2. Suh a pulse sequenes an be written as t/2 − π − t/2. This proedurewill remove the stati (on timesale of t) spread of the preession frequenies, sine the evolutionof every spin during the �rst period of t/2 will be undone during the seond t/2 period after thepulse. This refousing of the spins of ourse does not work perfetly when the bath is dynami,so the amplitude of the SE signal will deay with inreasing t.The multi-pulse generalizations of SE have been used in NMR for more than 60 years now[43℄, with the simplest example being the Carr-Purell sequene,5 whih an be written as t/2n−
π−t/n−π− ...−π−t/n−π−t/2n, with n being the number of pulses. In the modern ontext ofprotetion of oherene of individual qubits, the multi-pulse eho-like proedures ome under thename of dynamial deoupling (DD) [44�46℄ (i.e. deoupling of the qubit from its environment bydriving it). Due to potential importane of various DD sequenes for long-lasting protetion ofqubit's oherene, it is important for a theory of deoherene to easily take into aount variousspaings of many pulses. The theory presented in Setion 4.2.4 has this useful feature.The evolution of ρS+− in the ase of SE (and for πx pulse) is given by

ρS+−(t) = TrJ 〈+| e−iĤt/2(−iσ̂x)e−iĤt/2ρ̂J(0)ρ̂
S(0)eiĤt/2(iσ̂x)e

iĤt/2 |−〉 , (17)whih for the pure dephasing ase is equal to
ρS+−(t) = ρS−+(0)WSE(t) = ρS−+(0)

〈
eiĤ+t/2eiĤ−t/2e−iĤ+t/2e−iĤ−t/2

〉
, (18)where the deoherene funtion for the SE ase, WSE(t), is de�ned. The deoherene funtionsfor DD sequenes with more pulses are de�ned in an analogous way.Narrowed state free indution deayWhile the eho experiments have been routinely performed in NMR and ESR for past 60 years,the idea of narrowing of the state of the nulear bath is muh younger [47�49℄, sine it pertainsto measurements on a single spin, and only during the last 10 years it has beome experimentallypossible to address individual spins. The idea is to pre-measure the value of hz before the FIDexperiment is done. Of ourse this makes sense when we an assume that this hz does nothange during the gathering of data. In fat, the most natural way of measuring the narrowedstate free indution deay (NFID) is to perform the whole experiment during time muh shorterthan hz deorrelation time. This was done in gated quantum dots by using a sensitive setupfor single-shot readout of spin states [50℄. When the datapoints for various time delays betweenthe initilization and readout are all taken during only about 100 ms, the FID signal does notexhibit the T ∗

2 deay. Instead, spin preession with frequeny given by Ω + hz was seen, andthere was pratially no deay of the osillation amplitude visible for time delay of less than amiroseond.65Experimentally the modi�ation of this sequene introdued by Meiboom and Gill is usually implemented.The di�erene in CP and CPMG sequenes is the hoie of in-plane axes about whih the rotations are performed,with the CPMG hoie leading to results more robust to systemati pulse errors. This is irrelevant here, sine Ionsider ideal π and π/2 pulses.6There are many other experiments showing various degrees of narrowing of nulear �eld distributions in bothgated QDs (e.g. [9℄) and in ensembles of self-assembled QDs [31, 35℄, but the example given above seems to meto be the niest illustration of the separation of timesales spei� to the nulear bath.9



Figure 1: a) The losed loop ontour along whih the operators in Eq. (19) are ordered. b) Theplot of the time-domain �lter funtion f(t; τ)≡ ft(τ) for the Spin Eho sequene. ) The samefor 2-pulse CPMG sequene. The Figure is adapted from Ref. [H3℄.In order to theoretially model the �ideal� NFID experiment, one has to alulate the evo-lution of the eletron spin using Eq. (14), but assuming an initial nulear density matrix ρ̂J(0)desribing the state with a well-de�ned value of hz.Causes of deoherene in SE and NFID experimentsIn these experiments the quasi-stati �utuations of hz are irrelevant: in SE they are anelledby the pulse sequene, in NFID the value of hz at the beginning of eletron preession is pre-measured. The deay of oherene in these ases is then aused by two mehanisms:1. Dynamis of ĥz ouring on timesale of eletron spin evolution.2. The residual oupling of the eletron spin to h⊥. Here, depending on timesale of interest,both the quasi-stati ase (averaging over stati hx and hy �elds) and the dynamial ase(involving the atual �utuations of nulear spins due to the V̂� term) need to be onsidered.The �rst mehanism will be brie�y outlined in Setion 4.2.3. The seond mehanism will beexplained in more detail in Setion 4.2.4.4.2.3 Spin deoherene at very high magneti �elds: luster expansion theory fordipolar dynamis of the nulear bathFor high enough7 magneti �eld the V̂� operator in Eq. (1) an be ompletely negleted, and theonly qubit-bath oupling remaining is Szĥz. The hz �eld �utuates then due to the preseneof inter-nulear �ip-�op terms in the Hamiltonian of the dipolar interation, Eq. (8). Note thatunder this approximation Ω simply disappears from the alulation of spin oherene: the theoryoutlined in this setion gives results independent of Ω.All the above formulas for W (t) an then be rewritten as
W (t) =

〈
TC exp

(
−i
∫

C
Ĥdip(τc)dτc)〉 , (19)7The preise meaning of what I mean by �high enough� will be explained in Setion 4.2.4, where the theorytaking V̂� into aount will be given. 10



where TC denotes ordering of the operators on the ontour shown in Fig. 1a, τc = (τ, c) with τbeing the time variable and c=± being the ontour branh label, and Ĥdip(τc) is the dipolarinteration written in an interation piture on a ontour. The nulear operators within Ĥdip(τc)are given by
Ĵ±
k (τc) = Ĵ±

k exp

[
±iωkτ ± ic

∫ τ

0
ft(t

′)
Ak

2
dt′
]
, (20)where the slightly nonstandard seond term in the exponent omes from the fat that we haveintrodued an interation piture with respet to a time-dependent operator

Ĥ±
0 (τc) =

∑

k

ωkĴ
z
k + cft(τ)ĥ

z/2 . (21)in whih ft(τ) is the temporal �lter funtion spei� to the pulse sequene (see Fig. 1b and 1for examples).The theoretial task is now redued to performing a quantum average of a generalized expo-nent in Eq. (19). A natural approah to suh a problem is the linked luster expansion, in whihthe average of the exponent is rewritten as an exponent of a sum of linked (in diagrammatisense) terms in the expansion of W (t). Note that in any diagrammati representation of pertur-bation series the disonnetedness of a given diagram is equivalent to statistial independene ofthe disonneted ontributions. From this point of view it should be lear that the diagrammatilinked luster expansion is losely related to the umulant expansion [51℄.The di�ulty with this approah is aused to the fat that spins have neither fermioni norbosoni statistis, and the standard methods of many-body diagrammati perturbation theorydo not apply here. Rather umbersome adaptations of diagrammati methods and Feynman rulesto the spin bath problem have to be used [52, 53℄, and the alulation of linked lusters beomesvery ompliated beyond the seond order in Ĥdip. This tehnial problem was irumvented bydevelopment of luster expansion methods in whih one had to simply numerially obtain theevolution of an eletron oupled to given real-spae luster of nulei and use these alulations toonstrut a solution orresponding to a ertain resummation of the diagrammati linked lusterexpansion [53, 54℄. These alulations showed that the SE and NFID deay due to dipolarnulear dynamis an be well-desribed8 by simply taking the two-spin lusters [54�57℄, whilethe use of multi-pulse DD sequenes might neessitate the alulation of dynamis due to largerlusters [58, 59℄. The physial explanation of this result is simple: on the timesale T2 de�nedby W (T2) = 1/e the non-trivial orrelations among groups of more than two nulear spins arenot built-up yet, and irreduible dynamis of only pairs of spins in the bath has to be taken intoaount. Let me note that this theory [52, 54�56℄ has been very suesful at explaining the SEresults obtained for eletron spins bound to phosphorous donors in silion [60, 61℄.4.2.4 Theory of spin qubit deoherene aused by interation with the nulear bathat low magneti �eldsThe theory of dephasing due to dipolar indued dynamis of nulei outlined in the previoussetion predits W =exp[−(t/T2)
4] in GaAs QDs for both SE and NFID, with T2∼ 10 − 50 µs(depending on the QD shape) [54, 56, 57℄. This predition was in very visible disagreement withthe experimental SE results available in 2008 [6, 7℄. This simply meant that the B �elds usedin these experiments were not �high enough�, but the theory dealing with smaller B �elds waslaking. The papers [H2,H3℄ were written in response to this hallenge.E�etive Hamiltonian and ring diagram theoryThe starting point is the e�etive Hamiltonian H̃ of hf-mediated interations [56, 62℄ obtained8By �well-desribed� I mean that the theory orretly aptures the harateristi deay time T2 and the time-dependene of W (t) for t omparable to this T2, and possibly somewhat larger.11



from the full hf Hamiltonian by a anonial transformation: H̃ = eŜĤeŜ , where Ŝ is an anti-Hermitian operator hosen to remove V̂� from Ĥ. In order to obtain the lowest-order (in V̂�)expression for H̃ we use Ŝ= 2
Ω V̂�Ŝz, and expanding H̃ we obtain
H̃(2) = Ŝz

∑

i,j

AiAj

4Ω
(Ĵ+

i Ĵ
−
j + Ĵ−

i Ĵ
+
j ) . (22)It should be noted that the tranformation of states, ∣∣∣ψ̃〉 = e−Ŝ |ψ〉, whih in priniple shouldaompany the transformation of the Hamiltonian, is negleted here. Although this is a ratherstandard step, and approximate justi�ations for taking it were given [56℄, the in�uene of thisapproximation on alulations of spin deoherene remains somewhat ontroversial (see Setion4.2.7 for more disussion). However, we will soon see that this approximation has been highlysuessful at prediting SE signal deay, and for now we lose this disussion with suh anempirial argument.The above transformation an lead to a reasonable approximation only when Ω≫σ, i.e. thesmall parameter ontrolling the appliability of the e�etive Hamiltonian is

δ ≡ σ

Ω
. (23)This is lear from a lassial reasoning. In the presene of h �eld the qubit's quantization axisand its splitting is perturbed. If we disregard the tilting of the axis (whih is roughly equivalentto disregarding the transformation of states above), we only have to deal with the in�uene of hon splitting, whih is given bỹ

Ω =
√

(Ω + hz)2 + h2⊥ ≈ Ω+ hz +
h2⊥
2Ω

, (24)where Ω≫σ is assumed (with σ being the estimate of the maximal value of h⊥). It is easy tohek that Eq. (22) is simply the quantum version of the h2⊥/2Ω term appearing above.We write now the deoherene funtion analogous to the one from Eq. (19)
W (t) =

〈
TC exp

(
−i
∫

C
cft(τ)Ṽ(τc)dτc

)〉
, (25)where Ṽ is 1/2 times H̃(2) written in the interation piture de�ned in Eq. (20). Note theadditional presene of the ontour index c=± and the �lter funtion ft(τ) in the exponent: thisis due to the fat that the hf-mediated interation is onditioned on Sz.Taking only the lowest-order terms in linked luster expansion (as it an be done for dipolarinterations within the bath, see Setion 4.2.3) is not a good approximation now, beause theinteration from Eq. (22) is oupling all the N spins. However, the long-range nature of theinteration allows for a di�erent kind of solution. Expanding Eq. (25) we enounter averagesof produts of many J±

k operators. For both the thermal and the narrowed nulear densitymatrix, eah J+
k has to be paired with J−

k in order for the average to be non-vanishing. Mostimportantly, sine every spin is oupled with similar strength to every other of ∼ N spins, in
k-th order of expansion there are ∼Nk terms with a maximal number of distint nulear indies.These are the ring diagrams, the leading order terms in 1/N expansion9 of averages appearingin alulation of Eq. (25). They are easy to evaluate, beause taking the leading order termsin 1/N expansion means that the nulear spins involved in di�erent pairings are distint, andas a onsequene the spin operators an be assumed to ommute inside the averaging braket:
〈[J+

k , J
−
l ]〉=2pJδkl, where p is the average polarization of the nulear spins. In the ase of p=09Note the lose relation between this solution to the alulations of partition funtion of long-range Isingmodel [63℄. The di�erene in the quantum ase at hand is that we have to deal with a generalized ontour-orderedexponent. 12



Figure 2: Graphial representations of lowest-order ring diagrams appearing in the expansionof W (t) and the exponential resummation of these terms. The Figure is adapted from Ref. [H3℄.onsidered in [H2-H4℄ this simply means that the spin operators e�etively ommute, i.e. whenalulating the ring diagrams we an use Wik's theorem. Furthermore, a ring diagram appearingin the k-th order of expansion, Rk, is a linked one, and ombinatoris of pairings (see Fig. 2)leads us to
W (t) ≈ exp

( ∞∑

k=1

(−i)k
k

Rk(t)

)
. (26)The expressions for Rk have a ylial struture (whih justi�es the name given to suh a term)allowing us to write

Rk =
∑

i1 6=i2 6=... 6=ik

Ti1i2(t)...Tiki1(t) ≈ Tr[T(t)]k , (27)where Tkl is the T -matrix given by
Tkl(t) =

√
〈J+

k J
−
k 〉〈J+

l J
−
l 〉
∫

C
cf(t; τ)Ṽ(τc)dτc . (28)The alulation of deoherene requires then diagonalization of N×N matrix. However, in pra-tie we an simplify the problem even more. Instead of dealing with the full T -matrix, we anuse an e�etive oarse-grained T̃ -matrix, whih appears when we write Eq. (27) in the ontinuumlimit, replaing the sums over the nulei by integrals over appropriate density ρ(A) of hf ou-plings, and then replae ρ(A) by an approximate pieewise-onstant funtion. This orrespondsto replaing the real envelope wavefuntion Ψ(r) by a �wedding ake� funtion. It is easy tohek then what number of oarse-graining steps, M , is needed to obtain a good approximationfor W (t) on a given timesale. For example, for t≪N/A, we an use M=1, and for a bath with

NJ nulear speies (NJ =3 for GaAs) it is enough to use a T̃ -matrix of dimension NJ ×NJ .Results for narrowed state free indution deay (NFID)In the ase of NFID the T -matrix is partiularly simple at short times t≪1/(Ak−Al), 1/(ωk−ωl):
Tkl ≈ 〈J+

α J
−
α 〉AkAl

2Ω
t , (29)from whih we get that

Rk(t) =
∑

α

(
nα

1
3Jα(Jα + 1)A2

αt

NΩ

)k

≡ (ηt)k , (30)where we have used the fat than in an unpolarized bath 〈J+
α J

−
α 〉= 2

3Jα(Jα + 1). We an nowwrite out all the terms appearing in the exponent in Eq. (26). Then we have to note that the13



obtained power series' de�ne funtions that an be analytially ontinued to any values of t. Inthis way we obtain
WNFID(t) = e−i(Ω+hz)t e

−i arctan ηt

√
1 + η2t2

. (31)This result an also be obtained using a lassial alulation involving averaging over a quasi-stati distribution of h⊥ �elds [H5℄. We take the expression for qubit splitting from Eq. (24) andwe obtain
〈e−iΩ̃t〉 = e−i(Ω+hz)t

∫
1

2πσ2
e−h2

⊥
/2σ2

e−ith2
⊥
/2Ωd2h⊥ = e−i(Ω+hz)t 1

1 + itσ
2

Ω

, (32)whih is in fat equal to Eq. (31) one we plug in the values of σ2 from Eq. (11), giving us
η=σ2/Ω, and we notie that cos arctan ηt=1/

√
1 + η2t2 and sin arctan ηt=ηt/

√
1 + η2t2. Thisis an example of how performing the resummation of all the ring diagrams is a generalization ofperforming Gaussian average over phase whih is proportional to a square of the random variable.We will enounter the same struture in Setion 4.3.2.At long times, t≫ N/A, we have a very di�erent solution. We obtain then the followingexpression for Rα

k due to nulei of speies α:
Rα

k = nkαa
k
α

∫
dA1...

∫
dAk ρα(A1)...ρα(Ak)

A2
1...A

2
k

(2Ω)2
sinA12t

A12

sinA23t

A23
...
sinAk1t

Ak1
(33)where Akl=(Ak −Al)/2, aα≡ 2

3Jα(Jα + 1) and the density of Ak ouplings, ρ(A), is
ρα(A) =

1

ν0

∫

V
δ[A−Aα|Ψ(r)|2]d3r . (34)In [H2,H3℄ it was disussed, based on numerial results of diagonalization of oarse-grained T̃ -matries, how in the A/Ω≪1 limit (i.e. when B≫a few Tesla in GaAs) the R2 term dominatesthe sum over all the rings.10 Using the fat that for Aklt→ ∞ we have sin2Aklt→ π

t δ(Akl) wearrive at
Rα

2 ≈ t
πa2αn

2
α

2Ω2

∫
ρ2α(A)A

4dA ≡ 2t

Tα
2,long , (35)and the result for oherene deay at high B �elds (for whih this deay indeed ours at longtimes)

WNFID(t≫ N/A) ≈ exp

(
− t

T2,long) , (36)with T−1
2,long =

∑
α(T

α
2,long)−1. Note that T2,long ∼ NΩ2/A3, so that the harateristi deaytime in this regime is longer by a fator of Ω/A than the half-deay time (∼ 1/η∼ NΩ/A2) inlow �elds. Aording to the expetations, T2,long depends now on the shape of the wavefun-tion, i.e. the distribution of Ak ouplings determines now the prefator multiplying NΩ2/A3 [H3℄.Results for the deay of spin eho signalThe �rst thing whih should be noted is the fat that in a homonulear system, or a system inwhih the �ip-�ops between nulei of distint speies are forbidden by Zeeman energy mismathat very high B �elds, the appliation of SE sequene ompletely removes the in�uene of theseond-order e�etive Hamiltonian from Eq. (22). It is easy to hek that when the interationterm in the Hamiltonian ommutes with the Zeeman term, the produt of operators under averagein Eq. (18) is equal to unity, and thus WSE(t)=1. This means that H̃(2) an lead to SE deayonly at low magneti �elds, at whih the inter-speies �ip-�ops start to our.10I have sine then analytially obtained the expression for the sum of all the Rk at long times, but this resultremains unpublished. The analytial formula on�rms the results of numerial alulations from [H2,H3℄.14



Figure 3: Spin eho deoherene funtion WSE(t) in GaAs. The dots are obtained in the
A/N ≪ ωαβ , 1/t limit, when W (t) = [1 + 1

2R2(t)]
−1, while the solid lines are the results of thealulation with the T̃ -matrix large enough to guarantee onvergene. The di�erenes betweenthe two approahes on a µs time-sale are visible for the smaller dot (upper panel, N=105), butare negligible for the larger one (lower panel, N=106). The �gure is adapted from [H2℄.Using the above-desribed formalism it is easy to derive the T -matrix and expressions for Rkfor the ase of SE. At short times and for moderate B �elds, for whih ωkl≫Akl, we have theoarse-grained matrix of NJ ×NJ dimension:

T̃αβ = (1− δαβ)
√
aαaβ

√
nαnβ

AαAβ

NΩ

2i

ωαβ
eiωαβt/2 sin2

ωαβt

4
. (37)In GaAs we have NJ = 3, and a simple alulation of eigenvalues of 3 × 3 matrix leads to thefollowing solution for deoherene funtion

WSE ≈ 1

1 + 1
2R2(t)

, (38)where
R2(t) =

∑

α6=β

4A2
αA2

β

N2Ω2ω2
αβ

nαnβaαaβ sin
4 ωαβt

4
. (39)Note that this solution is a result of nontrivial resummation of Rk of all orders. In the seondorder of linked luster (umulant) expansion we have W (t)≈exp(−1

2R2(t)) (whih is the solutiongiven in [56℄). The fat that only R2 appears in Eq. (38) is due to the fat that higher-order Rkan be expressed in terms of R2 under the above approximations.In Fig. 3 there are examples ofWSE(t) alulated for two GaAs QDs of di�erent sizes (N=105and 106). At B ≤ 0.1 T the signal shows a pratially irreversible deay ot timesale of amiroseond, onsistent with SE measurements performed at suh low �elds [7℄. At slightlyhigher B �elds one an see the quasi-periodi behavior of the signal. This is somewhat aidentaland spei� to GaAs, in whih the Larmor frequenies of the three isotopes are approximatelyommensurate. This osillatory harater of the SE signal was the main predition of [H2,H3℄.Almost two years after the appearane of [H2℄ as a preprint online this predition was on�rmedby experiments on double quantum dots made of GaAs [8℄.While the presentation above is foused on general quantum-mehanial theory of deoherenedue to hf-mediated interations, the most striking features of the SE signal (whih appear at15



short times, t ≪ N/A) an be derived using a semilassial approah [64℄. At these shorttimes one an obtain Eqs. (38) and (39) by treating the Overhauser �elds oming from distintnulear speies as lassial vetors preessing about the external B �eld diretion. The lassiale�etive Hamiltonian is of the seond order in hx and hy, whih explains the nonlinear mixingof frequenies of preession of distint nulear speies. Again, this underlines the fat that theRDT applied to H̃(2) is a quantum-mehanial generalization of performing Gaussian averagesover phases proportional to a square of a random �eld. Tehnially, it is the 1/N approximationthat leads to �Gaussianization� of the nulear bath.4.2.5 Comparison of RDT results with the exat numeris in a system of 20 nulearspins and dynamis of spin eho signal at very low magneti �eldsBefore the preditions of RDT for the SE ase were on�rmed experimentally, we had performedexat numerial simulations aimed at heking the auray of the RDT [H4℄. The numerialsimulation of a system of an eletron and N =20 nulear spins was done using the Chebyshevpolynomial based method [29℄. In the parameter regime in whih the RDT was expeted to work,i.e. for δ≪1, we found a good agreement between the exat numerial simulation (taking a fewhours of omputing time), and the RDT alulation involving only a diagonalization of 20 × 20matrix. An example of this agreement in shown in Fig. 4, where the exat alulation is omparedto RDT using the lowest-order hf-mediated interation (disussed in detail above), the next orderinteration appearing in expansion of H̃e� with respet to V̂� (see [H3℄ and [H4℄ for details), andthe �pair-orrelation approximation� (PCA) or Ref. [56℄, whih amounts to keeping only R2 inthe linked luster expansion. Note that the osillations of the SE signal due to nonzero ωαβ ina heteronulear system are invisible now. This is beause the ondition of ωαβ ≫Akl, whih isful�lled in a wide range of B �elds in real QDs, and whih is neessary for the appearane of aprominent osillation, is broken here. The RDT is however working very well as long as δ≪ 1.Furthermore, the qualitative statement that the SE deay is muh stronger in a heteronulearsystem ompared to a homonulear system, is seen to hold even at δ = 1 (i.e. for Ω= 1 in theunits used in these alulations), see Fig. 5.The results of numerial simulations show that at low B �elds (for δ > 1), the SE signal ina homonulear system exhibits pronouned osillations with frequeny orresponding to Larmorpreession frequeny ω of the nulei (see the solid lines in Fig. 5). A similar e�et is known inthe literature under the name of Eletron Spin Eho Envelope Modulation (ESEEM) [65�67℄,and it appears in the presene of anisotropi hyper�ne interation beteween the entral spin andthe bath spins, i.e. terms of the form SzJx. Although suh terms are absent in the Hamiltonianused in the alulations, one an argue that they e�etively appear at low Ω. Let us fous nowon regime of δ≪1, in whih the osillation is already visible (see the Ω=2.5 result in Fig. 5). Asdisussed before, the random Overhauser �eld leads to tilting of the eletron preession axis awayfrom z diretion by an angle proportional to δ, whih leads to a rapid suppression of oherenesignal by a fator of 1 − δ2. This �visibility loss' an be learly seen in Figures 4 and 5. Thephysial piture is then the following: the eletron spin is preessing with frequeny ≈ Ω aboutthe tilted z′ axis, and this preession is so fast that the in�uene of the eletron spin on thenulear spins averages out to zero, and the nulear spins are simply preessing with frequeny ωabout the original z axis. If we then rotate the oordinate system so that the z′ diretion is theeletron spin quantization axis, from the original ASzJz Overhauser term we will obtain also thee�etively anisotropi term ∼ Sz′Jx′ . In this way the anistropi hf interation is dynamiallygenerated during the evolution of a entral spin strongly oupled to a nulear spin bath.The above semilassial explanation suggests that the ω osillation should appear in a simpli-�ed model in whih all the hf ouplings Ak are taken to be the same, all equal to A=A/N . Thisorresponds to a box-shaped wavefuntion of the eletron. Suh a �box� model an be solvedexatly under the assumption of the presene of only a single nulear spin speies. The hf Hamil-tonian is then given by AS·J, with J=
∑

k Jk being the operators of the total spin of the N nulei.16
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Figure 4: Comparison between the exat (solid line) results for SE signal and the analytialalulations: RDT with the 2nd and 3rd order e�etive Hamiltonian, and PCA (see text). Theunits are suh that ∑k A
2
k =1 (with randomly hosen Ak given in [H4℄), whih means that theunit of Ω is 1/δ, and the unit of time is T ∗

2 /
√
8. The 20 nulei are divided in three groups(numbering 10, 6, and 4 spins) orresponding to distint nulear speies with ωα = 0.02526,

0.0354, and 0.045. One an see that the agreement between the RDT alulation employing the2nd order hf-mediated interation and the exat result is very good for Ω ≫ 1. The �gure isadapted from [H4℄.We an then use the basis of eigenstates of J2 and Jz. In the ase of Jk=1/2 these are the Dikestates well known from quantum optis [68℄: |γj, j,m〉 for whih J
2 |γj , j,m〉= j(j + 1) |γj , j,m〉and Jz |γj , j,m〉=m |γj , j,m〉, and where γj is the quantum number spei�ying the way in whih

N spins were added to obtain a state with a given j. The hf Hamiltonian is diagonal in this
γj index, and we only need to know the degeneraies Dj of subspaes assoiated with given j.These are given by [69℄

Dj =
N !

(N/2 − j)!(N/2 + j)!

2j + 1

N/2 + j + 1
. (40)The exat solution is possible beause the hf interation is oupling only pairs of states, |±, γj , j,m〉and |∓, γj, j,m ± 1〉, where the �rst quantum number orresponds to σz eigenvalue of the entralspin. The time dependene of the SE signal an thus be obtained by solving for the dynamis inall the two-dimensional subspaes

WSE(t) = N/2∑

j=0

j∑

m=−j

Dj

2N
fjm(t) , (41)17
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Figure 5: Comparison of the spin eho deay in a heteronulear bath (dashed lines, parametersas in Fig. 4) and a homonulear bath (solid lines) with all the bath spins having ω=0.0354. The�gure is adapted from [H4℄.where fjm(t) is onstruted from matrix elements of the evolution operator in two-dimensionalsubspae, see [H4℄ for the full formula.11 The results obtained in this way are in very goodagreement with the results of exat numerial simulations even for Ω ≪ 1, see [H4℄. We willrevisit the box model in the ontext of NFID in Setion 4.2.7.4.2.6 E�etive Hamiltonian theory of dephasing of two-spin states in double quan-tum dotsMany experiments on spin ontrol in gated QDs are onduted using double quantum dots(DQDs) ontaining two eletrons. Suh a DQD is tuned to (1, 1) harge state (with (nL, nR)denoting the number of eletrons in the left (L) and the right (R) dot), and it is possible toahieve full oherent ontrol in the subpae of singlet (S) and unpolarized triplet (T0) states[70℄. This two-dimensional subspae forms a logial singlet-triplet (S-T) qubit [6, 10, 14℄. In fatthe �rst spin eho measurement in GaAs was done using a DQD [6℄, and the RDT preditionsfor SE dynamis at low B �elds were on�rmed in a DQD [8℄. In this setion I will outlinethe neessary modi�ations of the previously disussed single-spin theory neessary in the two-eletron DQD ase, and I will disuss preditions for hf-indued dephasing of superpositions ofsinglet and triplet states in the regime of large singlet-triple splitting, whih has been addressedexperimentally only very reently [25, 71℄.The physis of spin state initialization, manipulation, and readout in DQDs is very rih [14℄,and here let me just mention the basi elements needed to set up a theory of hf dephasing ina relevant logial qubit subspae. The qubit is most naturally initialized in the S state (butreation of superpositions of S and T0 is also possible by adiabati tuning the system into theground state of the hyper�ne Hamiltonian [71℄), and the projetion on S is also the most naturalmeasurement. The S-T0 splitting, ∆ST, is ontrolled by voltages applied to the two dots. Thesevoltages hange energy o�set between the single-eletron states in the dots, thus a�eting theseond-order virtual tunneling proesses whih lower the singlet energy with respet to the triplet11Suh a simple solution is impossible in the heteronulear ase, in whih we have the hf Hamiltonian given by∑
α
AαS · Jα. Then, during the evolution starting from a given |σz〉

∏
α
|jα,mα〉 state the relevant subspae is ahigher-dimensional spae of �xed σz/2 +

∑
α
mα. 18



energy (this proess an be thought as related to superexhange, only with doubly-oupied statein one of the dot playing the role of the intermediary state), and they an also in�uene the overlapbetween the orbitals in the two dots, thus a�eting the diret exhange ontribution to the S-T0splitting. The rotations between S and T0 states require the presene of ontrolled gradient ofthe z omponent of the magneti �eld. Very often it is the di�erene of the average z omponentof the Overhauser �eld in the two dots (when the nulei in the two dots were previosly polarizedby some means) whih is used for qubit manipulation [10, 70℄.We are interested in the subspae spanned by the lowest-energy orbitals in the two dots,under the onstraint of (1, 1) harge oupation. The four states in this subspae are the singlet,
|S〉=ψS ⊗ (|↑↓〉 − |↓↑〉)/

√
2, and triplet states |T+,0,−〉 = ψAS ⊗ |↑↑〉 , (|↑↓〉+ |↓↑〉)/

√
2, and |↓↓〉.The orbital parts ψS/AS are symmetri and antisymmetri ombinations of ΨL(r) and ΨR(r)states, whih are the single-eletron ground state orbitals of the potentials for the L and R dots.The hf interation is given by

Ĥhf =
∑

i

Aα[i]S1 · Jiν0δ(r1 −Ri) +
∑

i

Aα[i]S2 · Jiν0δ(r2 −Ri) , (42)where S1,2 are the spin operators of the two eletrons at positions r1,2, and Ji are the spinoperators of nulei at site Ri. Projeting Hamiltonian (42) onto the {S, T0, T+, T−} basis, weobtain [72, 73℄ the total eletroni and hf Hamiltonian:
Ĥe+Ĥhf =




−∆ST θT 0 0
θT 0 0 0
0 0 −µT 0
0 0 0 µT +




0 δθ̂ −∑i
Bi√
2
J+
i

∑
i
Bi√
2
J−
i

δθ̂ 0
∑

i
Ci√
2
J+
i

∑
i
Ci√
2
J−
i

−
∑

i
Bi√
2
J−
i

∑
i
Ci√
2
J−
i δµ̂ 0∑

i
Bi√
2
J+
i

∑
i
Ci√
2
J+
i 0 −δµ̂



,(43)In the above Hamiltonian Bi=

1
2(A

L
i − AR

i ) and Ci=
1
2(A

L
i + AR

i ) with AL/R
i =Aα[i]|ΨL/R(r)|2,the total e�etive �eld gradient is θT, the total average �eld is µT, and the terms orrespondingto �utuations about these average values are δθ̂≡∑iBi(I

z
i − 〈Izi 〉) and δµ̂≡∑iCi(I

z
i − 〈Izi 〉).We derive then an e�etive Hamiltonian in the S-T0 subspae, valid when the oupling to

|T±〉 states (given by the typial magnitude of the transverse Overhauser �eld di�erene betweenthe dots, σ⊥) is muh smaller than the energy splitting between S, T0 and the polarized triplets:
σ⊥ ≪ |∆ST ± µT|, |µT|. Using the appropriate anonial transformation one derives a set ofsomewhat ompliated seond-order hyper�ne terms a�eting both the S-T0 energy splitting,and the mixing of S and T0. Let me summarize here the main results without giving all therather boring details.Unoupled dotsAt ∆ST=0 the two dots are unoupled, and the eletron spins are independent. It is then moreonvenient to rewrite the Hamiltonian in the basis of |±X〉= 1√

2
(|S〉±|T0〉) = {|↑↓〉 , |↓↑〉} states.The resulting Hamiltonian is of the pure dephasing form:

Ĥ ≈ (V̂H + θT + δθ̂)(|+X〉 〈+X| − |−X〉 〈−X|) . (44)where
V̂H = − 1

8µT ∑i,j (AL
i A

L
j −AR

i A
R
j )(J

+
i J

−
j + J−

i J
+
j ) . (45)The initialization of the S state at ∆ST = 0 an be then viewed as initialization of superpo-sition of |±X〉 states whih are then subjeted to pure dephasing due to the �rst-order andseond-order hyper�ne terms. In a free evolution experiment (with long data aquisition time)the ensemble oherene will deay in T ∗

2 ≈ 1/σz due to the δθ̂ term[6, 9℄ (σz is the standarddeviation of the di�erene of longitudinal omponents of the Overhauser �elds in the two dots).19



On the other hand, in a Hahn eho experiment [6, 8℄ the in�uene of δθ̂ is removed, and thesignal deay is due to V̂H from Eq. (45). Sine this interation is a sum of two ommuting termsfrom two unoupled dots, the appropriately de�ned S-T0 deoherene funtion is a produt ofthe two single-dot deoherene funtions [8, 64℄. This observation establishes the orrespondenebetween single-spin Hahn eho deay [7℄ due to hf-mediated interations desribed in previoussetions, and the ∆ST=0 singlet-triplet Hahn eho deay [6, 8℄. The theory from [H2,H3℄ appliesto this ase, with the only modi�ation being the replaement of W (t) funtion by a produt oftwo suh funtions orresponding to single-spin dephasing in eah of the dots.The ase of ∆ST > 0, no interdot �eld gradientAt ∆ST ≫ σz, σ⊥ we onsider the deoherene of a superposition of |S〉 and |T0〉. In the abseneof the e�etive interdot �eld gradient θT we an perform another anonial transformation andarrive at an e�etive Hamiltonian diagonal in {S, T0} basis. The main observation is that theterms linear in the Overhauser �eld, whih were the ause of very fast T ∗
2 deay for a single spin,are strongly suppressed by �nite ∆ST. The dephasing of a S-T0 superposition ours due to theseond-order terms whih are suppressed by 1/∆ST or 1/µT. The investigation presented in [H7℄showed that in GaAs and Si DQDs there are two potentially important hannels of hf-relateddephasing. The �rst is due to the ĤAτ̂z term (with τ̂z being the third Pauli matrix in the basisof {S, T0}), in whih

ĤA = − 1

∆ST ∑i,j BiBjJ
z
i J

z
j = − δθ̂2

∆ST . (46)As disussed before we an treat θ=(hzL − hzR)/2 as a Gaussian random variable, and we obtainthe relevant deoherene funtion WA(t) by evaluating the Gaussian integral:
WA(t) =

∫
1√
2πσθ

e
−2 θ2

σ2
z e2iθ

2t/∆STdθ = e
i
2
arctan(ηAt)

(
1 + η2At

2
)1/4 , , (47)where we have de�ned ηA = σ2z/∆ST. The harateristi deay time sale TA is de�ned by

|WA(TA)| = 1/e, giving us
TA =

e2∆ST
σ2z

=
e2ND∆ST
n2FA2

, (48)where ND = (N−1
L + N−1

R )−1 and nF ≤ 1 is the fator aounting for possible narrowing of thedistribution of the Overhauser �eld di�erene.The seond important dephasing hannel is due to a term V̂SS |S〉 〈S|, whih omes from thevirtual �ip �ops between S and T±:
V̂SS =

∆ST
µ2T −∆2ST ∑i,j BiBjJ

+
i J

−
j = vss

∑

i,j

(AL
i A

L
j +AR

i A
R
j −AL

i A
R
j −AR

i A
L
j )J

+
i J

−
j , (49)with vss = ∆ST/4(µ2T − ∆2ST). Sine this is the seond-order hf-mediated inter-nulear �ip-�op interation, it an be treated with the RDT. The alulations are very similar to the onesdisussed previously in the ase of NFID of a single spin (but note that now we do not have toassume any narrowing). At short times we obtain

WSS(t≪1/ωαβ) ≈
e−i arctan(η

SS
t)

√
1 + (η

SS
t)2

, (50)where
η
SS

= |vss|(
∑

k∈L
akA

2
k +

∑

k∈R
akA

2
k)

= 2|vss|(σ2⊥,L + σ2⊥,R) ≡ 2|vss|σ2⊥ . (51)20



These equations should be ompared with Eq. (31) obtained before. The harateristi deaytimesale is
TSS =

√
e2 − 1

2vss

1

σ2⊥
= 2
√
e2 − 1

|µ2T −∆2ST|
∆STσ2⊥ . (52)The main thing to notie here is that these two mehanism have opposite dependene on

∆ST. Dephasing due to ĤA is weaker at larger ∆ST, sine this term in the e�etive Hamiltonianomes from the seond order ontribution of the δθ̂ term (mixing of S and T0), whih is sup-pressed by �nite ∆ST. On the other hand, the V̂SS term is enhaned at larger ∆ST. This termis a sum of two ontributions, orresponding to two di�erent seond-order virtual transitions,one involving |T+〉 and the other |T−〉. At ∆ST =0 there is a destrutive interferene betweenthese paths, and V̂SS disappears, while at ∆ST → |µT| the strength of this interation inreasesdue to the small energy denominator for one of the virtual transitions. As a onsequene of thisontrasting behavior of the two dephasing mehanisms, there dephasing time has a maximum at
∆ST ≈ 0.64µT (assuming σ⊥=σz).The ase of ∆ST > 0 with the interdot �eld gradientIn the presene of a �nite �eld gradient θT ≫ σz one needs to obtain the new eigenstatesthat aount for the θT-indued mixing of S and T0, and then to re-derive the pure dephasingHamiltonian in the new eigen-basis. The mixing of S and T0 states means that the eletron spindensity in eah dot does not vanish anymore. As suh the linear longitudinal Overhauser �eld,
δθ̂, leads to dephasing between the eigenstates, similar to what happens to single spin qubits.Indeed, if θT ≫ J , the eigenstates approah the produt states again, so that we reover the aseof dephasing of two independent spins.Although there are many terms present in the transformed e�etive Hamiltonian, the analysisof their in�uene given in [H7℄ shows that for almost all possibly relevant values of parametersthe S-T oherene time for θT ≫ σz is given by

T ∗
2,θT

=
1

| sin 2γ|

√
2

σz
≈

√
2∆ST

4σzθT
, (53)where we used the mixing angle de�ned by tan 2γ = − 2θT

∆ST . When γ approahes π/4 (i.e., θT≫
∆ST), T ∗

2,θT
approahes the T ∗

2 ∼ 1/σz for a single spin in a QD. One an see than that the useof substantial θT gradient, while allowing for full ontrol over the S-T0 qubit, leads to stronginhomogeneous dephasing similar to the ase of a single spin.This inhomogeneous broadening is of ourse removed by the eho sequene, whih in thease of S-T0 superposition is e�eted by tuning ∆ST to zero at the mid-point of the evolutionfor a time in whih the θT term rotates the qubit by π. The alulations of the resulting ehosignal deay due to the presene of the seond-order hf terms (suh as V̂SS) are given in [H7℄.The alulated signals again exhibit haratersti osillations due to the presene of multiplenulear speies. However, the omparison of alulations with the reent experiments on suhsinglet-triplet eho [25℄ shows that the hf-indued dephasing is not the dominating soure ofdeoherene. It appears that lassial harge noise leading to �utuations of ∆ST is limitingthe oherene time of superposition of S and T0 states. The harateristis of this noise, whihats loally on a nanosale struture forming the qubit, an only be read out from the measuredoherene dynamis of the qubit. In Chapter 4.3 I will disuss how suh a haraterization anbe ahieved.4.2.7 Comparison of the RDT with the Nakajima-Zwanzig generalized Masterequation approahWhile the RDT preditions for spin eho deay were quikly on�rmed experimentally, givingstrong support to this theory, the existing NFID measurements [50℄ are not detailed enough to21



allow for quantitative omparison with other theories. Suh a omparison would be interesting,sine the theory of NFID deay based on Nakajima-Zwanzig (NZ) generalized Master equation(GME) approah, whih has been developed sine 2004 [11, 12, 74℄, gives preditions at moderatevalues of Ω whih are distint [12℄ from the preditions of RDT [H2,H3℄. It is important to notethat in this theory one uses the full hf Hamiltonian, and performs the expansion expliitly inpowers of the �ip-�op term, V̂�. This has to be ontrasted with the RDT, whih is based onthe e�etive Hamiltonian, and the expansion is in powers of the eletron-mediated interation.The paper [H6℄ was written with the aim of shedding some light on relation between these twoapproahes.The alulations from [H6℄ are muh more tehnial (and, in my opinion, muh less transpar-ent) than the linked luster and 1/N expansions used in derivations of RDT. The main problemis that the NZ approah does not have any simple onnetion to a well-known diagrammatiperturbation theory tehnique, and one has to painstakingly generate the expansion order byorder, with only the 4th order expansion being arried out exatly in the literature, and withpartial results for higher orders brie�y disussed in [12℄. This should be ontrasted with thestruture of RDT whih allowed for in�nite-order resummation of the linked luster expansion.Beause of the tehniality of derivations from [H6℄, below I will fous only on the importantqualitative onlusions of this paper.The long-time dynamis (both in NZ theory and in RDT) is ruially a�eted by the shapeof the wavefuntion. We have deided to fous on the short-time regime, in whih this shapeshould be irrelevant. We have thus worked on NFID within the box wavefuntion (uniform hfoupling, Ak = A ≡ A
N ) model. In this ase, as I disussed previously for the SE, it is possibleto derive an exat solution, in whih W (t) is expressed as a sum over ∼N osillatory funtions,all of whih an be obtained from analytial diagonalization of 2× 2 matries.The NZ approah is based on separation of the total density matrix into a relevant and�irrelevant� part [75, 76℄: ρ= ρrel + ρirrel. In appliations where one onsiders the dynamis ofa system oupled to a bath, ρrel is typially a density matrix desribing the degrees of freedomof the system. This partition is implemented by introduing projetion superoperators P and Qsuh that
Pρ = ρrel, Qρ = ρirr, P +Q = 1, PQ = 0. (54)The Liouville equation for ρ an then be transformed into an exat equation for the evolution of

ρrel:
P ρ̇(t) = −iPLPρ(t)− i

∫ t

0
dt′Σ̂(t− t′)Pρ(t′) , (55)where

Σ̂(t) ≡ −iPLQe−iLQtQLP. (56)The Liouvillian superoperator L implements the evolution of the total system and is de�ned toat on an arbitrary operator O aording to LO = [H,O]. The superoperator Σ̂ is referred toas the memory kernel, or sometimes as the self-energy (although I onsider the use of this terminappropriate for the reasons explained below).The operator P used in [11, 12, 74℄ was de�ned by
Pρ = ρJ(0)⊗ TrJρ = ρJ(0) ⊗ ρe . (57)It is however ruial to note that this is not the only possible hoie. It is possible to insteadde�ne P as a sum over many projetion operators whih projet onto various subspaes of thenulear bath state spae, and the hoie of P an strongly in�uene the onvergene propertiesof the resulting theory [77, 78℄. In fat, we will see in a moment that in the ontext of the boxmodel that the hoie made in Eq. (57) is far from ideal. For now we will use the hoie from[11, 12, 74℄. 22



Calulating the expetation value of S+ operator (whih is proportional to W ∗(t)) we arriveat
d

dt
〈S+(t)〉 = iΩn〈S+(t)〉 − i

∫ t

0
dt′Σ(t− t′)〈S+(t′)〉, (58)where Ωn ≡ Ω + hzn, where hzn is the value of the longitudinal Overhauser �eld in the narrowedstate. The memory kernel is now a funtion instead of an operator:

Σ(t) ≡ −iTr [S+PLQe−iLQtQLPS−ρI(0)
]
. (59)Eq. (58) is an integro-di�erential equation whih an be solved by performing a Laplae trans-form, after whih the equation beomes algebrai with the solution

〈S+(s)〉 =
∫ ∞

0
dte−st〈S+(t)〉 = 〈S+(t = 0)〉

s− iΩn + iΣ(s)
. (60)The solution in the time domain is then obtained by omputing the Bromwih inversion integral,

〈S+(t)〉 = 1

2πi

∫ γ+i∞

γ−i∞
dsest〈S+(s)〉, (61)where the ontour de�ned by the real number γ must be hosen suh that it lies to the right ofall the poles of 〈S+(s)〉. Therefore, solving for 〈S+(t)〉 requires solving for the Laplae transformof the memory kernel:

Σ(s) =

∫ ∞

0
dte−stΣ(t) = −iTr [S+PLQ

1

s+ iLQ
QLPS−ρJ(0)

]
, (62)Computing Σ(s) exatly is a di�ult perturbative problem, beause there is in fat no diagram-mati representation of terms whih appear in perturbative expansion (thus alling Σ(s) the�self energy� is inappropriate, sine real self-energy is de�ned as a sum over properly de�nedirreduible diagrams). Following [11, 12, 74℄ we have proeeded by expanding the memory kernelin powers of the �ip-�op interation V̂�. The details of this very umbersome expansion (arriedout to the 4th order) are given in [H6℄. Here I will simply present Figure 6, in whih the 4thorder NZ solution is ompared with the exat box model solution. The disagreement is verylear.However, it was shown in Ref. [77℄ that the standard projetion operator is far from being thebest possible hoie for the Hamiltonian whih exhibits a signi�ant degree of symmetry. Whensymmetries are present, one an instead replae P with a series of so-alled orrelated projetion(CP) operators whih projet onto invariant subspaes of state spae, enabling one to expandthe redued density matrix for the system as a sum of matries, eah apturing the omponentsof the state lying in a partiular subspae. In the uniform oupling model it is natural to de�nethe operators Πjm on subspaes of �xed j and m. We hoose now the projetor P as

P ρ̃ =
∑

jm

TrJ(Πjmρ̃)⊗
1

Dj
Πjm ≡

∑

jm

ρ̃jme ⊗ 1

Dj
Πjm. (63)The ρ̃jme are a set of matries whih sum to give the redued density matrix for the eletron spin:

ρ̃e =
∑

jm

ρ̃jme =

N/2∑

m=−N/2

N/2∑

j=|m|
Dj ρ̃

jm
e . (64)A shown in [H6℄, even only in the 2nd order of expansion with respet to V̂�, the NZ theoryusing these orrelated projetors gives results in very good agreement with the exat solution,see Figure 7. 23
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Figure 6: Exat solution of the uniform oupling model vs. NZ GME result for A = Ω, and
hz = 0. The time unit τ=4ΩnN/A2. The plotted quantity x(t)/x0 is equal to W ∗(t) evaluatedin the rotating frame in whih the fast preession due to magneti �eld splitting is absent. TheFigure is adapted from Ref. [H6℄.
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is fully ontrolled should be further investigated with other methods. Finally, let me note thatthe onsiderations on the possible reasons for failure of the standard NZ method in the box aseontained in [H6℄, led us to the onlusion that the so-alled time-onvolutionless generalizedmaster equation [76℄ is a better approah to the entral spin problem. Reently we publisheda paper [79℄ in whih this method was used to alulate NFID at short times for a polarizednulear bath, with zero-polarization result reproduing the RDT formulas.4.3 From oherene measurements to e�etive desription of the environ-ment: noise spetrosopy with qubitsUntil now we were fousing on a theory of deoherene in the situation in whih the mirosopi(and nontrivial) Hamiltonian of the bath is known. However, very often the only information thatwe have about the loal environment of the qubit omes from the measurements of the qubit'sdynamis. Of ourse usually we an make some guesses about the nature of the environment.In the ase of solid-state based qubits there are, for example, many known soures of hargenoise suh as �utuating eletri dipoles omnipresent in insulating materials, or harge traps.Their presene is expeted, but their detailed properties (the number of soures lose to thequbit, harateristi timesales of �utuations et) are sample-dependent. Also, very often it issimply not known what is the relevant bath: it ould be phonons, harge �utuations, magneti�eld �utuations aused by magneti impurities, et. Finally, the qubit is a�eted by its loalenvironment, (the e�etive size of whih depends on the time-sale of interest, with the remoteparts of the environment not having a large in�uene at short times), whih often annot beharaterized with independent methods. All these are motivations for trying to invert theproblem of qubit-environment interation: instead of alulating the qubit's deoherene due tothe dynamis of a given bath, we will try to learn something about the unknown environmentby analyzing the measurements of qubit's deoherene.Of ourse we must assume something about the environment. While qubit's relaxation [20,30, 80℄ is a�eted by bath �utuations with frequenies ∼Ω (the qubit's energy splitting), thedephasing of the qubit is typially dominated by low-frequeny environmental �utuations. Whenthe bath temperature is larger than the energy sale of these low-energy exitations, the two-point orrelation funtions of the bath degrees of freedom have lassial behavior [80℄. Below wewill fous on environment-indued dephasing of the qubits, and we will assume that the in�ueneof this environment an be mapped on qubit's interation with a soure of lassial noise ξ(t).Furthermore, we will assume that this noise is stationary and (in most ases) that it has Gaussianstatistis, i.e. it is fully haraterized by its two-point orrelation funtion, C(t− t′)=〈ξ(t)ξ(t′)〉,or, equivalently, by its spetral density de�ned by
S(ω) =

∫ ∞

∞
C(t)eiωtdt . (65)In [H1℄ we foused on the ase of qubits based on superonduting iruits, for whih the strongin�uene of lassial harge and �ux noise had been already widely reognized. However, laterit beame lear that the domain of appliability of this approah is muh wider. For example,DQD based spin qubits are strongly a�eted by harge noise (voltage �utuations on the gates,�utuations of loal eletri �elds aused by harge traps) when singlet-triple splitting ∆ST is notzero. Even single-spin qubits turned out to be a�eted by harge noise: �utuating eletri �eldsa�et the position and the shape of the eletron's wavefuntion, whih leads to spin dephasing viaspin-orbit oupling or beause the Overhauser �eld felt by the eletron beomes time-dependentdue to suh �utuations (whih lead to time-dependene of Ak ouplings).Below I will present the overview of results of [H1℄ and [H8℄ for, respetively, the ases oflinear oupling to the noise (i.e. v1ξ(t)σ̂z oupling) and the quadrati oupling (i.e. v2ξ2(t)σ̂z).These are the two situations most often enountered in experiments.25



4.3.1 Linear oupling to lassial noiseFor a Gaussian proess ξ(t) the average over the realizations of the proess is a Gaussian fun-tional integral
〈...〉 =

∫
D[ξ(t)] exp

(
−1

2

∫
dt1

∫
dt2ξ(t1)C

−1(t1 − t2)ξ(t2)

)
... , (66)where C−1 is de�ned by

∫
C−1(t− t′′)C(t′′ − t′)dt′′ = δ(t − t′) . (67)We fous on the dynamis of the o�-diagonal element of qubit's density matrix when the qubitis subjeted to a sequene of ideal π pulses leading to Dynamial Deoupling (DD) of the qubitfrom the environment [44�46℄. The deoherene funtion is then given by

W (t) = 〈e−iv1
∫
ξ(t′)ft(t′)dt′〉 , (68)where ft(t′) is the time-domain �lter funtion haraterizing the DD sequene that we havealready enountered (see Fig. 1 for examples). The Gaussian average an be easily performedusing the standard methods, and we obtain

W (t) = e−χ(t) with χ(t) = v21

∫ ∞

0

dω

2π
S(ω)|f̃t(ω)|2 = v21

∫ ∞

0

dω

π
S(ω)

F (ωt)

ω2
, (69)where f̃t(ω) is the Fourier transform of ft(t′) with respet to t′. The �lter funtion F (ωt) =

ω2

2 |f̃t(ω)|2 enapsulates the in�uene of the pulse sequene on deoherene [81℄. In terms oftimes tk at whih the pulses are applied (with t0=0 and tn+1= t) we have
F (ωt) =

1

2

∣∣∣
n∑

k=0

(−1)k(eiωtk+1 − eiωtk )
∣∣∣
2
. (70)In the ase of free evolution of the qubit we have

FFID(ωt) = 2 sin2
ωt

2
, (71)whih leads to

χFID(t) = v21

∫ ∞

0

dω

π
S(ω)

2 sin2 ωt
2

ω2
≈ v21t

2

2

∫ ∞

0

dω

π
S(ω) ≡ σ2t2

2
≡
(
t

T ∗
2

)2

, (72)where in the seond expression we assumed that the integral is dominated by low-frequeny partof S(ω) (i.e. by S(ω) with ω up to ≈ 1/t), and then we extended the limit of integration againto ∞. σ2 above is the total power of the v1ξ(t) noise. The above alulation is self-onsistentif the resulting T ∗
2 time is so short that the total noise power is indeed well approximated byintegral of S(ω) up to 1/T ∗

2 . Note that the resulting deay is the not due to �utuations whihour during qubit's evolution, but due to slow �utuations whih our between the repetitionsof the qubit's intialization-evolution-measurement yle. We thus again anounter the ase ofinhomogeneous broadening whih an be desribed using a quasi-stati bath approximation.The ase of 1/f type noise will be relevant below, so let us mention that for S(ω) ∝ 1/ω the
T ∗
2 time aquires a logarithmi dependene on the low-frequeny (infrared) uto� of the noise:
χ(t) ∝ t2 ln 1/ω0t. In most ases in whih suh noise appears, no sign of intrinsi infrared uto�has been found, and the uto� ω0 is in fat given by the inverse of the total data aquisitiontime: ω0≈1/TM . For noise with S(ω) ∝ 1/ωβ with β>1 we have then T ∗

2 ∝ 1/T
(β−1)/2
M .26



As disussed before, the appliation of the eho sequene removes the quasi-stati shifts ofqubit's frequeny. Formally we have
FSE(ωt) = 8 sin4

ωt

4
, (73)and one an see, after plugging the above into Eq. (69) that the ontribution of low-frequenynoise to χ(t) is strongly suppressed, even for 1/ωβ noise, provided that β<2.Multipulse DD sequenes at as even more e�ient high-pass �lters of the environmentalnoise. In [H1℄ we have analyzed the dephasing under the in�uene of the lassial CPMG se-quene, the periodi appliation of pulses (PDD), the sequenes based on onatenations of theeho sequene (CDD developed in [45℄), and the UDD sequene proposed by Uhrig [46℄, whihful�lls the following optimality ondition: for n applied pulses the �rst 2n + 1 terms in timeexpansion of χ(t) about t=0 are zero, and F (ωt)∝(ωt)2n+2 for ωt≪2. For omparison, CPMGsequene with even (odd) n > 1 gives the frequeny �lter F (z)∝z6 (z4) for z≪1. Interestingly,this di�erene between low-frequeny suppression for even and odd n in this sequene was shownto have measurable onsequenes for 1/ωβ noise with β > 2 [82℄ (see the desription of researhnot inluded in the habilitation thesis).The main results of [H1℄ for the ase of Gaussian noise are

• The �optimal� UDD sequene gives the best protetion against dephasing only when thenoise spetrum has a hard high-frequeny uto� ωc (with S(ω) exponentially suppressedfor ω > ωc). This is due to the fat that in UDD the ultra-e�ient suppression of low-frequeny noise is possible at the ost of atually enhaning (ompared to other sequenes)the in�uene of high-frequeny noise. This is related to the existene of the sum rule for the�lter funtion: ∫ F (ωt)/ω2dω = πt. In order for UDD to show a superior performane inoherene protetion the timesale of interest must ful�ll t<2n/ωc. When this ondition isnot met (i.e. when the ultraviolent uto� is irrelevant for oherene dynamis), the CPMGsequene was found to be the most e�ient among the onsidered ones.
• For the noise with hard uto�, and in the ase of having good data at timesales t<2n/ωc,one an use UDD to obtain the moments of noise spetrum: χUDD(t)∼ t2n+2M2n where
M2n=

∫
ω2nS(ω)dω.

• For CPMG sequene, the �lter funtion F (z = ωt) an be approximated at large n by aperiodi train of peaks of width 2π/t, height 2n, and distane between the peaks givenby 2πn. With this observation it is easy to show that for S(ω) ∝ 1/ωβ one has χ(t) ∝
tβ+1/nβ. This relation was later used to haraterize a previously unknown noise sourein an experiment on a singlet-triplet qubit [82℄.Furthermore, the ase of non-Gaussian Random Telegraph Noise (RTN) was onsidered in[H1℄. Comparison of numerial simulations with theory based on Gaussian approximation showedthat with inreasing n the deoherene under the DD sequene beomes more similar to thepredition of a Gaussian theory (in whih only the �rst spetral density of RTN is used). In [H1℄this observation was supported by analytial alulation of the 4th umulant of �itered RTN,i.e. the χ4 term in expansion of lnW (t) = −χ2(t) − χ4(t) + ..., whih showed that the ratio of

χ4/χ2 remains ≪ 1 on a timesale whih is inreasing faster with n than the oherene deaytimesale T2 de�ned by χ2(T2)=1. A more intuitive explanation of this feature was later givenin [H8℄ (see below).As somewhat embarassing fat should be mentioned here. As disussed above, in [H1℄ it wasnoted that the CPMG �lter funtion in frequeny spae looks like a series of delta-like peaks atlarge n, and this feature was in fat used in alulations. However, one simple onsequene of thiswas only noted later by other researhers [83, 84℄: in many ases (espeially for monotonially27



dereasing S(ω)) it is enough to keep only the ontribution of �rst of these peaks in expressionfor χ(t):
χ(t) ≈ 4v21t

π2
S
(πn
t

)
. (74)This observation leads to the most pratial reipe for performing real spetrosopy of S(ω)by appliation of CPMG sequenes, and �tting the measured oherene for various n and t toEq. (74).4.3.2 Quadrati oupling to lassial Gaussian noise: qubit at the optimal workingpointOne often enounters the ase in whih the oupling to the noise is quadrati:

Ĥ =
1

2
[Ω + v2ξ

2(t′)]σ̂z , (75)where Ω is the ontrolled qubit splitting, and v2 is the oupling onstant. Suh a Ĥ arises when
Ω has an extremum as a funtion of an external noisy parameter Bz(t

′), i.e. ∂Ω/∂Bz|Bz=B0
=0.Then, for Bz tuned to B0, i.e. at an Optimal Working Point (OWP) of the qubit, the noise ξ(t′)∝

B(t′)−B0 enters quadratially into Eq. (75). If we also onsider transverse noise, i.e. vxξx(t′)σ̂xterm, then for vxξx ≪ Ω we again arrive in the lowest order at Eq. (75) with v2 = v2x/2Ω. Atsuh an OWP the in�uene of noise is suppressed, and the qubit dephasing time is longer thanin the ase of linear oupling to the noise. The theoretial hallenge is posed by the fat thatwhile ξ(t) is assumed to be a Gaussian proess, its square is not Gaussian-distributed : the ξ2(t)proess has nontrivial orrelators beyond the two-point orrelation funtion.Let me mention here a very interesting onnetion between the theory presented in thishapter and the previously disussed e�etive-Hamiltonian based theory of hf-indued spin qubitdeoherene. The Hamiltonian given by Eq. (75) also appears when longitudinal ξz noise is ofintrinsially low-frequeny harater (and thus its in�uene of linear term in ξz is ompletelyremoved by DD), while the transverse ξ⊥ noise has omponents at higher frequenies, and itsin�uene is furthermore suppressed by large energy splitting Ω. This is exatly the ase fora spin qubit oupled by hyper�ne interation to a nulear bath at �nite magneti �eld: asit was previously disussed, longitudinal �utuations of the nulear Overhauser �eld are muhslower than its transverse �utuations. The theory presented below an be viewed as a lassialounterpart of the RDT presented before. Note that the ruial approximations of RDT (1/Napproximation in the absene of nulear spin polarization) were leading to Gaussian deouplingof nulear spin orrelators, i.e. the RDT was a theory of deoherene due to quadrati ouplingto quantum Gaussian variable (the transverse Overhauser operator). Unsurprisingly then, theresummation of ring diagrams (or umulants) will appear immediately below when we onsiderdephasing due to quadrati oupling to lassial Gaussian proess.The deoherene funtion in the quadrati oupling ase is given by
W (t) =

〈
exp

(
−i
∫ t

0
f(t′)v2ξ

2(t′)dt′)〉 . (76)The average over noise an be performed using the linked-luster (umulant) expansion, buildingon seminal papers [85�87℄ in whih free evolution dephasing at an OWP was onsidered. Wewrite
W (t) = exp

( ∞∑

k=2

(−iv2)k
k

Rk(t)

)
= e−

∑
k=2

χk(t) , (77)
28



with the linked luster (or ring diagram) ontributions
Rk =2k−1

∫
ft(t1)dt1...∫ ft(tk)dtkC(t12)...C(tk1) , (78)

= 2k−1

∫ dω1...dωk

(2π)k
S(ω1)...S(ωk)f̃t(ω12)...f̃t(ωk1) , (79)where tkl ≡ tk − tl, and ωkl ≡ωk − ωl. Now we have to alulate all the terms in the umulantexpansion, not only the seond one, as was the ase for linear oupling to Gaussian noise.In [H8℄ solutions for the above problem were given in two ases. For noise with non-singularspetrum at low frequenies (i.e. noise having a well-de�ned autoorrelation time) it was arguedthat at large n the dephasing at relatively short timesales an be desribed using a Gaussianapproximation (i.e. keeping only R2(t) in the expansion above). The seond ase is that of 1/fβnoise, for whih the Rk an be resummed, provided that the quasi-stati (low-frequeny) noiseis stronger than the high-frequeny noise (whih is the ase for β>1).In the �rst ase we an give the following explanation why with inreasing n the noisea�eting the qubit should beome better desribed within the Gaussian approximation. Whilethe phase φ(t)=∫ t

0 ξ
2(t′)dt′ is not Gaussian-distributed exept at very long t, the �ltered phase,

φf (t) =
∫
ft(t

′)ξ2(t′)dt′, an be viewed as a sum over n + 1 ontributions, with signs hosen insuh a way that orrelated ontributions mostly anel eah other. If the orrelation time of
ξ2(t) proess, t, is �nite, then for t/n≪ t≪ t the DD �ltering suppresses the dephasing, whilethe orrelations exist only among small subsets of ontributions to φf . The latter observationallows us to invoke the Central Limit Theorem, leading to Gaussian distribution of φf at large n.This applies to any non-Gaussian noise with �nite tc, so it also explains in an intuitive fashionthe result given in [H1℄, where the in�uene of RTN (whih is non-Gaussian) was shown to bewell-desribed by Gaussian approximation at large n.In this approximation we have W (t)=e−χ2(t) with

χ2(t) = v22

∫ ∞

0

dω

2π
S2(ω)|f̃t(ω)|2 (80)whih is the same as Eq. (69), only with S(ω) replaed by the spetral density of ξ2 proess,given by

S2(ω) =

∫
S(ω1)S(ω1 − ω)

dω1

π
. (81)At large n one an then use Eq. (74) to perform spetrosopy of this quantity. In [H8℄ theauray of the Gaussian approximation was heked using an example of Ornstein-Uhlenbeknoise with orrelation time t. For number of pulses n, evolution time t, and orrelation time

t ful�lling the above onditions the results of numerial simulations on�rmed the auray ofGaussian approximation when t≤T2.On the other hand, for noise with ill-de�ned tc, or simply for t≪ tc (whih has to be physiallyindistiguishable from the former ase), we an obtain a very di�erent solution when the noise isdominated by low-frequeny �utuations. We an write then that during a single evolution, thenoise ontribution to qubit's splitting is ξ2(t′)≈ξ2lf +2ξlf δξ(t
′)+δξ2(t′), with ξlf being the quasi-stati shift hanging between measurements (i.e. oming from noise spetrum for ω0 < ω < 1/t),and with δξ(t′) being the high-frequeny omponent. The low-frequeny uto� is ω0 ≈ 1/TM ,with TM being the total data aquisition time. Sine typially TM is orders of magnitude largerthan t, for noise with spetral weight onentrated at low ω we have 〈ξ2lf 〉 ≫ 〈δξ2〉, and thedominant noisy term is 2ξlf δξ(t′) (note that the in�uene of the quasi-stati shift ξ2lf is removedby the DD sequene). This amounts to an observation that in the presene of 1/fβ noise theposition of the OWP is not well de�ned: for TM ≫ t we average over evolutions of qubits operatedin the neighborhood of an OWP. 29
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Figure 8: Deoherene due to OU noise at an OWP for CP sequene with n = 1, 2, and 4.Symbols are the results of numerial simulation. For eah t the averaging time was TM =Mtwith M = 106, so that the resulting σ20 was well approximated by the total power of the OUnoise. With oupling v2σ20 =105/tc, the oherene deay in the presented time range is due to
1/ω2 tail of S(ω). The solid lines are obtained using Eq. (84). For n=4 the dotted line is theGaussian approximation, and the dashed line is W (t)∼ t−3/2 asymptotis from Eq. (86). The�gure is adapted from [H8℄.The essene of the alulation below is separate averaging over these slow and fast �utua-tions. The �rst average is over ξlf , whih is treated as a stati Gaussian variable with standarddeviation given by

σ20=

∫ 1/t

ω0

S(ω)dω/π ≈ Aβ

π(β − 1)ωβ−1
0

. (82)where S(ω) = Aβ/|ω|β with β > 1 was used. The seond average over high frequenies is alsoGaussian, and it reads:
W (t) =

〈
exp

[
− iv2

∫
ft(t

′)δξ2(t′)dt′ − 2σ20v
2
2

∫ dt1 ∫ dt2ft(t1)ft(t2)δξ(t1)δξ(t2)]〉hf . (83)In Eq. (83) the seond term is expeted to dominate when σ20 ≫〈δξ2〉hf, i.e. when TM ≫ t. Thealulation of the average involving only this term an be done by oming bak to Eq. (78), intowhih we plug in C(t)=〈δξ(t)δξ(0)〉hf + σ20, and keep only the terms with the maximal power of
σ0, i.e. the ones in whih every seond C(tkl) is replaed by σ20. The resulting sum over all Rkan be in fat performed [H8℄, and the result is

W (t)=
1√

1 + 4v22σ
2
0R

l
2(t)

, (84)where Rl
2 is given by the familiar formula:

Rl
2 =

∫ ∞

0
|f̃t(ω)|2S(ω)

dω
π

. (85)In Fig. 8 this Equation is ompared with the results of numerial simulations of dephasing dueto noise with S(ω)∝1/ω2 and a low-frequeny uto� at ω0≪1/t (atually an OU noise stronglyoupled to the qubit ausing dephasing for t≪ tc=ω
−1
0 ).30



For large n we an use Eq. (74) to relate Rl
2(t) to S(nπ/t). When S(ω≈nπ/t)∝ 1/ωβ in awide frequeny range we have

W (t) ≈ (T2/t)
β+1

2 for t≫T2 , (86)where the harateristi deay timesale ful�lls
T2 ∼ nγ/T η

M where γ= β

β + 1
and η= β′ − 1

β + 1
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5 Desription of other sienti� ahievementsa) Bibliometri data (from Otober 20th, 2014)Number of published sienti� papers: 34Citations with autoitations exluded: 929 (aording to Web of Siene)Cumulative impat fator: 150.47H-index: 17 (aording to Web of Siee)b) Researh not inluded in the habilitation thesis5.1 Researh done before obtaining the PhD titleWhile earning my Master's degree at the Warsaw University, working under supervision of pro-fessor Witold Bardyszewski, I have developed a theory of light absorption in disordered semi-ondutors, with speial fous on the absorption in heavily-disordered p-type materials suh asGaMnAs. Elements of this theory were later used in the paper:K. Dziatkowski, �. Cywi«ski, W. Bardyszewski, A. Twardowski, H. Saito, and K. Ando, In�u-ene of disorder on the optial absorption in semiondutors: Appliation to epitaxially grownIII-V ompounds, Phys. Rev. B 73, 235340 (2006).During my graduate studies at UCSD I worked on two topis: (1) non-equlibrium eletrondynamis and ultrafast light-indued demagnetization in ferromagneti semiondutors and met-als, and (2) spin di�usion in planar metal-semiondutor strutures with appliations for possiblespintroni devies.Researh on topi (1) was done in ollaboration with an experimental group of professorJunihiro Kono from Rie University in Texas. I have developed a theoretial model of ultrafastdeay of magnetization aused by strong photoexitation in (III,Mn)V magneti semiondutors.The papers [D1,D2,D4℄ were the result of this ollaboration. Paper [D3℄ ontains a detaileddesription of theory of light-indued demagnetization in materials in whih the sp-d model offerromagnetism is appliable.The researh on topi (2) was done in lose ollaboration with dr Hanan Dery, who wasa postdo working with my advisor. We have worked together on theory of spin transportin realisti strutures onsisting of iron and GaAs, with speial attention devoted to possiblespintroni devies based on suh strutures. In [D5℄ we presented an easy to use theory of spindi�usion in layered strutures of magneti metals metals and semiondutors, whih we latterapplied in our investigations of multi-terminal spintroni devies: a three-terminal spin transistor[D6℄, a devie onverting the irular polarization of absorbed light into an eletrial signal [D7℄,a three-terminal system in whih magnetization dynamis of one of the ferromagneti eletrodesis sensed eletrially [D8℄, and a �ve-terminal reprogrammable logi gate [D9℄. An invited review[D10℄ summarized these works.[D1℄ J. Wang, C. Sun, J. Kono, A. Oiwa, H. Munekata, �. Cywi«ski and L.J. Sham, Ul-trafast Quenhing of Ferromagnetism in InMnAs Indued by Intense Laser Irradiation,Phys. Rev. Lett. 95, 167401 (2005).[D2℄ J. Wang, C. Sun, Y. Hashimoto, J. Kono, G.A. Khodaparast, �. Cywi«ski, L.J. Sham,G.D. Sanders, C.J. Stanton, H. Munekata, Ultrafast Magneto-Optis in Ferromagneti III-V Semiondutors, J. Phys.: Condens. Matter 18, R501 (2006).[D3℄ �. Cywi«ski and L.J. Sham, Ultrafast demagnetization in the sp-d model: a theoretialstudy, Phys. Rev. B 76, 045205 (2007). 35



[D4℄ J. Wang, �. Cywi«ski, C. Sun, J. Kono, H. Munekata, and L.J. Sham, Femtoseonddemagnetization and hot hole relaxation in ferromagneti GaMnAs, Phys. Rev. B 77,235308 (2008).[D5℄ H. Dery, �. Cywi«ski and L.J. Sham, Lateral di�usive spin transport in layered strutures,Phys. Rev. B 73, 041306(R) (2006).[D6℄ H. Dery, �. Cywi«ski, and L.J. Sham, Spin transferene and magnetoresistane ampli�a-tion in a transistor, Phys. Rev. B 73, 161307(R) (2006).[D7℄ H. Dery, �. Cywi«ski, and L.J. Sham, Spintronis for eletrial measurement of lightpolarization, J. Appl. Phys. 100, 063713 (2006).[D8℄ �. Cywi«ski, H. Dery, and L.J. Sham, Eletri readout of magnetization dynamis in aferromagnet-semiondutor system, Appl. Phys. Lett. 89, 042105 (2006).[D9℄ H. Dery, P. Dalal, �. Cywi«ski, and L.J. Sham, Spin based logi in semiondutors forreon�gurable large sale iruits, Nature 447, 573 (2007).[D10℄ �. Cywi«ski, H. Dery, P. Dalal, and L.J. Sham, Eletrial expression of spin aumulationin ferromagnet/semiondutor strutures, Mod. Phys. Lett. B 21, 1509 (2007).5.2 Researh done after obtaining the PhD title: works losely related to thetopi of this thesisFive papers below are quite losely related to the topi of this thesis, but they are not inludedin the main yle of papers, sine I annot laim to be a leading author of them.In [A1℄ we onsidered a spei� model of fermioni bath ausing dephasing of superondutingqubits: a bath of so-alled Andreev �utuators. Suh a bath onsists of many arrier trappingenters loalized in an insulating material in the proximity to the superondutor. Pairs of entersbeome harged and disharged due to transfer of Cooper pairs between the ondensate and theinsulator. The resulting harge noise auses pure dephasing of a superonduting qubit of theCooper pair-box type. In this paper we used the Keldysh tehnique to derive the deoherenefuntionW (t) for any possible sequene of pulses a�eting the qubit, and linked-luster expansionof the seond order was employed. At this level of approximation it was possible to map theinteration with the bath on interation with noise having spetral density losely approximatedby 1/f form.Paper [A2℄ is an experimental work on dynamial deoupling of a singlet-triplet qubit madeof a GaAs double quantum dot. Using methods of [H1℄ (with some further improvements spei�to the ase of 1/ωβ noise with β>2) I was able to reonstrut the spetral density of noise fromthe CPMG results with n=2, 4, 8, 16, and 32 pulses. The reonstruted S(ω)∝1/ω2.6 allowedfor suesful predition of deay timesale for the spin eho (n = 1) and the CPMG sequenewith n=3.In [A3℄ we have used the insights from [H6℄, and we applied the time-onvolutionless masterequation tehnique to the NFID problem. Starting froom the full hf Hamiltonian we re-derivedthe RDT result at short times and zero bath polarizations, and we obtained a nontrivial gener-alization of this result to the ase of polarized nulear bath. A new, previously never disussedin the literature, kind of osillations, appearing in NFID signal for large bath polarization, waspredited there.In papers [A4,A5℄ a real-spae luster expansion tehnique was used to alulate the oherenedeay of an eletron spin oupled to a spin bath onsisting of spins of other eletrons. This isthe ase in whih the inter-bath oupling is of the same strength as the qubit-bath oupling,whih neessitates onsideration of large lusters of spins. Proper averaging over many states ofthe bath is also more ompliated that in the previously onsidered ase in whih the qubit-bath36



oupling was dominating over the intrabath ouplings: now many bath spins have a nontrivialin�uene on dynamis of a few-spin luster, sine the dipolar interations with these �outside�spins strongly in�uene the energy splittings of the spins within the luster. In [A4℄ the spineho deoherene of eletrons bound to phosphorous donors in silion was onsidered, and thenontrivial dependene of the T2 time on the onentration of both the eletroni spins and thenulear spins was predited (this predition was later on�rmed in experiments [88℄). In [A5℄ wedesribed the theory in more detail, and gave more preditions for both donors in Si and NVenters in diamond.[A1℄ R.M. Luthyn, �. Cywi«ski, C.P. Nave, and S. Das Sarma, Quantum deoherene of aharge qubit in a spin-fermion model, Phys. Rev. B 78, 024508 (2008).[A2℄ J. Medford, �. Cywi«ski, C. Barthel, C.M. Marus, M.P. Hanson, and A.C. Gossard,Saling of Dynamial Deoupling for Spin Qubits, Phys. Rev. Lett. 108, 086802 (2012).[A3℄ E. Barnes, �. Cywi«ski, and S. Das Sarma, Nonperturbative Master Equation Solution ofCentral Spin Dephasing Dynamis, Phys. Rev. Lett. 109, 140403 (2012).[A4℄ W.M. Witzel, M.S. Carroll, A. Morello, �. Cywi«ski, and S. Das Sarma, Eletron spindeoherene in isotope-enrihed silion, Phys. Rev. Lett. 105, 187602 (2010).[A5℄ W.M. Witzel, M.S. Carroll, �. Cywi«ski, and S. Das Sarma, Quantum Deoherene of theCentral Spin in a Sparse System of Dipolar Coupled Spins, Phys. Rev. B 86, 035452 (2012).5.3 Researh done after obtaining the PhD title: works on other topisIn 2009-2010 I worked on theory of silion double quantum dots. We analyzed how the multi-valley struture of the bottom of ondution band in Si a�ets the performane of singlet-tripletqubits [Si1,Si2℄, and we alulated the dependene of exhange oupling on parameters of thetwo dots [Si3℄.[Si1℄ D. Culer, �. Cywi«ski, Q.Z. Li, X. Hu, and S. Das Sarma, Realizing singlet-triplet qubitsin multivalley Si quantum dots, Phys. Rev. B 80, 205302 (2009).[Si2℄ D. Culer, �. Cywi«ski, Q.Z. Li, X. Hu, and S. Das Sarma, Quantum dot spin qubits inSilion: Multivalley physis, Phys. Rev. B 82, 155312 (2010).[Si3℄ Q.Z. Li, �. Cywi«ski, D. Culer, X. Hu, and S. Das Sarma, Exhange oupling in sili-on quantum dots: theoretial onsiderations for quantum omputation, Phys. Rev. B 81,085313 (2010).Starting from 2010 I have also been involved in researh on CdTe self-assembled quantumdots doped with Mn ions. In [Mn1℄ I proposed a theory of optial orientation of a single Mnspin loalted in an optially exited dot. I have also partiipated in theoretial interpretation ofexperiments on dynamis of many Mn spins in a nonresonantly exited quantum dot [Mn2,Mn3℄.[Mn1℄ �. Cywi«ski, Optial orientation of a single Mn spin in a quantum dot: Role of arrierspin relaxation, Phys. Rev. B 82, 075321 (2010).[Mn2℄ �. Kªopotowski, �. Cywi«ski, P. Wojnar, V. Voliotis, K. Fron, T. Kazimierzuk, A. Gol-nik, M. Ravaro, R. Grousson, G. Karzewski, and T. Wojtowiz, Magneti polaron forma-tion and exiton spin relaxation in single Cd1−xMnxTe quantum dots, Phys. Rev. B 83,081306(R) (2011).
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