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ABSTRACT
We study the final stages of the evolution of a binary system consisted of a black hole and a white

dwarf star. As a model of a white dwarf star we consider a zero temperature droplet of attractively
interacting degenerate atomic bosons and spin-polarized atomic fermions. Such mixtures are inves-
tigated experimentally nowadays. We find that the white dwarf star is stripped off its mass while
passing the periastron. A charged mass, falling onto a black hole, could be responsible for recently
discovered ultraluminous X-ray bursts. The binary system ends its life in a spectacular way, revealing
quantum features underlying the white dwarf star’s structure. Due to nonlinear effects, the accretion
disc originated from the white dwarf becomes fragmented and the onset of a quantum turbulence with
giant quantized vortices present in the bosonic accretion disc is observed.

Keywords: stars: white dwarfs — stars: black holes — accretion disks — hydrodynamics — methods:
numerical

1. INTRODUCTION

White dwarf stars are ubiquitous in the Universe.
They can be found as companions in various binary sys-
tems, including those with ordinary stars, giant stars, or
compact objects as another white dwarfs, neutron stars,
or black holes. They can exist alone as well, thousands
of them were discovered in globular clusters Omega Cen-
tauri (Monelli et al. 2005), M4 (Richer et al. 1997), or 47
Tucanae (Kalirai et al. 2012) to just name a few. Most
common binaries are probably those composed of two
white dwarfs, although not so many examples are known
(e.g. Saffer et al. 1988; Marsh et al. 1995; Moran et al.
1997; Saffer et al. 1988; Ramsay et al. 2002; Kilic et al.
2010; Brown et al. 2017). Systematic discoveries came
from the ESO SPY survey (Napiwotzki et al. 2004) and
from the SDSS campaign (Mullally et al. 2009). Among
them one can find close double white dwarfs (CDWDs),
however, their evolution and formation are still poorly
understood (Rebassa-Mansergas et al. 2017). The num-
ber of CDWDs in the Galaxy is predicted to be of the
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order of 100-300 million and they should be potential
progenitors of type Ia supernovae and the sources of the
gravitational waves (Marsh 2011). Much better docu-
mented is the case of white dwarf-neutron star systems.
Such binaries have orbital periods of the order of hours
(van Kerkwijk & Kulkarni 1999; Kaspi et al. 2000; Freire
et al. 2008; Paschalidis et al. 2009; Kaplan et al. 2014)
and almost circular orbits. However, there exist exam-
ples with heavier white dwarfs (probably consisted of
carbon-oxygen) with rather large orbital eccentricities
(Camilo et al. 2001; Brown et al. 2001).
It is extremely hard to detect white dwarf-black hole

binaries, there are no known examples of them. Nev-
ertheless, based on known population of white dwarfs,
predicted population of black holes, and several possible
mechanisms for binaries formation it is expected that
such systems exist. An idea was floated that some types
of the subluminous supernovae (like SNe Ib Ca-rich spec-
tra) are the mergers of a white dwarf with a black hole
(see Metzger 2012). Perhaps, a recent archival X-ray
data search of nearby galaxies uncovering two sources
of ultraluminous flares (Irwin et al. 2016) is a break-
through. One of those sources flared once with esti-
mated peak luminosity of 9×1040erg/s, the second flared
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five times and was about ten times weaker. All these X-
ray bursts have similar rise time, which is less than one
minute and the decay time of about an hour. Together
with other flaring X-ray source found earlier (Sivakoff
et al. 2005) they might constitute a new astrophysical
phenomena – a new type of fast transients. So far known
non-recursive and recursive transient phenomena should
be excluded as an explanation of reported flare sources
because of one of the following reasons: too low lumi-
nosity, too long duration, or inappropriate location of
the source. An explanation of observed X-ray bursts as
originating from a tidal stripping of a white dwarf cir-
culating an intermediate-mass black hole has just been
proposed (Shen 2019).
Here, we are studying the dynamics of a model white

dwarf star in the field of a black hole. As a model of cold
white dwarf star we propose to consider the Bose-Fermi
droplet consisting of ultracold bosonic and fermionic
atoms. Such systems have been recently predicted theo-
retically (Rakshit et al. 2019a,b) and should be possibly
realized experimentally. An atomic Bose-Fermi droplet
exists because of subtle interplay of two effects. The
first one is related to the attraction between bosons and
fermions. If it is strong enough then bosons start to
effectively attract each other and the droplet becomes
collapsing. Then all particles in the droplet attract each
other just like particles in the white dwarf star attract
themselves gravitationally. This collapse can be stopped
by the fermionic component of the system. Its quantum
pressure, like the pressure of degenerate electrons in the
white dwarf star, is able to counteract the collapse and,
to some extent, stabilize the system. The white dwarfs,
in fact, very slowly evolve towards an ultimate equilib-
rium state of the black dwarf. Similarly, the Bose-Fermi
droplets are finally stabilized by the action of higher or-
der quantum corrections to the interatomic forces (Rak-
shit et al. 2019a,b).
An idea of using cold atomic gases as quantum sim-

ulators of systems otherwise inaccessible is already well
established and sounds in accordance with an old propo-
sition given by Feynman (1982, 1986). For example,
this idea has been applied to study a quantum phase
transition from a superfluid to a Mott insulator by us-
ing a gas of ultracold rubidium atoms in an optical lat-
tice (Greiner et al. 2002) and to investigate critical phe-
nomena near continuous phase transitions (Hung et al.
2011). A two-dimensional cesium atoms’ superfluid was
quenched to higher interparticle interactions to observe
the Sakharov oscillations, which were predicted to occur
at the inflation era of early Universe and are responsible
for detected fluctuating cosmic microwave background
(Hung et al. 2013). Recently, the Hawking temperature

of an analogue black hole was measured experimentally
in agreement with the Hawking’s theory (de Nova et al.
2018). An analogue fluid black hole was created in the
Bose-Einstein condensate of rubidium atoms.
White dwarfs are formed at the final stage of main-

sequence stars’ evolution when already no fusion occurs
inside the star. While forming, i.e. when they enter the
white dwarf sequence their temperatures are of the or-
der of 105 K (Goldsbury et al. 2012). They cool down to
∼ 3×104 K within ten million years and reach 2×104 K
temperature after hundred million years. About a bil-
lion years is needed to decrease the temperature to 104 K
(Fontaine et al. 2001). Indeed, very hot white dwarfs are
rather short-living objects. The oldest observed white
dwarfs have temperatures of the order of 103 K. For ex-
ample, the effective temperature limit of the companion
of the PSR J2222-0137 is estimated to be . 3500 K
(Kaplan et al. 2014)
At the same time the white dwarfs are extremely

dense systems, with the densities between 104g/cm3 and
107g/cm3. Such large densities result in the very high
Fermi temperature, a few orders of magnitude larger
than the white dwarf temperatures. Indeed, it is save
to treat electrons as a gas at zero temperature. On the
other hand, for white dwarf densities of 106g/cm3 the
critical temperature for the Bose-Einstein condensation
for 4He component (neglecting interactions) becomes
105 K making an assumption that most of bosonic com-
ponent is condensed very plausible. Hence, we propose
here to consider bosonic component of a white dwarf as
a gas at zero temperature as well, although the descrip-
tion of bosons including thermal fraction is already well
known (Brewczyk et al. 2007). Let us mention that the
possibility of formation of the Bose-Einstein condensa-
tion in helium white dwarf stars was already discussed
in Gabadadze & Rosen (2008a,b); Gabadadze & Pirt-
skhalava (2009); Mosquera et al. (2010). It was argued
that, indeed, in the interior of the dwarf the charged
4He nuclei are in the state of Bose-Einstein condensate
whereas the relativistic degenerate electrons form a neu-
tralizing liquid.

2. QUANTUM HYDRODYNAMIC DESCRIPTION

We now briefly address the properties of Bose-Fermi
droplets, sending the readers for more details to the
Appendix A and references in Rakshit et al. (2019a)
and Rakshit et al. (2019b). To describe such a mix-
ture we use the formalism of quantum hydrodynam-
ics (Madelung 1926; Frohlich 1967; Wong & McDonald
1977; March & Deb 1987). One of the first attempts
to discuss fermionic gases within this framework was al-
ready done many years ago by Ball et al. (1973). They
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studied the oscillations of electrons in a many-electron
atom induced by ultraviolet and soft x-ray photons,
assuming the velocity field of electrons is irrotational.
Here, we follow this reasoning and apply quantum hy-
drodynamic equations both for fermionic and bosonic
clouds in a droplet.
The quantum hydrodynamic equations are given in

Appendix A as Eqs. (A1), where we introduced the
atomic number densities for fermions, nF (r, t), and
bosons, nB(r, t), as well as the corresponding irrota-
tional velocity fields: vF (r, t) and vB(r, t) as basic vari-
ables. Eqs. (A1) constitute of continuity equations
for bosonic and fermionic fluids and of equations gov-
erning the motions of fluid elements under the pres-
ence of forces originating from the quantum pressure
and inter- and intra-particle interactions. Equations
describing bosons are just the hydrodynamic represen-
tation of the Gross-Pitaevskii equation (Pitaevskii &
Stringari 2003), since we assume that bosons occupy a
single quantum state. The hydrodynamic equations for
fermions can be also put in a form of the Schrödinger-
like equation by using the inverse Madelung transforma-
tion (Dey & Deb 1998; Domps et al. 1998; Grochowski
et al. 2017). This is just a mathematical transformation
which introduces the single complex function instead
of density field and velocity field (which corresponds
to the potential flow) used in a hydrodynamic descrip-
tion. Both treatments are equivalent provided the veloc-
ity field is irrotational. Hence, Eqs. A1 can be turned
into coupled Schrödinger-like equations for a condensed
Bose field ψB =

√
nB exp (iφB) (with nB = |ψB |2

and vB = (~/mB)∇φB) and a pseudo-wavefunction
for fermions ψF =

√
nF exp (iφF ) (with nF = |ψF |2

and vF = (~/mF )∇φF ): i~ ∂ψB/∂t = Heff
B ψB and

i~ ∂ψF /∂t = Heff
F ψF . The effective nonlinear single-

particle Hamiltonians are

Heff
B =− ~2

2mB
∇2 + gB |ψB |2 +

5

2
CLHY |ψB |3

+ gBF |ψF |2 + CBF |ψF |8/3A(w, γ)

+CBF |ψB |2|ψF |8/3
∂A

∂γ

∂γ

∂nB
,

Heff
F =− ~2

2mF
∇2 + ξ′

~2

2mF

∇2|ψF |
|ψF |

+
5

3
κk|ψF |4/3

+ gBF |ψB |2 +
4

3
CBF |ψB |2|ψF |2/3A(w, γ)

+CBF |ψB |2|ψF |8/3
∂A

∂γ

∂γ

∂nF
(1)

with all parameters defined in Appendix A. The bosonic
wave function and the fermionic pseudo-wave func-
tion are normalized to the total number of parti-

cles in bosonic and fermionic components, NB,F =∫
dr |ψB,F |2.
Now we place the Bose-Fermi droplet in the field of

an artificial black hole. We assume a non-rotating black
hole described by the Schwarzschild space-time metric.
A motion of a test particle in the Schwarzschild metric
conserves both the energy and the orbital angular mo-
mentum. The energy of a test particle can be, as in the
Newtonian case, divided into kinetic and potential ener-
gies. The latter contains the additional, with respect to
the Newtonian case, term which is proportional to r−3

and hence becomes important at small distances. This
term also depends on the angular momentum of a test
particle. There exists, however, a surprisingly well work-
ing approximation to the radial potential, proposed by
Paczyńsky & Wiita (1980). This pseudo-Newtonian po-
tential, of the form of VPN = −GM/(r − RS) where
the Schwarzschild radius RS = 2GM/c2 and M is
the black hole’s mass, reproduces correctly positions of
marginally bound and the last stable circular orbits.
The pseudo-Newtonian potential gives efficiency factors
in good agreement with the true solution. Since it does
not depend on the angular momentum, after this ap-
proximation the motion of a test particle can be consid-
ered as a motion in a three-dimensional space with the
Newtonian potential replaced by the pseudo-Newtonian
one. Hence, the equations of motion for the Bose-Fermi
droplet moving in the field of a fixed black hole can be
put in the form

i~
∂ψB

∂t
= (Heff

B + VPN mB)ψB

i~
∂ψF

∂t
= (Heff

F + VPN mF )ψF . (2)

3. NUMERICAL RESULTS

We solve numerically Eqs. (2) by split-operator tech-
nique (Gawryluk et al. 2018) for possible trajectories of
an atomic white dwarf, corresponding to closed and open
orbits. We consider the Bose-Fermi droplet consisted of
133Cs bosonic and 6Li fermionic atoms. Such mixtures
are studied intensively experimentally (DeSalvo et al.
2017, 2019; Pires et al. 2014). To find the densities of
the Bose-Fermi droplet far away from the black hole we
solve Eqs. (2) without external potential, by using the
imaginary time propagation technique (Gawryluk et al.
2018). Then the droplet is located at some distance (far
away from the horizon) from the artificial black hole
and pushed perpendicularly to the radial direction with
some initial velocity. The initial position and velocity
determine the parameters of the orbit of a white dwarf.
The total energy, E = Ek + Ep, and the angular mo-
mentum, L, of a white dwarf of mass m are calculated
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as Ek = 1/2mv2
ini, Ep = −α/rini (α = GMm), and

L = m (rini × vini)z with vini and rini being the initial
velocity the Bose-Fermi droplet is pushed and the ini-
tial position, respectively. The total mass of the atomic
white dwarf is m = NBmB + NFmF . The eccentric-
ity of the orbit is given by ε =

√
1 + 2EL2/(mα2) and

the position of the periastron is rper = p/(1 + ε) with
1/p = mα/L2.
In our case we have 1042 bosonic and 100 fermionic

atoms in the droplet, with the interatomic forces deter-
mined by the ratio of the scattering lengths for boson-
fermion and boson-boson interactions: aBF /aB = −5

(see Appendix A for details).

3.1. Few periastron passages case

First, we take initial dynamical parameters for the
droplet such that E < 0, i.e. the orbit of the white dwarf
is closed. We are interested in the final stages of the
evolution of black hole-white dwarf binary, when tidal
forces become damaging. It happens when the white
dwarf star itself gets larger than its Roche lobe. Only
then the white dwarf starts to loose its mass through the
inner Lagrangian point L1. This condition is satisfied in
our simulations already for GM ∼ 1 and rini ∼ 100. All
quantities are given in the code units built of mB , aB ,
and mBa

2
B/~ as the units of mass (of Cesium atom),

length (a typical scattering length for atoms), and time,
respectively. We put GM = 1.93 (in code units) and
extremely small value of RS (an estimation of the mass
of the black hole is given below). For vini = 0.09 and
rini = 320 one has rper = 320 and the white dwarf is ini-
tially at the periastron. The simulations show that the
white dwarf circulates the black hole only a few times.
It is significantly stripped off the mass after each perias-
tron passage, many orders of magnitude stronger than
the estimation given in Shen (2019). Already at the
first observed passage the white dwarf looses 10−5 of its
mass, see Figs. 1 and 2. The mass’s loss at the third
passage is extremely large (Fig. 2) and results in the
death of a white dwarf-black hole system (Fig. 3) – the
white dwarf is running away.
Fig. 1 illustrates the way the white dwarf is stripped

of its mass. The pipe connecting the black hole and the
white dwarf is open extremely fast when the star is pass-
ing through the periastron for the first time, frame 1(b).
The charged mass falling onto the black hole becomes
a source of powerful radiation. The time correspond-
ing to the opening of a pipe is simply interpreted as a
rise time of a signal, an X-ray burst as argued in Shen
(2019), detected by the observer. The mass is sucked
off a white dwarf almost until a quarter of the circula-
tion period, see frames 1(c) and 1(d), and the accretion

Figure 1. Density distribution (at z = 0 plane) of bosonic
component at times during (frames a-c) and after (frames
e,f) the first-time periastron passage for the first considered
orbit. An atomic white dwarf is stripped of about 10−5 of
its mass. The stripped mass forms an accretion disk around
the black hole located at the center of the frame.

disk is created. Since the radiation is mostly emitted in
the direction perpendicular to the pipe’s direction, its
amount reaching the observer decreases. Hence, the sig-
nal decays and the falling time is estimated to be about
50 times longer than the rise time, the ratio similar to
that reported in Irwin et al. (2016) for NGC 4697 and
NGC 4636. Finally, the pipe is broken (frame 1(d)) and
the radiation is seized at the background level until the
white dwarf, while circulating the black hole (frames
1(e,f)), enters periastron region again (Fig. 2).
Figs. 1(d,e,f) show the accretion disk appearing

around the black hole after the white dwarf is stripped
off its mass for the first periastron passage. The size
of the accretion disk, i.e. the orbiting material gravita-
tionally bound to the black hole, is about one half of the
distance between components. Indeed, the existence of
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Figure 2. Mass of bosonic component accumulated within
the accretion disk, in units of m. Three periastron passages
(marked by 1,2, and 3), equally separated in time, can be
clearly identified. Each successive passage is accompanied
by increased amount of stripped mass. At the third passage
the binary ends its life, see Fig. 3.

flat parts in the curve in Fig. 2, showing the accreated
mass mad as a function of time, proves that the mass of
the accretion disk is essentially confined in a disk of half
of the black hole-white dwarf separation. An estimation
of the mass of the black hole can be done based on the
assumptions that at the periastron the white dwarf over-
fills its Roche lobe. This is, of course, the case since we
observe the transfer of mass from the white dwarf to the
black hole’s Roche lobe. According to the formula given
in Sepinsky et al. (2007), which is an extension of earlier
works (Paczyński 1971; Eggleton 1983) to the case of ec-
centric orbits and nonsynchronous motion, the radius of
the Roche lobe for the white dwarf at the periastron be-
comes RL = rper × 0.49 (m/M)1/3. Here, it is assumed
that the ratio m/M is small. The mass of the black hole
is estimated from the inequality RL . rwd, where rwd is
the radius of the white dwarf. This gives the lower limit
for the mass of the black hole M/m & (rper/(2 rwd))3,
equal about 8 in our case.
Eventually, after a huge loss of mass during the third

periastron passage, the white dwarf is expelled out of
the neighborhood of the black hole, see Fig. 3. The bi-
nary system ends its life. The matter remained in the
accretion disk becomes fragmented due to modulational
instability (Kivshar & Luther-Davies 1998) – a nonlin-
ear effect, both classical and quantum, closely connected
to the existence of solitary waves, already observed for
Bose-Einstein condensates (Nguyen et al. 2017; Everitt
et al. 2017).

3.2. One periastron passage for an elliptical orbit

For the second case, we consider, the system’s en-
ergy is still negative, E < 0, but the attraction be-
tween the black hole and the white dwarf is now stronger
(GM = 3.87). Then the periastron equals rper = 160.

Figure 3. Density distribution (at z = 0 plane) of bosonic
component at times during (frames a-c) and after (frames e-
f) the third-time periastron passage. An atomic white dwarf
is stripped of about 10% of its initial mass. The stripped
mass forms a massive accretion disk. The binary system
ends its life and the white dwarf goes away of the black hole.

The white dwarf is continuously sucked off its matter
and an accretion disk appears around the black hole,
Fig. 4. The orbiting material becomes fragmented due
to nonlinear effects and giant vortices are formed in the
bosonic component, see Fig. 5. Creation of giant vor-
tices might be responsible for another strong bursts of
radiation since the radial acceleration of particles mov-
ing within the quantized vortex is ∝ 1/r3 (r is a distance
from the vortex core) which is stronger than the accel-
eration in the field of Newtonian potential (∝ 1/r2).
Eventually, the white dwarf goes away from the black
ending the life of the binary system
Fig. 5 clearly shows that quantized vortices of a sin-

gle charge of both signs are nucleated in a large number
in the accretion disk in bosonic component while the
matter is falling onto the black hole. They are formed
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Figure 4. Atomic white dwarf in the field of the black hole.
The white dwarf is continuously stripping off its mass and
an accretion disk is formed. At the final stage, the fragmen-
tation of the orbiting material is clearly visible. Also, giant
quantized vortices are formed in the bosonic accretion disk
(see Fig. 5 for closer inspection).

at the inner and outer edges of the matter spout and
some of them move into the region of high density. The
size of the vortices cores is of the order of the healing
length ξ = ~/√gBnB and for the vortices located in the
high density region it is as large as 5% of the diameter
of the white dwarf. Most of the vortices are created in
the region of low density, in the neighbourhood of the
black hole. Since the size of the vortex core increases
with lowering density, they must overlap. The motion
of vortices is highly irregular, spatially and temporally
disordered. Their number changes significantly, for in-
stance it goes up by about 30% while going from the
upper to the middle frame in Fig. 5. Then it falls down
for the lower frame in Fig. 5. The superfluid Reynold
number Res = mBξv/2π~, where v is the flow velocity,
takes values in a wide range, of the order from 10−3 up
to 102. All of these suggest the onset of a quantum tur-
bulence (Tsatsos et al. 2016) in the accretion disk. Since
the accretion disk is an oblate object, one should think
here rather about two-dimensional quantum turbulence
(Bradley & Anderson 2012; Neely et al. 2013).

3.3. Hyperbolic orbit case

Finally, we consider the case when the total energy
is positive, E > 0, with GM = 1.93, rini = 320, and

Figure 5. Density with streamlines (left frames) and the
phase (right frames) of the bosonic accretion disc at different
times (increasing from top to bottom). The black hole is in
the (0,0) position. The quantized vortices are visible as plus
and minus signs present within the matter spiraling around
the black hole, at the inner and outer edges of the matter
spout, as well as in the region of low density.

vini = (0.1, 0.1). As the white dwarf passes the black
hole, the part of it is expelled towards the black hole,
see Fig. 6. Due to nonlinear effects one can observe, in
fact, a sequence of blocks of matter falling onto the black
hole. Grains of falling charged matter are expected to
emit trains of ultraluminous flares.

4. SUMMARY

In summary, we have studied dynamics of a cold white
dwarf star in the field of a black hole. As a model of a
white dwarf star we consider a zero temperature droplet
of attractively interacting degenerate atomic bosons and
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Figure 6. Grains of matter falling onto the black hole while
the white dwarf is passing aside, along the hyperbolic orbit.
A series of falling matter blocks (visible in red color) could
be responsible for radiation of a train of ultraluminous flares.
The right frame magnifies the central part of the left image.

spin-polarized atomic fermions. Our quantum hydrody-
namics based simulations reveal unexpected behavior of
the black hole-white dwarf binary, particularly at the

end of its existence. Our calculations support the hy-
pothesis that the binary system could be responsible for
the recently reported ultraluminous X-ray bursts. We
predict as well the possibility of trains of such flares.
Giant quantized vortices appearing in the accretion disk
could constitute another source of radiation, in particu-
lar in a connection with the quantum turbulence. All of
these phenomena happen because nonlinear and quan-
tum effects manifest on the same footing while the white
dwarf meets the black hole.
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APPENDIX

A. QUANTUM HYDRODYNAMIC EQUATIONS FOR WHITE DWARFS

The quantum hydrodynamic equations for the white dwarf modeled as the Bose-Fermi quantum droplet are given
by

∂ nF

∂t
=−∇ · (nF vF ) ,

mF
∂ vF
∂t

=−∇
(
δT

δnF
+
mF

2
v2
F +

δEBF

δnF

)
∂ nB

∂t
=−∇ · (nBvB)

mB
∂ vB
∂t

=−∇
(
δEB

δnB
+
mB

2
v2
B + Vq +

δEBF

δnB

)
,

(A1)

where nF (r, t) and nB(r, t) are the densities of fermionic and bosonic fluids, respectively and vF (r, t) and vB(r, t) are
the corresponding irrotational velocity fields. These equations can be derived based on quantum kinetic equations
for reduced density matrices (Frohlich 1967; Wong & McDonald 1977; March & Deb 1987; Rakshit et al. 2019b). T
is the intrinsic kinetic energy of an ideal Fermi gas and is calculated including lowest order gradient correction only
(Weizsäcker 1935; Kirznits 1957; Oliver & Perdew 1979)

T =

∫
dr

(
κk n

5/3
F − ξ ~2

8mF

(∇nF )2

nF

)
(A2)

with κk = (3/10) (6π2)2/3 ~2/mF and ξ = 1/9. There is an additional term in the second equation in (A1) related to the
other, bosonic component of the droplet. Bosons and fermions interact and in the simplest, mean-field, approximation
the interaction energy is Emf

BF =
∫
dr gBF nB(r)nF (r). As it was already shown (Rakshit et al. 2019a), to stabilize the

Bose-Fermi droplet the quantum correction due to quantum fluctuations is necessary Eqc
BF = CBF

∫
drnB n

4/3
F A(w, γ),

where w = mB/mF and γ = 2w(gBnB/εF ) are dimensionless parameters, CBF = (6π2)2/3~2a2BF /2mF , and the
function A(w, γ) is given in a form of integral (Viverit & Giorgini 2002)

A(w, γ) =
2(1 + w)

3w

(
6

π

)2/3 ∫ ∞
0

dk

∫ +1

−1
dΩ

[
1− 3k2(1 + w)√

k2 + γ

∫ 1

0

dq q2
1−Θ(1−

√
q2 + k2 + 2kqΩ)√

k2 + γ + wk + 2qwΩ

]
,

(A3)
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with Θ() being the step theta-function. Then the total boson-fermion interaction energy is EBF = Emf
BF + Eqc

BF .
Vq = −~2/(2mB) (∇2√nB)/

√
nB is related to the bosonic quantum pressure (Madelung 1926). The first term in

the Euler-like equation for bosons is due to interaction between bosons, EB = gBn
2
B/2 +ELHY

B , including the famous
Lee-Huang-Yang correction ELHY

B = CLHY

∫
drn

5/2
B with CLHY = 64/(15

√
π) gB a

3/2
B (Lee et al. 1957). gB and gBF

appearing in the above energy expressions are coupling constants for contact interactions between atoms (Pitaevskii &
Stringari 2003), with gB = 4π~2aB/mB and gBF = 2π~2aBF /µ, where aB (aBF ) is the scattering length corresponding
to the boson-boson (boson-fermion) interaction and µ = mB mF /(mB +mF ) is the reduced mass.
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