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We study the ground state occupation number and its fluctuations for the Bose-Einstein conden
of trapped atoms using the microcanonical ensemble. The analytic formulas are obtained with the
of the saddle point method. We show that microcanonical fluctuations below the critical temperat
tend to zero and scale with the number of particles as1y

p
N. [S0031-9007(97)02871-8]
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The recent achievement of Bose-Einstein condensat
(BEC) in trapped atoms of dilute gases [1–3] has be
quickly followed by the quantitative measurements of th
condensate’s properties. In particular the dependence
the fraction of atoms in the condensate on the temperat
has been found to be in agreement with the theory of
noninteracting Bose gas in a harmonic trap [4]. From t
point of view of the textbook thermodynamics the atom
condensate studied by Boulder and MIT groups is an exo
system: (1) It consists of a finite number of particles. Th
number does not fluctuate after the complicated cooli
process is over. (2) It is highly nonuniform. The trappin
harmonic potential changes within the condensate.

And yet the textbook theory of the Bose-Einstein co
densation is based on the thermodynamic limit of the u
form, noninteracting gas described by the grand canoni
ensemble. Perhaps the first person to worry about this w
Schrödinger [5], long before the present experiments.
considered, however, only the case of a finite number
noninteracting bosons in a cell. Later the grand canoni
ensemble predictions for the harmonically trapped fin
number of noninteracting bosons was made [6–8]. A
cording to this theorykN0lykNl  1 2 sTyTcd3, where
kN0l is the mean number of atoms in the condensate,kNl
is the mean total number of trapped atoms,T is the tem-
perature, andTc is the critical temperature. The recen
experimental results agree with the above formula. B
the fluctuations of the condensate fraction certainly do n
agree with the results of the grand canonical ensemb
This last quantity suffers large relative fluctuations whic
approach 100% as the temperature tends to zero. He
the theory of the harmonically trapped condensate ba
on a microcanonical ensemble is needed. In the rec
Letter [9] these fluctuations were computed in a one
mensional model. This cannot be directly compared to t
experiment, which is obviously three dimensional. Mor
over, in one dimension there is no phase transition
the limit of number of particles going to infinity. It is
the purpose of this Letter to estimate for the first time t
fluctuations of the condensate fraction according to t
0031-9007y97y78(14)y2686(4)$10.00
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microcanonical ensemble, which, we think, could be soo
tested in the experiment.

The microcanonical description of a many body syste
is difficult because of constraints imposed on a tot
energy and particle number. That obstacle is traditional
overcome by applying the grand canonical descriptio
instead of the microcanonical one. In the thermodynam
limit these approaches become equivalent, in the sen
that a relative grand canonical fluctuation of a mea
energy and particle number vanish [10]. Therefore
expectation values are the same for different statistic
ensembles. But the standard deviations may be differe

We consider the microcanonical ensemble for a syste
of N bosons confined by a 3D isotropic harmonic potenti
of frequencyv. The characteristic energȳhv of the
single excitation is our unit of energy. Thus, the single
particle energy isEn  n 1 3y2, where n is a non-
negative integer. The degeneracy of the energyEn is equal
to sn 1 1d sn 1 2dy2. In the case ofN noninteracting
atoms the total energy is simply a sum of single partic
energies:U  E 1 3Ny2 with integer E. The E has
the meaning of a number of excitation quanta. Th
microcanonical partition functionGsN , Ed is equal to a
number of completely symmetricN-particle states of a
given total number of excitation quanta,E. The direct
computation of the microcanonical partition function is
probably not possible forN . 1000. In the interesting
case of a large number of particles,N ¿ 1 and excitation
quanta,E ¿ 1, we can use the approximate techniqu
based on the saddle point method widely used in statistic
physics [10].

The grand canonical partition function,Jsz, jd, is, by
its definition, related to the microcanonical sumGsN , Ed:

Jsz, jd 
X̀

N0

zN
X̀
E0

jEGsN , Ed , (1)

where j is the Boltzmann factor,j  exps2bd ;
exps2h̄vykBT d, and z is the fugacity related to the
chemical potentialm by the standard formula,z 
expfbs13y2dg. On the other hand, the relatively compac
© 1997 The American Physical Society
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expression for the grand canonical partition function,

Jsz, jd 
Ỳ
E0

µ
1

1 2 zjE

∂sE11d sE12dy2

, (2)

allows us, at least in principle, to findGsN , Ed by
expandingJsz, jd into power series inz andj what can
be done by analytic continuation of the functionJsz, jd
and the Cauchy integral formula

GsN , Ed 
1

s2pid2

I
Gz

dz
I

Gj

dj
Jsz, jd

zN11jE11
, (3)

where contours of integrationGz and Gj have to go
around pointsz  0 and j  0, respectively. It is
convenient to rewrite the function under the integral
Eq. (3) in the form of expfwsz, jdg. Then the function
wsz, jd is

wsz, jd  ln Jsz, jd 2 sN 1 1d ln z 2 sE 1 1d ln j .

(4)
Taking the contours through the extrema (saddle poin
z0 and j0 of wsz, jd we get for N ! `, E ! ` the
following asymptotic formula:

GsN, Ed 
1

f2pDsz0, j0dg1y2

Jsz0, j0d
zN11

0 j
E11
0

, (5)

whereDsz0, j0d is the determinant of the second deriva
tives of the functionwsz, jd evaluated at the saddle points
The equations for the saddle points take the form

N 1 1  z
≠

≠z
ln Jsz, jd , (6)

E 1 1  j
≠

≠j
ln Jsz, jd . (7)

The presented method, although quite technical, has a
its physical interpretation. The grand canonical partitio
function is, in fact, a weighted sum of microcanonic
partitions. However, for a given value of the fugacit
z0 and Boltzmann factorj0, practically only a few terms
contribute to the whole sum in Eq. (1). The functio
Jsz, jd is sharply peaked atz0 and j0 which relates
us to the grand canonical expectation values:N 1 1 
kNl and E 1 1  kEl. The determinant in Eq. (5) is a
measure of width of the partition functionJsz, jd and
it also has a simple interpretation in the grand canoni
ensemble. The determinantDsz0, j0d is related to the
grand canonical fluctuations:

Dsz0, j0d  fd2
N d2

E 2 d2
NEgysz2

0j2
0 d , (8)

wheredE anddN are fluctuations of the total energy an
particle number, respectively, anddNE is the second order
correlation function:d2

NE  kNEl 2 kNl kEl.
The microcanonical partition function can be written i

the form

GsN , Ed 
NX

Ne1

PEsNed , (9)

where PEsNed is the number of completely symmetric
N-particles states (of the total energyE) of exactly Ne
s)

-

lso
n
l

al

particles in excited levels. RemainingN0  N 2 Ne

particles are simply spectators occupying the ground sta
PEsNed can be expressed in terms of the microcanonic
partition function: PEsNed  DGsNe, Ed  GsNe, Ed 2

GsNe 2 1, Ed. Therefore, the system withN0 particles in
the ground state appears in the microcanonical ensem
with the probabilitypEsN0 j Nd which is given by

pEsN0 j Nd  DGsN 2 N0, EdyGsN , Ed . (10)

Having this probability, the microcanonical expectatio
value N̄0 and standard deviationdN̄0 of the ground state
occupation number can be easily found:

N̄0 
NX

N00

N0pEsN0 j Nd , (11)

d2N̄0 
NX

N00

sN0 2 N̄0d2pEsN0 j Nd . (12)

We solved numerically Eqs. (6) and (7) and analyze
the behavior ofN̄0 and dN̄0 for a finite number of
particles. However, the approximate analytic formu
for the probability pEsN0 j Nd can also be obtained.
Equation (2) is not very useful for the detailed analysi
Instead, in the interesting limit ofz ! 1 and b ! 0 the
asymptotic expression can be found with the help of t
Euler summation formula [11]:

ln Jsz, jd  2 lns1 2 zd 1
g4szjd

b3
1

5
2

g3szjd
b2

1 3
g2szjd

b
1

3
2

g1szjd 1 R , (13)

where gksxd 
P`

l1 xlylk are the Bose-Einstein func-
tions, and R is the remainder which in the limit of
s1 2 zdyb ø 1 has the following asymptotic form:

R  ln
p

2p 2 1 2
5

24
g1szjd 1 4b

zj

1 2 zj
1 r ,

(14)
andr is given by the infinite series and according to ou
numerical evaluations its value can be approximated
r ø 0.37y720. In the opposite limit ofs1 2 zdyb ¿ 1
the asymptotic expression forR is given by

R  2
5

24
g1szjd 1 6b

zj

1 2 zj
. (15)

Because of the analogy with the grand canonical e
semble, Eqs. (6) and (7) may be solved in the standa
way [8] in the limit of an infinite number of particles.
It can be easily shown that in this case the fugacityz0

obtained from the saddle point equations reaches the va
one at the critical energyEc:

Ec  3z s4d fNyz s3dg4y3, (16)

where z snd  gns1d are Riemannian zeta functions. I
E , Ec most of the atoms occupy the ground state. T
2687
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most striking feature of the BEC is the fact that it occu
when the excitation per particle is proportional toN1y3

and hence goes to infinity for large systems.
The higher order corrections to the approximate so

tions of Eqs. (6) and (7) can be found by expansion of
terms into the powers of the parameterz1sNd:

z1sNd ø
∑

N 2
z s3d
b

3
0

µ
1 1

3z s2d
2z s3d

b0

∂∏21

. (17)

The approximate expressions for the saddle points h
the form

z0  1 2 z1sNd 1 z2
1 sNd 1 z3

1 sNd

3
z s3d
b

3
0

√
z s2d
z s3d

1
3z s3d
4z s4d

2
5b0 ln b0

2z s3d

!
, (18)

b0 

µ
3z s4d

E

∂1y4∑
1 1

z s3d
4z s4d

µ
3z s4d

E

∂1y4∏
. (19)

These solutions are obtained with the assumption t
z0 ø 1 and b0 ø 0; i.e., they correspond to the con
densed phase.

Finally we have defined all quantities which are nece
sary for a microcanonical description of the condensa
We do not present here solutions forz0 and j0 corre-
sponding to the normal phase above the critical poi
However, we want to stress that some contribution to t
microcanonical fluctuations originates at that region of p
rameters and, therefore, our approximate expression p
sented below has some systematic error in the vicinity
the critical point. After some algebra the microcanonic
partition function can be approximated by

ln GsN , Ed  4z s4d
µ

E
3z s4d

∂3y4

1
3
2

z s3d
µ

E
3z s4d

∂1y2

2 z1sNdg1 2 z2
1sNdg2 , (20)

where functionsg1 and areg2 are defined in the following
way:

g1  1 1
z s3d

8z s4d

"
1 1 b0

√
8z s2d
z s3d

2
15z s3d
2z s4d

!#
, (21)

g2 
z s3d
b

3
0

√
z s2d
z s3d

2
3z s3d
4z s4d

2
5b0 ln b0

2z s3d

!
. (22)

The above expression does not have an asympt
character. We left only leading terms proportional
E3y4 and E1y2 neglecting terms of the order ofE1y4 and
smaller. Although terms containingz1sNd are rather small
compared to the neglected ones, we have to keep them
they are the largest corrections depending on the num
of particles. The range of validity of Eq. (20) is define
approximately by the conditionE , Ec.

It can be easily checked that the microcanonical te
perature defined through the condition̄hvyskBTmicd 
bmic  ≠ ln GsN, Edy≠E is almost equal to the grand
canonical oneTmic  T (or bmic  b0). Equations (16)
and (19) allow us to introduce the microcanonical critic
2688
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temperaturekBTc  h̄vfNyz s3dg1y3 for the infinite sys-
tem. The differences between grand canonical and mic
canonical temperatures become significant in the limit
small energiesEyN ø 1. We want to add that there is
also an experimental ambiguity in measuring condens
temperature at very low temperature [4]. Neverthele
being aware of all the difficulties related to the notio
of temperature, we express the ground state occupa
probability pEsN0 j Nd in terms ofb0 (as it is related to
the microcanonical temperature) instead of energyE. De-
noting this function bypbsN0 j Nd we have

pbsN0 j Nd  fg1z2
1sNed 1 2g2z3

1 sNedgeg1fz1sNd2z1sNedg

3 eg2fz2
1 sNd2z2

1 sNedg, (23)

whereNe  N 2 N0 is the number of excited particles.
In Fig. 1 we present the microcanonical populatio

of the ground state as a function of the microcanoni
temperature measured in units ofTc for the relatively
small system ofN  1000 and N  10 000 particles.
There is perfect agreement between the numerica
obtained occupation number and the results based
the probability functionpbsN0 j Nd. The microcanonical
mean values are almost undistinguishable from the gr
canonical averages, i.e., in the limit of the infinite syste
mean number of particles in the condensate follows ag
the lawN̄0yN  1 2 sTyTcd3.

The situation is completely different in the case of flu
tuations. It can be shown using Eq. (23) that fluctuati
of the ground state occupation number below the criti
temperature is proportional tofz1sNdg1 1 z2

1 sNdg2g1y2 ø
1y

p
N . Therefore, in the limit of an infinite particle num

ber the microcanonical fluctuations vanish. A simil
scaling law in the case of a canonical description has b
reported recently [12]. In Fig. 2 we present the micr
canonical fluctuations based on the numerical solutions

FIG. 1. Relative occupation of the ground stateN̄0yN as a
function of the microcanonical temperature for the system
N  1000 and N  10 000 particles. Full lines represent the
numerical results while the dashed lines correspond to
analytic formula. The saddle point method does not allo
us to determine the ground state population for very lo
temperatures.
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FIG. 2. Relative fluctuations of the ground state occupati
numberdN̄0yN as a function of the microcanonical temperatur
for the system ofN  1000 and N  10 000 particles. The
full lines represent the numerical results while the dash
lines correspond to the analytic formula. The saddle po
method does not allow us to determine fluctuations for ve
low temperatures.

the saddle point equations (6) and (7) forN  1000 and
N  10 000 and compare them with those calculated fro
Eq. (23). The small disagreement seen in Fig. 2 is due
the fact that the formula for the functionpbsN0 j Nd can
be used only ifN 2 N0 . z s3d fEy3z s4dg3y4. The op-
posite case corresponds to the region above the criti
point and has been neglected in our approach. Howev
the way the fluctuations scale with the particle numb
agrees with our analytical estimation. The saddle po
method fails in the case of small energyE or particle
numberN as the Gaussian approximation to the integra
in Eq. (3) becomes incorrect. We estimate that the ran
of applicability of the saddle point method is limited to
the total energies of the system larger than the number
particles,E . N , i.e., to temperaturesTyTc . N21y12.
The regime of very low temperatures has to be treat
separately because the double integral in Eq. (3) has
be computed exactly. We are currently investigating th
problem.

In conclusion, we have computed the fluctuations of t
number of condensed particles for finite size BEC. W
found that for 1000 particles these relative fluctuation
are of the order of 4.5%. The fluctuations decrease
1y

p
N . In our approach we considered the ideal Bo

gas neglecting the weak repulsive interaction betwe
trapped atoms. This interaction is lowering the critic
n
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temperature and the fraction of condensed atoms
the amount of a few percent [13]. The qualitativ
estimation of condensate fluctuations can be found
[12]. This estimation shows that interatomic repulsio
would enforce smaller fluctuations if the interaction i
sufficiently strong. In real experiments there are oth
sources of fluctuations. In particular, if the results a
collected from many different realizations of the BEC
then the total number of particlesN cannot be treated as
constant. The microcanonical fluctuations can therefo
be regarded as the lower bound of fluctuations in t
experiments with BEC.
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