PHYSICAL REVIEW B 70, 125431(2004)

Chemical diffusion in an interacting lattice gas: Analytic theory and simple applications
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A variational approach to microscopic kinetics of an interacting lattice gas is presented. It accounts for the
equilibrium correlations in the system and allows one to derive an algebraic expression for the particle density
(coveragée dependent chemical diffusion coefficient for a wide variety of interaction models. Detailed deriva-
tion is presented for a one dimensional case for which the results are compared with the results of Monte Carlo
simulations. Generalization and an application to the simplest case of the two dimensional lattice gas is briefly
described.
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I. INTRODUCTION review!® and two more recent ones by Danaatiall* and
Ala-Nissila et al'® summarize some of the efforts. Other
The collective or chemical diffusion of surface speciesefforts relevant in this context are due to Kred2et® who
involves jumps of the adsorbed interacting particles from ondnvestigates the diffusion, adsorption, and desorption kinetics
binding site to another. The rates of these jumps depend ofithin the kinetic lattice gas model by deriving a hierarchy
the interactions between the neighboring particles resultin§f kinetic equations for many-site correlation functions and
in the coverageadsorbate densitydependent diffusion co- S°IVing it by designing appropriate truncation scherfees
efficient. The interactions affect the coverage dependence &HSO references to earlier works quoted in Ref. 16

diffusion also through the structural transformations within ;’h_e ma':'thetmatlcal d.'ﬁ'clult'es éncl)tlvartf ﬁﬁoﬁﬁ to ges,lgn
the adsorbate layer which favor different geometrical con2"9 INvestigate very simple modeis which, although over-
implifying the situation occurring in nature, show some re-

figura.tions within the adsorbate a_t.diff_erent Coverages. Théemblance to them and can be solved exactly in a mathemati-
effectiveness of the surface mobility in relation to that of%g"y transparent way. Deeper insights gained due to the

other'surface processes, like adsorption, QesorpFiqn, chemic ssibility of exact treatment should compensate for unreal-
reactions, etc., determines the catalytic activity of th€gic simplifications present in such description. It is a goal of
surface> Growth of nanostructures from beam depositedine present paper to investigate a model often invoked in the
clusters is controlled by the cluster surface diffusion enablingontext of the surface diffusion, that of the kinetic lattice gas
them to grow into islands making surface diffusion a subjecimodel, but approach it in a way different than it was done in
of interest in nanostructuringThe experimental progress in the past. We devote this work mainly to the interacting lattice
this field has been recently reviewed in Refs. 4-7. gas in one dimension which we treat in considerable detail.
Collective diffusion in one dimensional systems, the mainGeneralization to the two dimensional lattice gas is not very
subject of this work, has recently become practically relevantiemanding once the results of the analysis in one dimension
too. Recent investigations of Au or Si adsorbed on top of are understood well at an intuitive level. We include in this
Si(111)5 X 2-Au chain structur®® show that the diffusion of paper preliminary only results for the simplest case of the
adatoms is one dimensionélD), that the interaction be- interacting lattice gas in two dimensions. Other two dimen-
tween adsorbed the Au/Si atoms is strongly repuléivieib-  sional cases in which structural phase transformations have
iting simultaneous adsorption at the adjacent gitesd that to be accounted for will be considered in future publications.
the atomic migration is affected by the density of the diffus- Our goal is to develop an approximate analytic method
ing adatoms. Helium atoms confined within a narrow inter-allowing to derive the coverage dependent diffusion coeffi-
stitial channel within the triangular lattice of carbon nano-cient in the lattice gas in which the effects of the particle-
tube bundles present another example of a strictly 1Dparticle interactions go beyond simple site blocking. The ba-
“adsorbate.*® Equilibrium properties of a similar 1D gas of sic assumptions are standard: we assume that the kinetics of
Ceo molecules encapsulated within carbon nanotubes werthe microstates of the lattice gas can be described as a sto-
already investigated within the lattice gas motlel. chastic hopping of particles to neighboring sites, that the
From the perspective of a theorist the chemical or collectates of these hops depend only on the instantaneous local
tive diffusion in the presence of interactions between adenvironment of a given atorfMarkovian process and that
sorbed atoms is a complicated many-body problem encourat any given time only one atom in the gas hops. In our
tering many difficulties, largely mathematical in nature.approach we start from the set of the Markovian master rate
Analytic results are rare and usually the method of choice t@quations for the probabilitieB({c},t) that a microscopic
study chemical diffusion are Monte Carlo simulations. An configuration(a microstatg{c} of a lattice gas occurs at time
important work by Reed and Ehrlich,an early Gomer’s t. {c} is understood as a set of variables specifying which
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} FIG. 1. Three interaction models for diffusion

APVAVAINA in a one dimensional lattice gasa) the well
MOV depth modificatiof WDM) model,(b) the barrier

height modification(BHM) model, and(c) the

(a)  Well Depth Modification — WDM barrier and well modificatiodBWM) model. The
potential experienced by an atom placed between
r W T rr I, two neighborgcontinuous line, black full circles,
- 7\ /\';\7\ N - 7\7\ A A - /\ A A A respectively—considered here to be fixed—is
VAVAVAVAVAVA A AVAVAVE SVEVE AV JVIVEY superimposed on the potential experienced by an
isolated atom(dashes The infinite barriers pre-
vent an atom from jumping to sites already occu-
(b} _ Barrier Height Modification — BHM pied. The arrows symbolize selected transitions
r W R r R T and the corresponding transition rate_s are shown
\, ~ o } -~ } \, } above the arrows. Three pandlsounting from
o A\//\\//\\//\ . o /\V/\ \o o lo @ A oieliels the lefy in each row show the transition rates
v v V V v v VIRVERVERY appropriate for progressively smaller distance be-
tween the “fixed” atoms.

(¢) Barrier and Well Modification — BWM

particular sites in the lattice are occupied and which are notnoderately so no structural phase transformations are ex-
The rate equations account for the transitions between thgected. Section VI is devoted to a final summary. Certain
microstate{c} and all microstatesgc’} differing from {c} in lengthy calculations, not required for understanding the
the occupation numbers of the two sites between which thenethod and not requiring any approximations, are presented
atomic jump occurd’'° Our approach, however, differs in several Appendixes. Appendix A which, while not being
from all other approaches based on the kinetic lattice gatechnical in nature, summarizes a mathematical material es-
model in this respect that we extract the coverage dependeaential for understanding the method presented in this work.
diffusion coefficient directly from thenicroscopicrate equa-
tions rather than from the hierarchy of kinetic equations for
the ensemble averaged quantities like the local particle den- Il. THEORY
sity and many-site correlation functions. To our best knowl-
edge, such an approach was never tried before. The advan-
tage, beside being able to derive algebraic relations for the We consider a one dimensional lattice wittsites which
coverage dependence of the diffusion coefficient, is that wean be occupied by particles referred to as atoms. The total
are free of uncertainties introduced by various truncatiorlength of the chain id.a wherea is a distance between the
schemes necessary to deal with the ensemble averaged equigighboring sites. If only one atom is present we can think
tions. about it as moving in a periodic force field described by a
The paper is organized as follows. In Sec. Il we define thepotential having minima at positions=¢a, ¢=1,2,..L,
details of the model and describe the theoretical method usetiith barriers in-between. ¥V is a jump probability per unit
to extract the diffusion coefficient from it. We also considertime between the nearest sites then the atomic migration
there the noninteracting system showing that the method prédong the chain is described by a diffusion coefficiént
dicts the expected density independent diffusion coefficient D.= Wz (1)
in this case. In Sec. Ill we apply the theory to the simplest 0~ '
case in which the modifications of the hopping rates by the If there areN atoms present on the lattice then, in general,
interactions are rather modest. This part of the paper is fairlyhe chemical diffusion coefficient depends on the average
detailed, culminating in Sec. Ill C with the formulation of particle density(coveragg #=N/L and this dependence is
simple and physically appealing rules of evaluating the covdetermined by the details of the interactions between the at-
erage(or density dependent diffusion coefficie®(6) ina  oms. It is well knowrt®2! however, that if only the site
large class of kinetic lattice gas models. Section IV is de-blocking interaction is present, i.e., the atom cannot jump
voted to another one dimensional case, that of very stronmto the site already occupied but the jump rates for all al-
repulsive interactions between nearest neighbor atoms. Thiewed transitions remaikV, then the diffusion coefficient is
is a highly nontrivial case in which we take an advantage okequal toD,, given in Eq.(1), for all coverages. Diffusion
the possibility of building into the considerations the equilib- which does depend on coverage is due to the interactions
rium correlations in the system. Our analytical results forbetween atoms going beyond a simple site blocking.
D(6) agree perfectly with the results of the Monte Carlo In Fig. 1 three simplest interaction models are shown. Let
simulations. Although the work on two dimensional systemsthe jump rate of an isolated atom bMé An atom at a site
is still in progress we present, in Sec. V, the application ofadjacent to another site already occupied is subjected to
the method to the simplest two dimensional case of a latticéorces different than those experienced by an isolated atom.
gas in which the interactions influence the hopping ratesVe consider three models with progressively more compli-

A. Models for diffusion along a chain
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cated interaction induced modifications of the jump rates. Idong wavelength density fluctuations in the lattice gas in
the WDM model[Fig. 1(a)] the atom at a site adjacent to an terms ofP({c},t)’s.

occupied site is either attracted tas showi or repelled For a system oN patrticles distributed amonlg sites we
from it—the atom at such site experiences the potential wittpropose to identify a microstafe} by a set ofN numbers

the well depth different than it would otherwise be, leading

to the transition ratd’, different thanw, for the atom to {ck =[Xsmg,my, ... my—q] = [X;{m}], (4)

leave the site. All the remaing jump rates are 3till Alter- whereX=¢a (¢ being an integer of any sigiis a position of
natively, in the BHM modefFig. I(b)] itis the barrier height .one of the atoms, referred to as the reference atomaigl

for an atom at a site adjacent to an occupied one which i " oo . . .
o i . .. an integer indicating how far, in units of the lattice constant
modified. Here, not only breaking a pair but also creating it

occurs at a ratd’ different thanW. Moreover, when the a, the ith atom is away from the reference atom. The set

jumping atom is between two other atoms separated only b m}:[rtl’r?z; th ,mrN_Il]til\? refﬁ”r?d tna a;]st a fcotnflrgur?r':lon—i\l/t 0
3a (the “tight configurationj—so any jump simultaneously ccounts for the refative arrangement of atoms in a give

breaks and creates a pair—the barrier for such jump is afMicrostate. In order to avoid the influence of the boundaries

- : P : we let¢=0,+1,+2, ..., #0 and impose the periodic bound-
fected by both neighbors leading to a still different jump rateary conditions treating as equivalent positioMsand X

T. Finally, in the BWM model, both effects considered in the+ L it r o It i ient t
preceding two models are present. Here, the rates of pair.n a (n—ar_l Integer of any sign It is convenient to con-
breaking and creation are differefit and R, respectively sider allL sites to be arranged along a circumference of a

except in the tight configuration in which the jump rate is ci_rcle of lengthLa. Two possible d_irections along the line
denotedT again. ForT=R=T=W we have only the site will be referred to either as clockwigérom left to right or
blocking interaction counterclockwisgfrom right to lef). We choose the refer-

The models listed here can be classified according to th nce atom to be the leftmost one in the microstate and label

scheme used by Kreuzer in Refs. 17 and 18. For exampl ’e remaining atoms with mtegelsl,'z, ... N=1in the
the WDM model is termed there the initial state interaction©'d€" in which they are encountered going from the reference

model, while the final state interaction model would corre-atom in _the ClOCkW'.SQ”ght) direction. Consequently alhi_’s
spond tol' =W andT=R+ W, which we do not show in Fig are positive and with the shortest and the longest distance
1. In the WDM and BHM models, both initial and final state between any two atoms beimgand (L -1)a, respectivelym

interactions are involved and using E@5) in Ref. 17 one  differs at least by 1 fromm_, andm,,. Therefore, we have

g?r?erShOW that the rate®/,I', R, and T are related to each Ism<m<- - <m<- - <m<L-1. (5
For example, ifN=3 then the microstateceecoceoo, . is

TW=IR. (2 identified as[X;m;,my,]=[2a;1,4] and the corresponding

This condition is not necessarily valid in the interaction mod_conﬂgl_Jratlon |s{m2:[1,4]. f identifving the mi f
els in which interactions of an atom momentarily at a barrier, AN important advantage of identifying the microstates o

site between its initial and final positions are accounted¥or. the system as sp(_acified in 'E(eﬂ.) is that, by tying each mi-
crostate to a particular lattice locatiofithrough the refer-

ence atom, it is possible to relate the time dependent mi-
B. Methodology crostate  probabilities P({c},t), now  denoted
The starting point is a Markovian Master equatioh®for P m,...m, ,(X,1), to the probability(X,t) of finding an
the probabilityP({c},t) that a microstatgc} of a lattice gas atom at a positiorX (which, in turn, is directly proportional
occurs at time: to thelocal density/coverage Namely, in each of the follow-
ing microstates there is an atom at a positiof
d _ , , , [X;m;,m,, ... ,my_;]—the leftmost atongthe referenckgis at
dtP({c},t) - 2 [Wieh{c'hP{c’s. 0 = Wie'h {eh Pch D], X, [X=mya;m;,my, ... ,my_;]—the second atom, counting
'y from the left, is atX, [X—mpa; m;,m,, ... ,my_;]—the third
atom is at X, etc. In general, in a microstat¢X
-ma;m;,m,,...,m,...,my_4] the (i+1)th atom counting
clockwise from the reference atofeonsidered as the first
fne in the countis precisely atX. Consequently, the prob-
ability of finding an atom aX at timet is the following sum
over all configurations:

where W({c},{c'}) is a transition probability per unit time
that the microstatdc’} changes intg{c} due to an atomic
jump of an atom from an occupied site to an unoccupie
neighboring site. The sum ovéc’} runs over all such mi-
crostates from which the microstafe} can be reachefthe
first term at the right hand side of E(B)] or which can be L-1

reached from{c} (the second terjn Conventionally:"° a P(X,t) = 1 > [Py, 50+ Proy iy my (X
microstate is specified by a string of occupation numbers, my,...My-g=1

{c}=[ny,n,, ... ,n], such than,=0 or 1 when the'th site is ord

either empty or occupied, respectively, by an atom. Such a —ma, )+ Py o (X—meat)+ ..

method of identifying the microstates is, however, unsuitable

for our purposes because it does not allow to express the * Pmlvmz'”'*mN—l(X_ My-1a,1)]- 6)
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Here, 3" ., -1 denotes the sum oveN-1 indices ghal = 1 (9)

and keegka finite until one letd. andN to . The procedure
described here, straightforward in principle, is difficult to
implement due to a huge dimension of the matyif).
Formal expression for the diffusive eigenvaluehMfk) is
babilitiesP,.(X,t) andP,(X+a,t ith ) givgn_in Eq.(A?). This matrix is not, in general, her_mitian_ SO
probabilitiesPyy;(X,1) andPyy)(X+a,t) appear with appro a distinction must be made between its left and right eigen-

pnatgly chosen conflguratlor{m }‘[”?1.’ .-+ Miv-] (Cf. Ap- vectors. They are related to each other through the equilib-
pendix A for more details The transition rate®V({c},{c’'}) rium probabilitiesPd, appropriate taV(0) [cf. Appendix A
depend only on the local environment of the hopping atom {m} Y ' &0

(fully specified by configurationgm} and {m’}) but do not and Eq.(A5)]. Unfortunately,_ the left eigenvecte _(k) of
depend on the positionx and X’ of the reference atom. rwl(!(_)_canne%t be foun_d analytically and the equilibrium prpb-
ConsequentiyW(ic},{c'}) =Wy (. This allows to take an abilities P, determined byM(0) are usually too compli-

advantage of the lattice periodicity and take a lattice Fouriefated for any analytic approach. In this work, guided by the

ord
[my,my, ... ,my-1]={m} in the limits specified by Eq(5).
We will refer to such a sum as an “ordered” one.
Returning to Master Eq.3), it is easy to see that at the
right hand side of a rate equation fBf;(X,t) the microstate

transform exact expressiofA7) for \(k), the following variational ex-
pression for it will be used as a starting point:
=S gkx @] (K) - M(K) - [P, ,(k
P (k) = 2 %Py (X.0), (7) n(g ~ Dl M) [Py (K)] 10

! (K) - [PD,, (K]

Here [Pd®] denotes a one-column array with components
[P® ]y =Py Py and @] (k) is a variational candidate for
XT—:-(O)(k) andP" approximate$*® Their choice is dictated by
physical considerations and the only formal restriction is that
all components ofp!, (k) are equal to each other fé&=0

[cf. discussion below Eq(A6)]. This assures that(k) is

of both sides of Eq(3). TreatingP;y,(k,t)’'s as components

of a one-column array(k,t) one arrives at the set of the
k-space rate equations written conveniently in the matri
form

EP(k,t) = M(K) - P(k.t). 8) proportiona_l to(ka)? for_ ka<<_ 1._ Into the _candida_te foPvar
dt one can build, at least in principle, any information one pos-
sesses about thequilibrium correlations present in the sys-

tem.

We complete this discussion by considering the density
fluctuation P(k,t) defined as a lattice Fourier transform of
'the probabilityP(X,t) [defined in Eq(6)] of finding an atom
at a positionX. Using Eq.(7) it can be written in a form of a
dot product involvingP(k,t):

The number of elements iR(k,t) and the dimension of the
k-space rate matriXl(k) (to be referred to simply as a rate
matrix) is equal to the number of all possible configurations
as determined by conditiof). Most of the matrix elements
Mim (my(K) of M(K) are zero. The nonvanishing matrix ele-
ments are proportional t@/,T", T, or R. Some of them con-

tain also ak-dependent phase factor éxpka) accounting I
for the fact that some transitions convert the configuration P(kt)== > q):nlymz,---mN_l(k)Pmlvmzw--va-l(k*t)
tied to a lattice positiorX into the one tied toXxa. More Ny, my-g=1

details and some essential properties of the rate militiy ord

are provided in Appendix A. The reader not familiar with the _1os
properties of nonhermitian matrices is advised to read this _Nq> (k) - P(k,), (11)

appendix now. . N )
The chemical diffusion coefficient can be extracted di-where®'(k) is a one-row array—a hermitian conjugate of a

rectly from rate Eq(8) without going through the diffusion one-column arrayP(k) whose[my,m,, ... ,my-4Jth compo-
equation. For a long range density fluctuatida,<1, the nentis

return to equilibrium is due to diffusion proceeding at a rate N-1
A(k) equal to that eigenvalue ofM{(k) which for ka<1 is o K =da(k) =1+ eikam
proportional to(ka)2. A(k) will be referred to as a diffusive mum..my1(K) = Pimy(K) 2

eigenvalue of the rate matrix and the diffusion coefficient is
obtained as &a<1 limit of \(k)/k?. There is a delicate
point in this procedure because this limit must be taken while (12
bothN andL are kept finite because our goal is to obtain the,
diffusion coefficient as a function of an equilibriutaver-
age coveragef#=N/L for both L and N being much larger
than 1. Consequentifta<<1 does not mean setting=0 be-
cause performing all calculations one has to account for the
restrictions imposed ok due to the periodic boundary con-  The choice of(I)(far(k) and P,,, can only be dictated by
dition physical intuition so it is important to consider a case for

=1 +e—ikam1+e—ikanb+ +e—ikar‘r‘N_1_
Note that all components @b(k=0) are equal to each other
(equal toN).

C. Noninteracting case
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which the left eigenvector and the equilibrium probabilities modifications of the hopping rates. Consequently, all compo-
can be found exactly. The natural candidate is the “noninternents ofP¥?" are equal to each othgthey can all be set to 1
acting” case in which the ratd$ R, and T are equal tow, because the denominator in E4.0) takes care of the nor-
i.e., when the only effect of the atom-atom intecractions is themalization automatically It is° convenient now to decom-
site blocking. Thek-space rate matrix, denotéd(k), is in  pose the rate matri¥l(k) into M(k) and a correction

this case hermitian. One can show thatk), given in .
SM(k) = M(k) = M(k). (16)

.o ka
No(k) = 4Wsm2(?), (13 The rate matrixV (k) inserted into Eq(10) results in A\g(k)

with the present choice &' and ®,,(k) so the result is

is theexacteigenvalue oM(k) and thatd (k) defined in Eq. B9 - SM(K) - DK

(12) is the corresponding exagtight) eigenvector MK = = na(k K== \(k
i A(K) = = No(K) + SN (K)==No(K) + 'K - K
M(k) - @ (K) = = No(KP(K) (14) SMKLN)
[the left eigenvector i T(k)]. The resulting diffusion coef- ==No(K) + TNLN) (17)

ficient does not depend on coverage and is given in(Eq.

The proof of Eq(14), interesting in its own right, is given in The denominatoV(L,N) in the correction term accounts for

Appendix B. the fact thatd(k), defined in Eq(12) is not normalized. In
From this perspective, the last line of E41) means that principle, it should depend ok. Evaluating, however, the

the density fluctuatiorP(k,t) is a projection of the solution numerator and the denominator one has to account for con-

P(k,t) of rate Eq.(8)—for any interaction model—onto the dition (9) and, as shown in Appendix C, this condition yields

“diffusive eigenspace” ofi(k) for the noninteracting lattice 2 k-independentV(L,N) [cf. Eq.(C13)].

gas. It implies that the density fluctuation for the noninter- e note in passing that E@17) is formally identical to
acting svstem denote?oi’(k ), decays in time at anique that which would be obtained within the perturbation theory
rate geirilg pre’cisely K: T y q approach: the first order correcti@in (k) is the “expectation

0 .

value” of the “perturbation’sM(k) in the “unperturbed state”
703(k,t) _ 7.5(k, 0)e ot (15) D (k). As such., the_: result is expgcte_d to be valid for relatively
small interaction-induced modifications of the hopping rates.
This is the expected antkcessaryesult: chemical diffusion The starting expression, E@L0), is more general because,
in the system with no other interactions than the site blockby a judicious choice oP'®(k) and ®,,, it allows, in prin-
ing must be governed by the rate derived within the randontiple, to incorporate effects which cannot be accounted for
walk model for a single particl¥:?! In the case with inter- within the perturbation theory.
actions, however, the decay of the density fluctuation Both AV{L,N) andSM(k;L,N) can be evaluated analyti-
P(k,t)—still being a projection of the exact solutid?(k,t)  cally but the details are complicated and tedious, particularly
onto the diffusive eigenspace of its noninteractingwhendM(k;L,N) is concerned. The result is, however, very
counterpart—cannot be described by a single rate but rath&imple, easy to interpret and easy to generalize to other mod-
by a linear combination of exponentially decaying terms—els, including a lattice gas in more dimensions than one. For
the rates are the eigenvaluesdfk). Diffusion corresponds the purpose of illustrating the method we consider first the
to that eigenvalue which is proportional tka)? in the long  lattice gas consisting oN=3 atoms and restrict consider-
wavelength limit(ka<1). ations to the WDM interaction modétf. Fig. 1) which we
then generalize to the BWM model for geneial

I1l. APPLICATION: MODERATE MODIFICATIONS A. Toward systematic approacth:?,

OF THE RATES . . .
The lattice gas consisting &f=3 atoms presents the sim-

We are ready now to apply the method developed in Se@lest case in which all complications occurring for genéfal
[I. Our aim will be to evaluaten(k) using Eqg.(10). We pos-  are already present. Considering it first allows for an almost
tulate that®, (k) is adequately represented ®(k) defined immediate generalization. The microstates are identified as

in Eq. (12—the diffusive eigenvector ofi(k).22 Depending  [X: Mu,Me] with, cf. Eq. (5):

on the relative mggnitudes qf the ralesk, Twith respectto Ism<mys<L-1. (18
W we propose different variational candidates for the equi- . _ o _ _
librium probabilitiesPVa", Already in this case it is a rather tedious task to write down

We start with the case in which the rafésR, andT differ ~ all possible types of the rate equations. The matrix index in
moderately from the jump raté4’. In this case we assume Ed. (8) is {m}=[my,m,] consisting of two orderedcf. Eq.
that each configuratiofim}=[m;,m,, ... ,my_,] allowed by (18)] integers so the number of different components of
condition (5) is equally probable in equilibrium. In reality Pm,m,(k,t) and a dimension of the square matkixk), equal
this is true only for the noninteracting lattice gas but the erroto the number of all possible configurations, (is—1)(L
made should be small for small enough interaction-induced2)/2. The off diagonal matrix elementsMm (my(K)
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= Mmlymzimiymé(k) arg proportional to the transition rates pm (k) = = BWP, ok D)+ WE™ P, (kD)
Wy iy from the microstatéX’;m;,my] to [X;m;,m;] and ’ s ’
depend onk through factors exrika) generated by the + & Pmi1 mea(K D+ WPRg mea(K,)
transition§ for whichX’=X+a. The diagonal term$/;; i + TPz me2(K )+ TP e (K, ) + WPy mea(K, t).
are negative, do not depend &nand account for the total (21)
rate out of the configuratiofm}. Majority of the off diagonal
matrix elements of(k) [and of M(k)] vanish and, typically, " Eq.(20) the number of terms is smaller than in either Eq.
the nonvanishing matrix elements aMy, . +1m+1(K), (19 or (21) on the account of the site blocking. In general,
Mo memestm (K, M mem me(K), and |\/|m1 mz_ml “With-  the rate equations foPp, m,(K,t) which containI” are (i)
1M My LMy 1M My, My 1Mo My My . . . .

those for which them; atom is paired with the reference
atom (either tightly or with one empty site between them:
m,=1, 2, respectively; (ii) those for which them, atom is
paired with the reference atofaither tightly or with one site

out interactiongi.e., when the rate matrix i8l(k) with all
nonvanishing matrix elements proportionaMig the form of
a typical(i.e., form#1, my#L-1, andm,—m;>1) equa-

tion is between themm,=L-1,L-2, respectively (iii) those in
|5m ,mz(krt) =-6WP, ,mz(k!t)+ Wekep —1,m2—1(k1t) which them; andm, atoms are paired with each othign,
! y ' ! =m;+1, or my=m;+2, exemplified in Eqs(20) and (21),
+ € P 1 mr1(K D+ Py (K1) respectively; and(iv) those in which then, andmy,, paired

to each other tightly or with an empty site between them, are

* Pm1+1,mz(k't)+ Pmr”‘z-l(k't) * Pml'mz"'l(k’t)]' also paired with the reference atom through either of the

(19 ends. Out of the total ofL-1)(L-2)/2 rate equations only
i . L o ., 6(L-23) are special: @-3) are like Eq.(20) and contain the
The first term at the right hand side is the “out” term which rateT in the out terms and (B—3) equations are similar to

accounts for six ways in which a trigk,my, mp] can be Eq. (21) with T in the in terms. In the remaining interaction

dgstrqyed: each of Its '_three atoms can jump in one of WQhodels with special rateR and T the number of the special
directions. The remaining ones are the “in” terms. Those

. : : . equations is larger.
proportional to exp-ika) and exjika) account for a creation q g

; . The probability of finding an atom at a positiofis de-
of a[X,m,, my] triad due to the counterclockwise and clock- fined in Eq.(6). Its lattice Fourier transform is given in Egs.

wise jumps of the reference atom, respectiv@gcause such (11) and (12) which in this case read
jumps change the positiod of the triad and both distances

mya and mya by +a). The terms without a phase factor ac- 1 .

count for jumps of the middle atofitwo middle terms at the P(kt) = 3 > Dy, (K)Pry m, (K1), (22

right hand side of Eq(19)] or the remaining nonreference mllg‘%:l

atom(the two last terms—these jumps do not change The

“special” equations, for which the site blocking must be ac-and

counted for, are only those fd?, m (k,t)'s with m1:1., m, @, o (K) = 1 +eikamy 4 grikam, (23)

=L-1 and/ormy,—-m;=1. For example, the equation for 12

Pl,mz(k:t) would have an out term propor’[iona| to WAuUn- respectively. The ordered summat@h‘l’lmzzl is defined be-

lessm,=2 for which it would be proportional to 2. In . Coed

fact, the site blocking is accounted automatically for by notlow Eq. (6) and here it could be written &8, 2,32, ., as

letting any pair of subscripts in EG19) to violate condition  well [cf. condition(18)].

(18). ®d(k), with components defined in E@23) is an eigen-
With interaction§ beyond the site blocking, the rate matrixyector ofM(k) (cf. Appendix A). It can be now used in Eq.

M(k) differs from M(k) by having someWw rates replaced (17) to evaluate the correctiod\ (k) to the diffusive eigen-

with I", T, or R. Consequently, certain rate equations contairvalue. The evaluation of the denominator is straightforward

I', T, or R as well asWs. As an example, for the WDM leading to

interaction model, the rate equations f'ﬁrnml(k,t) and L1
Pmm+2(K,t) with m>1 corresponding to the configurations N(LN=3)= >, |[Prm,m, 223(L-2)(L-3), (24
e0 . .00e00 0 and «...0e0e0. o (the leftmost ¢ is the my,mp = 1

ord

reference atom having, due to the cyclic boundary condi-
tions, the rightmost empty siteimmediately to its leftare,  which agrees with the general result given in Eg13).
respectively, The evaluation of the numerator,sSM(k;L,N)

. B _ika =dT(k) - SM(k) -®(k), is considerably more complicated and

Pmmea(kt) == Z_(F WP mea (K, 1)+ WE™ Py (k. 1) it should be organized in a way allowing for easy generali-
+ %P 1 o (K D)+ Prg mea (K ) zation for arbitraryN and an arbitrary interaction model. We
L p (k)] (20) concentrate on the WDM model. The matd¥l(k) is then

mym23 5 proportional tol'=W and its only nonzero elements appear at
and such matrix positions at which the rate matfiKk) hasTI’
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rather thanW [compare Eq(19) with Egs.(20) and(21) as In fact, each of the terms in E(R5) can be related to very
examplek The dot productM(k) -d(k) has the same struc- specific processes breaking a bond between two atoms in a
ture asdM(k)-P(k,t) appearing in the rate equations which tight pair. Our goal is to provide such an inter_pretation of
contain the ratd’. Consequently, one can classify various Eds.(25), (26), and(27) which would allow to write all the
contributions tos\ (k) as generated by various types of these€XPressions using simple diagrammatic rules.
rate equations of which Eq$20) and (21) are typical ex- The negative contributions in Eq&25) are due to the
amples. A lengthy result of this rather tedious analysis ié)reaklng of tight pairs of atom§ .contrlbutlzr?g to the out terms
given here in full because the interpretation of each term igh the rate gquaﬂons%, CO”Fa'”'”9|‘I)1m2| S, .accounts for
valid beyondN=3: the destructions of the configurations in which the atom
forms a tight pair with the reference atdthus,m;=1 in Eq.
(269)]. The spectator atom which does not change its posi-
tion can be at any positiom, between 3 and.-1 (see,
however, the end of this paragrgpfihe factor 2 in front is
+(C1+Cy), (25) due to the fact that such a configuration can be destroyed
where when either the reference atom or timg=1 atom jumps. In
B, the reference atom forms a tight pair with thg atom,
) i.e., my;=L-1 in Eq. (26b). In C, the tight pair does not
Ao= > |<Dl,m2| ' (269 involve the reference atom so,=m;+1 in Eq.(260). One
mp=3 term in each sunim,=L-1 in Ay, my=L-2 in By, andm,
=1 in Cy) corresponds to the destruction of a tight triad—
each such configuration can also be destroyed in two ways so
the factor 2 is appropriate for these contributions also. The
tight triad terms could be distributed differently amoAg
L-3 By, and Cy, e.g., the summation i, could start withm,
Co= > [Py madl? (260 =2 but thenCy would have to start withm;=2 to avoid
. vt overcounting, etc.
Similar assignments can be made for the remaining, de-
fined in Eqgs.(27), contributions to Eq(25). They are best
L-1 visualized in diagrams given in Fig. 2. These terms are due
A= > <I>*2’m2<131,m2, (279 to the tight pair breaking processes which contribute to the in
my=3 terms in the rate equations. In Fig. 2 the diagram associated
with A; shows the process in which tme, =1 atom tightly
ot . paired with the reference atom jumps out to site 2 creating a
A=eay Py, P1m,-1: (27b)  configuration withm;=2. The spectator atom, can be any-
my=3 where except at site 2 which is needed to accept the jumping
atom(i.e., m, runs in the sum froom,=3). In Eq. (273 the
factorsCID*Z’m2 and(I)lm2 correspond to the final and the initial

configurations, respectively. Similarhy, in Fig. 2 refers to
the process in which the reference atom in the same initial
L-3 configuration as forA; jumps counterclockwise to the site
— oka * L-1. The spectator atom, being @p—1 in the initial con-
% mlzzl q)ml'L_Zq)mlﬂ’L_l' (279 figuration, can be anywhere except at the sitel which
accepts the jumping atorgi.e., m, runs up to and-—1 in-
L-1 . clusive). The initial configuration is represented HM’mZ_l
Ci= X P2 m,Prm,-1m, (276 while the final one corresponds tD;mz because with the
mp=3 reference atom jumping counterclockwise the positions of
both remaining atoms increase by 1. The phase factor
exp(-ika) is associated, as always in the in terms, with the
counterclockwise jump of the reference atom. T B,
C,, andC, are interpreted in a similar way. They correspond
A simpler final expression will be obtained shortly but it is to the remaining two ways in which two out &f=3 atoms
worthwhile to interpret the earlier results first. First of all, we can be paired in the initial configuratiaqin C, and C, the
note that each sum in Eq&26) and(27) hasL-3 terms.A,,  reference atom is a spectator which does not jump so these
Bo, and C, are related together to(3-3) rate equations two terms do not have any phase fagtor
similar to Eq.(20) with the ratel’ in the out terms while all The interpretation provided in the two earlier paragraphs
terms in Eqs(27) are related to the remainingl3-3) equa-  would suffice but further simplifications are possible. Physi-
tions with I" in the in terms, like Eq(21). Altogether, the cally, the reference atom is not in any way privileged so
matrix 6M(k) has &L—3) nonvanishing matrix elements out several contributions listed in Eq&6) and (27) should be
of the total numbef(L-1)(L-2)/2]? of them. equal to each other. Indeed, using the periodic boundary con-

SM(K;L,N=3)
1w 2(Ag+By+ Co)+ (A + Ay +(By +By)

L-1

L-2
Bo= 2 @y 4%, (26b)

m=2

m=

and

L-3
By = >, q):'nl,L—ZCDml,L—li (270
1

m=

L-3
Co= 2 Py mys2Prmymys (271)
1

m=
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o] o] o]
3 o) 3 o] 3 o)
O2 Oz Q3
© o] o]
.1 1 O1
my-1@ my+1@) m@
A B o C
2 2 2
L1 o] o)
.L—1 OL—1 (f
0] o]
OL—2L , . OL—2L , R OL—2L . o
oY% o ©7 8 o o785 o
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dition in Eq. (9) and the fact thaﬂ)ml,qu)mz,ml:q’—m - the sum to allow for the jump of then; atom fromm;=1 to

=®_, |, (Which requires to extend the definition of M=2. The diagram labele®, in Fig. 2 accounts for all

®,, - to include negative and/or not ordered indices—stil| Contributions due to jumps in the counterclockwise direction

keepingm, #m,) one can show thaf,=B,=C, and that 2 similar way. In faCt’(Bl_BO)*:Al_AF’ but it is conve-

among the remaining contributions the ones corresponding grent for that What follows not to use this property yet. The
the clockwise jumps are equal to each other and are equal fyerall factor 3 in Eq(28) can be traced back to the number
the complex conjugates of all contributions corresponding t§' Ways two out of three atoms along the ring can be ar-

the counterclockwise jumpsA,=B,=C,=A,=B =C.. We 'anged into a tight pair.
get JUMPSA=B2= 2= A= 51=0 In order to deal with the BHM and the BWM interaction

models(cf. Fig. 1) for N=3 we note that a special role is

SM(k;L,N=23) played in Eq.(28) by the termsm,=3 in the first sum and

W:?’[(AI_AO) +(By—By)] m;=L-3 in the second one. Referring to the diagrafs
and B, in Fig. 2 we see that these terms correspond to the

L1 X processes in which a tight pair is broken and another one is
=3| 2 (Ppm,~ Prpm) P, simultaneously formed. The rate of such a procediisthe
mp=3 WDM interaction model but it isT in the remaining two

L-3 models in Fig. 1. Consequently, in such models, these two
+ > (<I>ml,,__2—<I>ml,|__1)*d>mlv,__1 . terms should be isolated from the sums in E28) to be
my=1 multiplied by T-W rather than byl’-W. The contribution

(28) due to the jumps occurring at a ra&in the BWM interac-
_ _ tion model can be easily written following thé®dg,
To get this result we have noted that the summation aver -, )"®,, rule. For example, the contribution due to the

in the definition ofB, in Eq. (26b) can run fromm;=1 to  counterclockwise jumps, represented by a diagram
m;=L-3 becauséd;, 4|*=|® __,, 4| The important point

is that the only contributions to be considered Aje Ay and [s0] < *x03... *m, - A,
B,-By and we can ignore the contributio® andC, and
their diagrams from now on. is 32an_2i4 (q)l,mz_(DZ,mz) d>zlm2, while the diagram for the

In fact, the diagrams in Fig. 2 originally intended to rep- clockwise jumps is
resentA; andB; may be reinterpreted now to represent, re-
spectively,A;—A, and B;—B,. namely, with each of these [*... *my - OL-3"L-2 o 1],
two diagrams we associate the contributions of the type
(®go— ;) @y, Where the subscripts in and “fin” represent, giving 3= 2,(Pr, | 1= Pry, 1 -2) Py - The subscripts de-
respectively, the initial and the final configuration in such anote the distance from the reference atom represented by the
diagram. The contributions must be summed over all posleftmost ¢, whilee represents sites which must remain unoc-
sible positions of the spectator atom. The diagram for  cupied, and the linear diagrams should be folded into a
example, takes care of all contributions due to jumps in thesircle.
clockwise direction with the reference atom tightly paired We conclude this section by providing the explicit results
with the m;=1 atom in all initial configurations. The third for SM(k;L,N=3) and corresponding to it correction to the
atom, m,, is merely a spectator whose all possible positiondiffusive eigenvalue for the WDM model for the lattice gas
contribute additively to the final result. Summing over its consisting ofN=3 particles. Performing the summations in
positions one must leave site 2 frée., excludem,=2 from  Eq. (28) we get
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SM(k;L,N=3)/(T - W) L-4
AP =N E (P, L2
ka ka r o MM
=-6 2+8(L—4)cosz(—> sin2<—), M- M-2=
2 2 ord
(29) - q)ml,. . .,mez,L—l)*(I)ml,. CMy_pL-1 (32b)

which, together with Eq17) and (24), results in o . ) .
9 asLn (29 The contributions due to th€ andR transitions are listed in

ka Appendix D in Eq.(D1). Note that for theT transitions one
2+8(L—4)COSZ(E) K spectator atom is fixed at,=3 [Eq. (D1a)] and atmy_,
S\NK) =— 4T - W) ,n2<_a) =L-3 [Eq. (D1b)] in the A- and B-type contributions, re-
L-2)(L-3 2 spectively.
(30) As before, each of thB-type contributions is a complex

conjugate of the corresponding contribution of tyfpeThe

actual evaluation of these expressions is simplified by the
B. GeneralN fact that in the differences in the round brackets in £§8)
and(D1) all terms depending on the summation indices can-
cel out. Our goal, however, is to recast these expressions into
3 form from which generalization to more complicated inter-
action models and to higher dimensional lattice gases can be
easily made.

At this point using the componentB; becomes incon-
venient. Recall that the combined subscrigim}
=[my,...,m,...,my_1] denotes a configuration in which the
ith atom is at a distanam,a away from the reference atom in
the clockwise direction. Equivalentlyy, can be understood
as a lattice position occupied by tita atom withi =0 refer-

For generalN the evaluation oféM(k;L,N) for the

illustrated forN=3 in Sec. Illl A. In fact, the result in Eq.
(28) can be immediately generalized. Rdratoms arranged
along the ring there are exactyways of pairing two neigh-
boring atoms into a tight pair. Therefore, the factor 3 in Eq.
(28) is replaced withN. The contributionA;-A, is repre-
sented by a diagram similar to tig diagram in Fig. 2 with
the only difference that the spectator atam is replaced
with N-2 ordered spectator atorfisy,,ms, ... ,my_1] occu-
pying sites from 3 td_—1. Similarly, B;—Bg is represented °. N )
by the B, diagram with the spectator atom, replaced with fing to the reference_atom at a S'mb._o' Qo!ng bf%c!‘. o
N-2 ordered spectator atorsy, ... ,my_,] occupying sites Dy hoyveyer, we notice thgt the Igadmg linits defl!’uuon in
from 1 toL-3. Therefore, the summations in E&8) over Eq. (12) is just an exponential e)@.p{kamo) corresponding to
m, and m, satisfying the condition &m,<L-1 and 1 the referenceT atom. The remaining terms account fqr the
<m,<L-3, respectively, are replaced with the orderedp_h_ases c_ontrlbuted by the remaining atoms du_e to their po-
summations over all thesi-2 indices satisfying, respec- sitions Wlth re_spect to the refe_rence atom. It is, therefore,
tively, the conditions 3m,<my<---<my_;<L-1 and 1 convenient to introduce a function
sm<m,<---<my_,<L-3. Generalized in this way,
- A, and B, - B, contributions will be referred to as the con- fimn, =€kl 4 gikamy grikany (33
tributions of typeA and B, respectively. o

In order to deal with the BHM and the BWM interaction . . _
models (cf. Fig. 1) for generalN we have to follow the thh'C? the nurgzezhof sub_s<|:r|ptse|rfs equal tol thednu_mber of
procedure described fdt=3 in the paragraph preceding the gugzg ?ég(lza E e[(Cg)p]eCI?n C?ris'mln\c,)\ltz?ioe:\reivg '?}g\%
one containing Eq(29). For the transitions occurring at a P — 9. ' 0 I alh,
rate T one has to extract the terms with in whioh=3 and MMz My-y~ ' Omym,,..my_y- DNE CAN NOW TEPIACe &im S
my_,=L—3 from the contribution# andB, respectively, and N EG-(32) W'(tg the ap(g)ropnaté s. This results in Eq(343),
deal with them separately. Dealing with the transitions occurP@low, for Ar™. In A;™ we use the identityf s mesnes,...
fing at the rateR in the BWM interaction model is also =exp-ikasf 5, for s=3 to shift all subscripts by +3.

easy—as shown in that paragraph. The result is After renaming the summation indices+3— m,, they run
over exactly the same values as in #ype contribution.

SM(K;L,N) = (I - W)(A® + AP+ (T-wW) (AW + AP) The last subscriptd,+1 andL+2 can be replaced with 1,
N and 2, respectively, using the periodic boundary condition
+(R-W)(AR" +ARY), (31 (9), and then shifted to the first position. One gets &eb)
for A(FB). The summation limits in both contributions are now

where the typéA andB contributions due to th€ transitions
exactly the same

are, respectively,

L-1 L-1
Ag“A) =N E ((I)Z,mz,...,mN_1 A%A) =N 2 (]‘O,Z,rnz,...,m,\‘_1
Mmy,...My-1=4 My,...My-1=4
ord ord
- q)l,mz,. . .,mel)*(Dl,mz,. Mgt (329 - fO,lmz,. . .,mel)*fO,l,mz,. oMo ? (344
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3. 0 o 34 0 o @ © o
2 4 o] 2 4 o} 2 4 o}
1 A o 1 (A * 1 @ o . . .
o Ar N-2 0 Ar N-3 0 Ag N-2 FIG. 3. Graphical representation of contribu-
atoms atoms atoms tions to Eq.(31). The diagrams in three columns
o L1 L ® L b provide a transparent interpretation to expres-
o o o o) sions given in Eqs(34) and (D1). They allow,
o o o o o o o o o however, one to write the final expressions given
© © © in Egs. (35) by following a set of simple rules.
32 o 3 3 All N-2 or N-3 atoms within the environment
o] o o o o
2 4 ol 2 4 o) 2 4 o cell are represented by two small black dots. The
1 ] 1 o 1 ° sites (labeled 0, 1, 2, and)3and the spectator
A(B) N—2 A(B) N A(B) N—2 - I
0 r tor 0 t_r:n”s 0 R alores and the relevant participant atoms within the ac-
aioms ato tive cell are shown using somewhat larger sym-
o L1 ¢ O LA ° o L1 O' bols. See text for details.
o] ol o}
o] o o]
© 45 o © 5 o © o o
L-1 A B)_ * .
® AR+ AR=(fo= 1) (f13- fo ) D(4,2LN), (350
AF =N 2 (fl,smz,...,mN_l
My, .. My_1=4 where
ord L1,
- f2,3mz,. . .,mN_l) f2,3m2,...,mN_1- (34b) D(lan,;L,N) =N 2 . 1. (36)
. . i . my,...MN-n =
Both contributions in Eq(34) can be represented by dia- ord :

grams shown in two panels at the left hand side of Fig. 3.

The entire lattice is divided into two parts: an “active” cell The summation indices were renamed and the summation
consisting ofl,=4 sites, labeled 0, 1, 2, and 3, with=2  limits shifted with respect to those in Eq84) and(D1). The
atoms in it and the “environment” consisting of the remain-argumentd, andn, denote, respectively, the number of sites
ing L-1,=L-4 sites containing all remaininl—n,=N-2 and the number of atoms in the active cell. The precise
atoms. In the active cell an atofreferred to as a “participant meaning of the factaP will be given shortly[see text below
atom” from now on jumps across the line bisecting the cell. Ed. (37) later].

The initial occupation pattern and the jump direction in the ~Note that the factotfo ; 3=fo 29 is, in fact, equal tdf;
active cell corresponding m(FB>' [co« es], are obtained ~f2) but the form used in Eq(35b) is preferable for the

from those for the cell correspondingMA) [es o0],bya PUrPOSE of formulating the rules of dealing with an arbitrary
mirror reflection in this line. Now, almost all exponents in interaction model. These rules are summarized in the next

the round brackets in Eq&34) cancel out leavingf,—f,)" in section.

the typeA contribution and ¢f,—f;)" in the typeB. They

can be pulled outside the summation and upon adding both C. Summary of the general rules

contributions we encounter again the difference in which all ye generalize now the description already given and for-

terms depending on the summation indices cancel out leavqjate the general rules allowing to evaluate the numerator
ing just(fy 1—f, 9) which also can be pulled outside the sum. SM(k;L,N) in Eq. (17).

Consequently, no phase factors are left under the sum so the g5.h of the expressions in EB5) is represented by a
summation merely counts the number of possible Conﬁguradiagram in Fig. 3 which are constructed as follows.

tions of orderedN-2 atoms in the environment consisting of (1) The entire lattice is divided into two sublattices: an

L -4 sites. It is multiplied byN because any atom in the gas 4(iye cell and the environment. The active cell contaips

may be a participant around which the active cell is con—4ioms: one atom executing a jurfgalled a participant atom

structed. Exactly the same procedure can be applied to thgveen two sites across the line bisecting the cell mnd
contributions given ?n Eqs(Dl)_due to transitions occurring  _ 1 “spectator” atoms, whose presence cause the jump rate of
at the rate§ (for which the active cell has,=3 atomgand ¢ participator atom to differ from that of an isolated atom.
R. Collecting all final results we have The size of the active celi.e., the number of its sites,)
must be the smallest possible but large enough for the jump
B 2 AB)_ . _ rate of the participant atom to be independent of positions of
AP+ AR=(f = f) (fo1—f29D(4,2ILN), (358 gl N—n, atoms placed within the environment.

(2) The initial occupations in the active cells correspond-
ing to the typeA andB contributions must be exact mirror
images of each other with respect to the line bisecting the
jump path of the participant atom. The sites within the active

(35b) cell are labeled by consecutive integers which can be arbi-

AP+ AP=(f,- 1)) (fo1.5- fo29D(4,3L,N),
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trary but must be the same for both diagrams representinge used to evaluateb®(k)-SM(k)-[P**®(k)] {or even
the typeA andB contributions. ®T(k)-M(k)-[P"@d(k)], see Ref. 28 with P better ad-

(3) The number of the spectator atommg;-1, within the  justed to the actual equilibrium occupations than assumed so
active cell should be varied from one up to the maximumfar. One such example will be considered in Sec. IV.
number which can be fitted within it without inhibiting the
jump of the participant atom. Each topologically inequiva-
lent arrangement ofi,—1 spectators in the active cell must
be considered separately even if they might correspond to the The environment factoD(l,,n,;L,N) [defined in Eq.
same jump rate. (36)] must be divided by the normalization factaf(L,N)

(4) With all that the factor multiplying the difference be- [cf. Egs.(17), (31), and (35)]. Evaluating them one has to
tween the unperturbedV and the actual transition rates assure that all atoms in the system are tagged and distributed

D. Results

T, T, R, etcyis among the lattice site in some specific order—evaluating the
A 2 AB) _ * ® number of possible configurations of the system one is not
A+ AT =Dl a5 L N)[Fart sin = Fpart.find allowed to consider configurations obtained by switching po-

(37) sitions of two atoms. In other words, amoNgifferent con-
figurations corresponding 8 atoms occupying specific sites

The first factor, D—given in Eq.(36), is a product ofN  on the lattice only one is legitimate—the one in which the

which accounts for the possibility that any of tNeatoms in  order of atoms is consistent with conditi¢s).

the system can be selected as a participant atom around It is worth to note here that the restriction imposed by

which an active cell is constructed and the ordered sunfabeling and ordering the atoms in the lattice gas may be

yielding a number of all possible configurations in which entirely removed from the considerations. When the ordering

N-n, atoms may be distributed amorg-|, sites of the is ignored the number of configurations increase and the nu-

environment provided that no permutations of the atoms arenerator D(l,,n,;L,N) and the denominato/V(L,N) get

allowed[i.e., the atoms are tagged and placed in the environmultiplied by (N-1)! leaving the ratio unchange@f. Ap-

ment in a particular order—we stress that the sum in(B§.  pendixes C and E for more detgil§his is a minor point in

is orderedll. D will be referred to as the “environment this work but it becomes important when the method will be

factor.” applied to a two dimensional lattice gas for which ordering
The remaining two factors in E¢37), referred to as the of atoms would be, at least, inconvenigot. Sec. \.

“active cell factor,” are the only ones which contain the in-  Using Eqgs.(C13) and(E1) we get

formation about the structure of the active cell and the par-

[f(A) _ ng)

occ.in cc.ind

ticular process occurring within it. Here, “part.fin” stands for L-1,

the label of the site occupied within the active cell by the DU L.N L noL.N N-n
participant atomafter the jump while “occ.in” denotes a col-  Q(l,,n,;L,N) = (oot ):9( aaiLiN) a.
lection of labels of all occupied sites within the cbkfore NML,N) N(L,N) (L_ 2)
the jump. Eq.(33) should be used once the indices corre- N-1
sponding to “part.fin” and “occ.in” are identified. (39)

(5) Each contribution given in Eq37) corresponding to
a particulal’ aCtual transition rate must be multlplled by theEntireQaa'na; L,N) W|” a|so Sometimes be referred to as an
corresponding difference of the unperturbed jump rate angyironment factor. On the right hand side we use the quan-
the actual rate, the results must be adfifdEq. (31)] and  ities 0 and ®, defined in Eqs(C2) and in the paragraph
divided by the normalization facto¥(L,N) to yield the cor- containing Eq(E2), respectively. They differ from\" and D
rection S\(k) to the diffusive eigenvalue of the rate matrix jn this respect that the restriction imposed by the ordering of
M(k) [cf. Eq. (17)]. atoms[cf. Eq. (5)] is removed.

The active cell with four sites is sufficient to assure for all  |n the most general interaction model considered here,
interaction models considered here that no atom in the envBWM, the corrections\ (k) to the diffusive eigenvalue of the
ronment affects the jump rate of the participant atom withinrgte matrix consists of three contribution®y(k), o\1(k),
the active cell. The participant atom needs two sites,StBn  and s\x(k) corresponding, respectively, to the special rates

be equal 2 or Jthe minimum is 2 because the active cell T, T, andR. Using Egs.(17), (31), (33), (35), and(38), we
must contain at least one spectator atéfrizor n,=2 there

are two topologically inequivalent arrangements of specta-

tors with respect to the initial position of the participant atom 5\ (k) [ka ka) (N-1)(L-N-1)
so, according to the Rule 3, botktype diagrams witm, T-w =-16 sm’-(;)co§<z) L-20L-3 °
=2, [*e—oco] and [ce —oe], together with theirB-type
counterparts must be considered even wRer" (the latter (393
drops out, of course, wheR=W).

The rules formulated above apply also to interaction mod- _ N
els for which the interactions have longer range than in the Ne(K) (N- (L =N 1),
models considered here. In such a case the active cellwould ~R=W L-2)(L-3
be comprised of more than just four sites. The rules can also (39b)

=+8 sir?(k—za)cos(ka)
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\1(K) (ka\(N-1)(N-2) val of coverages whef, T, andR do not differ too much
T-W it E)m (399 from the rateW, e.g., at high temperatures. An important
feature of the model considered so far is that the equilibrium
A few observations are in order. correlations are assumed in it to be the same as in the non-

(i) The rules formulated in Sec. 11l C can be also used tainteracting lattice gas. The mathematical expression of this
get \g(k) for the noninteracting system. The active cells offact is that all components d?¢? are equal to each other
type A and B, [e—~<] and [c« ¢], respectively, so the (setto 1. In the section to follow we investigate a case in
k-dependent factor igf,—f,)"(fo—f,)=—4 sirf(ka/2); the  which accounting for nontrivial equilibrium correlations is
cells have ,=2 sites andh,=1 atom so the ratio in Eq38)  mandatory.

is e_qual to 1. After mu!tlply|ng_ by one gets exactlyky(k). V. APPLICATION: STRONG REPULSION

(i) For the WDM interaction mode{I'=T, R=W) the BETWEEN NEAREST NEIGHBORS
sum of contributions given in Eq$39a and(39b) yield the
result which forN=3 reproduces Eq30). For N=1 all cor- We consider now a special case in which atoms at neigh-
rections vanish, as expected for an isolated particle migratinforing sites repel each other very strongly. ConsequeRtly,
over the lattice. FON=2 we geton(k) =0, as expecteccf.  <I' (cf. Fig. 1) and, assuming weak final state interactions

Fig. 1). (R=W) and using Eq(2), we haveT=I'>W=R. In the
(i) ForN=L-1 bothd\p(k) and S\g(k) vanish and, us- WDM interaction model(i.e., the initial state interactions
ing Egs.(13) and (390 we get only) the ='s are, in fact, sharp equalities and the distinction

‘ betweenR andW and betweerd” andT is kept only for the

a . o o .
_ —_ —_ . o KA purpose of identification of the atomic jump types. Our aim
M) = =2ok) + Ahalk) 4 sz( 2 ) (40 is to postulate a suitable candidate fy,, in Eq. (10) and

L , ) evaluate the diffusive eigenvalue using the rules formulated
which is exactly the same as\g(k) but with T replacingW. i, sec. 111 C.

This, in fact, is the exact result because forL—-1 we ef- i 5 convenient in what follows to consider the vacant
fect|_vely have an isolated hole migrating over the lattice withgjies a5 occupied by holes treated as particles. The starting
the jump rater. point is the case of half coverag@=0.5), i.e., whenN

(iv) Thel" andR contributions show an atom-hole sym- _ ;5 The number of particles and holes is the same and the
metry (i.e., the symmetry with respect to thé—L-N re-  gnerqy is minimized when every second site is occupied by
placementwhile theT contribution is not symmetric, itis a 5 atom or, equivalently, every second site is occupied by a
monotonic function oN. Consequently, the entivek) does 1 51e. From now on, two atoms or two holes occupying
not have the atom-hole symmetry even for the simplestyeighboring sites will be referred to as a pair of atoms or pair
WDM, interaction model. Therefore, the approach presenteds noles, respectively. No such pairs are present in equilib-
here is capable of accounting for different migration behav+jym at 9=0.5.
ior of interacting particles and interacting holes. This is an g, the case of strong repulsion afe-0.5 we have to
important observation: a very dense lattice gas of interactingqsider separately the cases in which the coverage is larger
particles can be considered as a rarefied lattice gas of holgg smaller than 0.5. The reason is a vast difference between
but the effective hole-hole interactions are not equivalent tqne limiting values of the diffusion coefficient fa#=0 and
the atom-atom interactions. The raftes quite special being  g-1 Wz and T2, respectively.
affected by interactions between three atoms while the rates
I' and R are affected only by the interactions between two A. Case6>0.5

particles only. Obviously, in models in which the interactions | ot the number of atoms be slightly larger than the num-
extend beyond the nearest neighbors, the role of many pager of vacant sitegholeg so the coverage can still be con-
ticle interactions becomes relatively more important andsigered to beg=0.5. Consider a configuration in which the
stronger asymmetry between behavior of interacting atomgioms occupy every second site except for “kinks” where
versus that for interacting holes is expected. Also, for lattice,yo atoms form a pair. Such kinks exist because the number

gases in two or more dimensions the number of particlegs atoms is larger than the number of holes. We limit atten-
affecting a jump rate of an atom is potentially larger so stronyion to a neighborhood of a kink

ger atom-hole asymmetry is expected.
The diffusion coefficient is obtained aska<1 limit of

N(K)/K?. Defining thg covgrgge:N/L and going to the limit Any of the two atoms at the kink may jump away at a fast
L—o, N—o keeping ¢ finite we get from Eqs(13) and  rate T breaking a bond and creating another ¢cie Fig. 1).
(39): Such an act moves the kink by a distaneeir2 either direc-
2_ o B _ tion. Any other atomic jumginvolving an atom away from
D(6)/a®=W+2(2I' ~R-W)¢(1 - 6) + (T-W)¢* the kink must create a pair of holgand an extra pair of
=W+22I'-R-W)8+[W+T-2(2I' - R)]¢°. atomg, for example

(41) ...®@0 ®0®0@O0®@ @O0 @O0 e e 0O @O0

©0 ® 0O e 0O @O0 e e 0 @O0 e 0 e 0 eo0

The result in Eq(41) should represent an accurate coverageand occurs at a rate which is much slower thai. Even if
dependence of the diffusion coefficient over the entire interthe disturbance created by such a jump may propagate fur-
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ther at a fast ratd the initial slow step is a bottleneck al- denominator\(k;L,N), which will depend ork this time,
lowing to ignore the configurations with two neighboring must be evaluated separately.
holes. These configurations aRéI’ <1 less likely than the Evaluation of the numerator in E¢42) is easy. We use
configurations in which every hole_ is se_parate(_i from anothegq. (37) and the result will be multiplied b§l. The active
one by at least one atom. Configurations with clusters otelis A andB are those given in the central panels in Fig. 3,
more than two holes or with more than one pair of holes arg g | [+s —,0s] and [+o« ++], respectively. The remaining
evel,-lrg I$sskl_|kgly. Therefore, ?lffusmg IS dlif to the randomy, 4 pairs of active cells in Fig. 3 are disallowed because they
walk of a kink, jumping at a azst_ rat Zat adistance@ so oyt hole pairs either before or after the jump. The environ-
the diffusion coefficient isl(2a)=4Ta". The only configu- ment factorD(I,n,;L,N) (I,=4,n,=3) is formally defined
rations involved, referred to as they‘pair” ones in what in Eg. (36) Witrili’thaé d,iffere;ce ,tr?at the summation is onl
follows, are those in which there are no pairsholes(thus d- . , . S y
over the @-pair configurations. The sum is still ordered and

the subscripth). Configurations in which only one pair of ! ; ) i
holes is present in the entire system are denoted, fyal, the result is equal to t_he number of the@air conflg_ura_\tlons
of the environment in whichlN-3 atoms are distributed

etc. Recall that thémjth component ofP®dis, up to a com- ) . , |
mon multiplicative factor, equal to the probability of the con- @M0ngL -4 sites. This means that in arrangiNg-3 atoms
figuration{m} in equilibrium. Therefore, the components of long a line at most one hole can be placed between two
Ped corresponding to the ,@pair configurations dominate neighboring atoms. There can also be at most one hole at the
over all the remaining ones which are at leR§F' <1 times edges of the environment because both active cells have at-
less probableP® is also|[cf. discussion later EqA2)] an ©ms at each edge. Consequently, there (&e3)+1 bins
eigenvector ofM(k=0) and if terms proportional to the slow (spaces between atom®ach one capable of accepting no
ratesW and R were to be ignored in this matrix then all more than one hole from the total numkierN) -1 of them
components NP9 except the @pair ones would vanish (because one hole is already in the active)c@he number
identically. All O,-pair components could be set equal to 1of possibilities is(,2,) and the numerator in E¢42) is
because these configurations are equally likely in equilib-

rium. -

The earlier considerations suggest how to sef¢@tand M+(k;L,N) =—-4T sin2<@>N< N-2 ) (43
®,,(k) in the variational expressio(l0) for the diffusive 2 L-N-1
eigenvaluex(k). The former should be as close R5Y as The denominator
possible so we choode,,, to have all @-pair components
equal to 1 and all the rest equal tdthe overall normaliza-
tign is irrelevant because it ?s takgn care of by the denomi- NK;LN) = [Pe@(K)]" - [PE®(K)]
nator in Eq.(10)]. We denote itPg% In ignoring all but On
On-pair components the important role is played by the fact => (1 +ekam 4 ... 4 gkamygy 2 (44)
that transitions between,{air configurations occur atfast m
rateT. We can set to 0 all matrix elementsdfk) which are ord

proportional to the slow rat&/ and the fast raté’ because

they correspond to transitions in which-pair configurations cannot be evaluated exactly this time. The sﬁf;q} denotes
are neither the initial nor the final ones. We can set to zero ord

also those matrix elements which involve the slow rRte here the sum over all,@air configurations. It implies that
because these transitions take the system from@al con-  apart from the ordering conditiofEq. (5)], extra conditions
figuration to a }-pair one which we ignore anyway. The

resulting matrix, denotedi(k), contains only rates. m <2,

Next, we choos@, (k) to be the same as before, i.e., itis
®(k) with its components given in E¢12). We see that the
product Pg°®(k) has all Q-pair components the same as
those ofd(k) but all the remaining ones are 0. The product
M+(Kk) -[ P9 (k)], is now a one column arrayproportional to My-1 =L -2, (45)

T) having only the @-pair componentsthe rest are Pbe-

cause all transitions between thefair configurations occur must be met to assure that the distance between two consecu-
solely at a ratd. Consequently, only the,@air components tive atoms is not greater thare2i.e., that each hole has
are relevant inb!_ (k) in both the numerator and the denomi- necessarily occupied sites as its neighkjéne first and the
nator in Eq.(10), i.e., <I>$a,(k) can be replaced there with last condition in Eq(45) assure that also the reference atom

my—-m=<2, fori=1,...N-2,

[P (k)] has no more than one hole at each of its gidéke number

PR |T - M-(K) - [PEDB(KR)] Mo(k:L.N) of terms in such a sum is equal .fQE'.N)—the number of

Ak = [Po ®@(K)]" - My(k) - [Py ®( )]= TGLN) ways in whichL—N holes can be distributed amofgbins
[PS (k)" - [PS(K)] N(k;L,N) (i.e.,N intervals between consecutive atoms arranged along a

42 circle) each one accommodating at most one hole. Using
condition(9) and indexing the atoms to the left of the refer-
The numeratorM(k;L,N) can be evaluated using the rules ence atom by negative integefs-1,-2,... forwhich m,
formulated in Sec. Il C to evalua®@'(k) - SM(k)-®(k). The ~ =m_j; <0, one can showcf. Appendix B that
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N IN-D2 [0y than the number of holds—N) some terms at the right hand
Nik;L,N)=N ( ) + > ekam || (46)  side of Eq.(50) correspond to the configurations with more
L=N/ N | fmp holes than their actual total numbierN.
j#0 ord Inserting Eq.(50) into Eq.(47) and substituting the result

for odd N. For evenN the sum runs fromj=-N/2 to into EqQ.(46) one end_s up with asum of a geometric progres-

j=+N/2-1, excluding j=0. The first term in the square Sion Of terms at the right hand side of E§0) summed up to

bracket is, in fact, due to thp=0 term extracted from the J=(N=1)/2 plus its complex conjugate due to negatj\e

sum in the next term. The upper limit is spurious due to the approximation error
Unfortunately, the expression in E@6) cannot be evalu- mentioned beIow_Eq(SO) and should be extended to for

ated exactly and approximations are needed. Note the ord®> 1. The resultis

of summations in Eq46): the summation over the configu-

rations must be done firgtf. discussion below EqF2)].

One focuses attention first on a fixed atgjti, say, adds all N LN) ~ N( N )

phase contributions due to its positions in all configurations T L-N , . o[ ka i '

scanned by the inner summation. Doing that for each atom 1-p) smz<3> +p sirf(ka)

one adds the results, as required by the outside summation.

For each atongeachj) the result of the summation over the (59)

(r:é);l_f;l?urt?;o?r?trlzalljnci%f;ne;il’ 2€§:Zg;e\i(véisapr?{%){(:}na§ thl%\Iote that\ depends now oR, in contrast to the result in Eq.

. ! . . (C13.
explikamy) over all configurations to replace the summation Inserting Eqs(43) and (51) into Eq. (42), using 8=N/L

over the configurations with a multiplication of the averageang Eq.(49), we geth=(ka/ 6) for ka<1 andN>1, i.e.:
by the number of the configurations

. [ ka
p(l - p)sm2<5>

0 T

Eh ikary z( N )(eikam»{m} @7 D(0)/a®= 5, for >05. (52
L-N '

{m}

ord This is a surprisingly simple result. F&#=0.5 we get the

expectedD=4Ta and for #=1 we haveD=Ta® which is

also expected because at full coverage isolated holes jump at
a rateT at a distancea. It is worthwhile to compare the
above result with the result in E¢g41) which was obtained
assuming that every configuration satisfying conditibnis
equally likely. ForT=I" andW=R the latter gives

The average is different for each consecutive atom, for
eachj). Consider the first atonj,=1. If there is a hole be-
tween it and the reference atonwee.., thenm;=2, other-
wise, foree..., we havem;=1 (the leftmost ¢ denotes the
reference atom The corresponding phase factors are
exp(2ika) and expika), respectively. Therefore

(ghamy = pe?ka+ (1 - p)ee, (48) D(9)la“=W+(T-W)6(4 - 30), (53
where in which one can ignor®V for W<T (we keepW in because
the above expression is valid also fé«< 1). For 6=0.5 we
p= L-N - 1 1 (49) get, not surprisingly, a very different result than from Eq.
N 6 (52) because in Eq53) the equilibrium correlations present

around half coverage are entirely ignored. Fee 1, how-

is the probability that there is a hole between any two Con'ever, both results predi@=Ta? and the same slope F2f

secutive atomgbecause there are—N holes andN bins

(intervals between consecutive atoinsapable of accepting D().

at most one hole. For the second atgm2 there are four

possibilities: o ... with m,=4, contributingp? exp(4ika); B. Case#<0.5

coee... and e~e... with m=3 contributing together (1 Superficially, one might argue that the approach presented

—pexp3ik); and eee... with my=2 contributing (1  jn the preceding section applies also 0.5 and the only
-p)? exp(2ika). The sum of these three terms is just a squarenodification needed is to interchange the role which the
of the right hand side in Eq48). These considerations can holes and atoms play in the considerations. This would re-
be extended and the result is place 6 v;;th 1—02and T with W in the final result giving
ika — (pat2ika _ etikay il D(6)=We/(1-6)=. Unfortunately, such an approximation

(€ m = (P4 (1 )T, (50 misses contributions t® which are of the same order of
where the minus sign in the exponent corresponds to neganagnitude as those which are preserved.
tive j’'s. The error in this approximation is due to the fact that To see this clearly it is best to start with considerations,
the actual probability of having a hole between any two con-analogous to those at the beginning of the 0.5 subsection,
secutive atoms depends on that how many holes were abut for coverages now slightly less that 0.5. The kink is now
ready used to fill spaces between earlier atoms whereas formed by a pair of holes and the;-Pair, 1,-pair, Z,-pair
Eqg. (50) this effect is ignored. In particular, foy>L—-N  configurations are those containing none, one, or two pairs of
(which is possible because the number of atdiris greater  atoms As before we start with the @air configuration:
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ceo0scsceccececececs defined in the second line of E(R7), is equal —4 sif(ka/2).

_ ) ) o The environment facto®, counts all the configurations in
having a kink formed by a pair of holes. Any atomic jump \yhich the environmentL-4 siteg containsN—1 atoms and
leading to the translation of suph a kink in either Q|rect|on —N-=3 holes with the restriction that no two atoms form a
occurs at slowrateW because it involves jumps of isolated nair The active cells have a hole at each end so in the envi-
atoms at either side of the kink. This suggests the diffusion,nment the sites immediately adjacent to the active cell may
coefﬂment_equal to _Waz. _Comp_etlng f'itom|c jumps, how- accept an atom. So, we hate-N—-2 bins among whichN
ever, creating atpair configurationwhich also contains an - _1 atoms can be distributed with at most one atom per bin.
extra pair of holep for example The corresponding number of configurations must be multi-
plied by the number of holed. —N) because each hole in the
system may be chosen as the hole to be filled by the partici-
occur at a rateR (creation of a bond without braking one pant atom in the active celii.e., there ard.—N ways of
which is as slow a¥V. Once the system is in gZpair con-  selecting the active cgllCollecting all this together we get
figuration it can either get back into g-Pair configuration at  the contribution due to th@/ transitions to the numerator in
a fast ratd’ or get converted into other,dair configuration  Eq. (10):
at an equally fast raté. Although the }-pair configuration is
still R/T" times less probable than g-pair configuration, the Mufk:L.N) = — 4Wsin2<@>(L _ N)(L -N- 2)
fact that the transitions between differentair configura- Wit = 2 N-1
tions are as slow as the occasional excursions into a fast path (55)
along 1-pair configurations does not allow to ignore the
1,-pair configurations. Consequently, the variational candi-Of course, the contribution in E¢55) can be obtained from
date forP"3" should have all 3pair components equal to, EQ. (43) for #>0.5 by interchanging the role of atoms and
say, 1, all 1-pair components equal ®/T", all 2,-pair com-  holes, i.e., by doing in it the replacementé+ (L—N) and
ponents equal tgR/T)?, all n,-pair components equal to T—W.

(R/T)", etc. The active cells containing two atomfste« ] and

To estimate the relative magnitude of components ofee— °<], correspond to the transitions from gGair to a
M(k) -P¥@" we note that, in general, the transitions lowering 1,-pair configuration, occurring at a rae The environment
the number of the atomic pairs in the system occur at the fagtasL—N-2 holes. The number of bins among whibhk-2
rate I, the transitions which do not change the number ofatoms are distributed is now equal to the number of holes
atomic pairs occur at an equally fast rafe(except for because only one of two environment sites adjacent to the
0,-pair — 0,-pair transitions which occur at the slow rate edge of the active cell may be occupied by an atom. We get

..0.0Q0.0.00.0.00..O.__.,

W), and the transitions increasing the number of atomic pairs K L_N-2
by one occur at the slow rate. Consequently, am,-pair Mg(k;L,N) = +8R Sinz(—a>cos(ka)(L - N)( )
component of\i(k) -P¥®, for n#0, is a sum of terms of the 2 N-2
following orders of magnitude: (56)
[M(k) - P"ar]na~ - (T+T+RO[(RD)"+TO[(RT)™ Not surprisingly, thek-dependent active cell factor is the
. et same as in Eq39b) because the active cells shown earlier
+TOL(RT)"] + RO[(RMT)™] are the same as in the rightmost panels in Fig. 3.
~ TO[(RI)"] ~ WO[(RIT)™1], (54) The next active cell also contains two atoms but corre-

sponds to reverse transitions, from aghir to a Q-pair con-
while [M(k) -P"ar]oa is of the order ofW. We see that the figuration:[ee — co] and[cc«+ <], which occur at the rate
0,-pair and 1,-pair components ofl(k) -P¥@" are of the same I'. This was already considered in the leftmost panel of Fig.
order W while the n,-pair components witm=2 are much 3 so thek-dependent active cell factor is the same as in Eq.
smaller. Effectively, alln,-pair components oP'® for n  (398. Now, however, the entire contribution must be muilti-
=2 could be set to zero. As before, we chodsg(k) to be  plied not only by the ratd” but also byR/T" because the
®(k) with components given in E¢12). The fact that not all  probability of the initial }-pair configurations is smaller by
nonvanishing components &2 are equal to each other this factor than the initial @pair configurations in the previ-
requires contributions due to various types of the active cell®us two cases. The environment factor is the same as in the
to be weighted by the probabilities with which the initial Preceding paragraph and we get

configurations in such cells occur. This will be done in detail R ka ka

later. Mp(k;L,N) = - 16r<—>sin2<—>cos?(—)(L—N)
The simplest active cell contains only one atom and three I 2 2

holes. The type#\ and B are[co«eo] and[ce —oo], re- L-N-=2

spectively, with the transitions indicated occurring at the rate X( N=2 ) (57

W. Such an active cell, with one only participator atom, was

not considered in Sec. Il because it would result in the con- Finally, the active cell with three atomgeo < ¢ ] and

tribution Ag(k) which in Eq.(17) was explicitly extracted at [¢e — o], correspond to transitions from a,-pair to a

the beginning of the considerations. The active cell factorl,-pair configuration occurring at a rate They were already
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considered in the central panel of Fig. 3 so the active cell 1000 - - - -
factor is the same as in EB9c). The contribution must be
multiplied by the rateT and by the probability factoR/T’
corresponding to the initial jApair configuration. The num-

ber of holes in the environment lis-N-1 but the number of

bins among whiciN-3 atoms are distributed is only—N

-2 because both sites in the environment adjacent to the 190
active cell cannot be occupied by an atom. The resultis

R ka L-N-2 g
MalliLN) = 4T(r)s'n2( 2 )“‘ N)( N-3 ) e
A
(58) ol
Note that each contribution listed in Eq55)—(58) is, effec- ]
tively, of the ordenw. &

To evaluate the normalizing denominator in E#j0) we AT b i Aand, S aan gy ad
note first that the right hand side factor of the dot product, g 3
i.e., P¥®, (k), has 1-pair components which ar&/T ! ;w‘l‘“‘ . . .
times smaller than its @pair components, while the weights ! 0 0.2 0.4 0.6 0.8 4
of all components in the left hand side factor, i@, (K), 0

are the same. Consequently, the contribution due to the

1,-pair components iR/I" times smaller than that due to the ~ FIG. 4. Comparison ob(6)/W&, Eq.(52) for 6>0.5 and Eq.
0,-pair components and can be neglected. In this approxima80) for #<0.5 (continuous lines terminating &=0.5 with the
tion we get forN<L/2 the expression faivik:L,N) which results of the Monte Carlo simulatiogoints. The simulations are
is the same as in the second line of E4g). The only dif-  done forR=W, T=I" with T/W=100(solid points, T/W=10 (open
ference is that the summation is over the configurations witfpoints, and T/W=2 (triangles. For the latter case the theoretical

no pairs of atomg0,-pair configurationgwhile in Eq.(44)— continuous Iin_e curve is from E@53). For comparisonD(a?/Wa2
valid for N>L/2—it was over the configurations with no oM Ed.(53) is plotted also fofT/W=100 and 1Qdotted lines.

pairs of holes(Oy-pair configurations The sum ofN expo-  getT— « so with the diffusion coefficient controlled by at
nential terms exg-ikam), including 1 which is =05 itis not surprising that the result is infinite. Therefore,
exp(—ikamy) can be replaced with the sumof-N exponen-  a better approximation scheme would require dealing with
tial terms in whichmg, ... ,m__-, are positions ofholes finite T near #=0.5. W note also that resu{63) has very
rather than atoms. This is because the sum of the exponentidifferent behavior than that in Eq60)—only the value of
terms corresponding to holes and atoms add up to zero athe diffusion coefficient ap=0 is the same in both but the
cording to Eq(C5) [a direct consequence of E@) resulting  slopes ofD(6) in these two approximations are very differ-
from the periodic boundary conditiondn other words, we ent.

get formally the same expression as ) with the roles We compare the analytic results for the strong repulsion
of holes and atoms interchanged. Therefore, the approxima@se, Eqs(52) and(60), with the results of the recent Monte
result is given in Eq(51) in which N andL-N are inter- Carlo simulation¥”?8in a one dimensional lattice gas with

changed ang is replaced with 1p [with p still being de- vastly different ratesV and T. The simulations were per-

fined in EqQ.(49) but no longer being smaller thar: 1 formed forW/T:O._Ol, 0.1, and O.Ethe_ latter cannot qualify
as a strong repulsion cgs®(6)/Wef is shown Fig. 4 as a
_ _ L-N function of coverage over the entire range from 0 to 1. As
MK LN=(L-N) N expected, the simulation results MfandT differing by two

orders of magnitude agree better with the analytic results in
(p- 1)sin2<@> Egs.(52) and(60) than those for the rates differing only by
one order of magnitude. The agreement between the analytic
Ka (59 and the simulation results extends, however, for more than
(p-1)2 sin2<—> +p sir’(ka) two orders magnitudéor #<0.5). For comparabl& andT
2 (T=2R) the agreement with the strong repulsion version of
the theory is poor but in such case the theoretical result in
Eq. (53) reproduces the simulation data quite well. The latter
fails, however, for the strong repulsion cases except, perhaps,
close to =1 whereD is close to itsf=1 value. This is
W understandable in view of the fact that the result in &)
D(6)/a = 1-20? for 6<0.5, (60) s effectively the perturbation theory result. Ne@x0 the
diffusion coefficient varies too rapidly with for any pertur-
which has a proper limit fo¥=0 but is not expected to be bation theory result to be reliable.
very accurate forg=0.5. In fact, the result diverges far The analytic result for the strong repulsion case has a
=0.5. The reason is simple—keepiigfinite we effectively  discontinuity at half coverage while the simulations merely

X

Adding contributions(55)<58), settingW=R and T=T,
dividing by NV given in Eq.(59), taking the limitka<1 and
L,N>1, setting#=N/L and using Eq(49), we get

125431-16



CHEMICAL DIFFUSION IN AN INTERACTING... PHYSICAL REVIEW B 70, 125431(2004)

predict a sudden change in the behaviorDd®) there. As  between nearest atoms is either broken or forrfied, the
discussed earlier, the discontinuitgind, in fact, the diver- jumping atom has at least one nearest neighbor either before
gence inD(6)], are related to the fact that in the analytic or after the jumj. It is easy to see that it is sufficient to limit
result for §<0.5 we effectively have — o« while W=~0 is  the active cell ;=8 sites. For example, a pair of active cells,

assumed fow>0.5. A and B, which must be considered for jumps along the
axis are
V. TWO DIMENSIONS
The variational approach used to evaluate the coverage
+oo_>oo—oo<_-o_(61)

dependence of the collective diffusion coefficient in an inter-
acting lattice gas can be easily generalized to the two dimen- ° ° ° °
sional case. In two dimensions the lattice gas may undergo a
structural phase transition at certain coverages. In principlexot shown are the sites in the four corners because they do
the information about the structural phase at a givemot belong to cell. Signs + and - remind that the contribu-
coverage—determined by the same interactions between thins evaluated due to the cél must be subtracted from
atoms which determine the actual jump rates, is contained ithose due to the cel. Only the participant atom is shown as
P9, the eigenvector ofi(k=0). Consequently, by a proper « and among the remainirlg—1="7 sitese in the cell at least
choice of P**—the variational candidate fdP°*—one can one but no more thaly—2=6should be filled with the spec-
build into the calculation the information about the structuraltator atomsn, varies betweeti 2 and 7. All possible occu-
phase and account for the coverage dependence of the diffgation patterns should be considered and all cases can be
sion coefficient within this phase. In this work we will, for classified agn,,ng,ng), i.e., by specifying the total number
the purpose of a demonstration only, limit our attention to aof the atoms in the active celh,), the number of bonds
Mo dimension.al anglog of Fhe case considered in Sec. lllproken(ng) and formed(ng) as a result of the atomic jump
.e., the case in which the jump rates are only moderatelyngicated by the arrow. Bothg and an additional lab&kay
modified by the atom-atom interactions. Phase transformag p ¢,...) may be needed to distinguish among several dia-
tion is not expected in this case. The work on cases in whicI@ramS with the sama,,ng, andng. The jumps along thg
the transformations do occur is in progress. axis are easily accounted for by adding to the expressions
The variational expression for the diffusive eigenvalue ofeyajuated from the diagrams the expressions obtained by in-
the rate .matrix is a ratio of the “expectation value” and aterchangingk, with k, [in the two dimensional cask is
normalizing denominatofct. Eq. (10)]. In both of them &  replaced by a vectdk=(k,,k,)]. The sites in the active cell
summation over the configuratiorien; is involved. In one  gre Japeled by specifying their position with respect to a
dimension the atoms in the system are tagged, fixed reference site which can be chosen arbitrarily. A con-
=1,2,...N-1, and their positions with respect to the refer-yenjent choice is, for example, such for which the sites oc-
ence atomyy’s, are ordered according to E). This or-  ¢ypied by the participant atom before the jump ara(at, 1)
dering restricts a set of configuratiofis admitted in the 574 4(2,1) in the left (type A) and the right(type B) cell,
summations. We have seen, however, that this ordering—raspectively, in Eq61): i.e, the(0,0) site itself which would

although convenient in deriving the rules listed in SecC.pq iy the lower left corner does not belong to the cell and is
Il C—is unnecessary when they are applied. Namely, t9,5: shown.

evaluate the denominato¥(L,N) in Appendix C we have The environment factor associated with a diagram

removed any restriction due to the ordermg right at the Sta”(na,nB,nF) is Q(1,=8,n,:L2,N) given in Eq.(38). Among

The result is an increase of t.he denom_lnator by a fa@tor the two remaining factors in Eq37), the first one is the

—1)!. We have also shown in Appendix E that when thesame for all diagrams and for the earlier described choice of

numeratorD(l,,n,;L,N) is evaluated, removing the restric- he reference site it is

tion due to ordering leads to its increase by the same factor

(N-1)! so the ratio remains unchanged. Consequently, one 1-

might ignore the ordering of the atomic positions within a [fg;)rt_ﬁn— féi)n_firj* =(X3Y-XY)" =

configuration right from the beginning without changing the

final result[cf. Eq.(38)]. This can be taken advantage of in

two dimensions where tagging of atoms is still possible butvhere X=exp(-iak,) andY=exp(-iak,). The second factor,

there is no easy way of ordering their positions with respecfgz)clin—fg?clm must be evaluated for each group of diagrams

to the reference atom. One can, however, ignore any orderingeparately. We note here that each of the factors depends on

scheme(and the restrictions imposed by it on the summa-the choice of the reference site but their product does not.

tions over the configuratiomnén the two dimensional case as  There are, in total, 39 groups of diagrams. One third of

long as it is done in both the numerator and the denominatathem contain oné-type and oné-type diagram'the occu-

of the variational expression. pation pattern is the same above as it is below the line con-
We consider a lattice gas on a square lattice of adsorptionecting the initial and the final site of the jumping afoffhe

sites with a lattice constaat As before, we denote by the  remaining 26 groups contain twatype and twoB-type dia-

jump rate of an isolated atom and consider a model in whiclgrams. For example, one of five possiljle,=5,ng=2,n¢

the jump rates differ fromV only when at least one bond =2) configurations is

X2y’ (62)
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TABLE |. Coverage dependent corrections to the unperturbed diffusion coeffdiehtdue to atomic
jumps breakinghg and formingng bonds of the jumping atom with its nearest neighbors. Each entry in the
table has to be multiplied b{I’'ng,n:)a%. The entries in the last line and the last column are sums of all
entries above it or to the left of it, respectively.

nB=O nB=1 nB:2 nB:3
ne=0 - 86(1-6)° 136%(1-6)* 66%(1-60)° 6(1-0)%(¢>-36+8)
ne=1 -20(1-6)° 9¢%(1-0)* 246%(1-0)° 130%(1-62  6(1-6)4(150-2)
ng=2 -77(1-0)* -66%(1-6)° 96*(1-6)° 86°(1-6) #(1-6)(150-7)
ne=3 —-46%(1-6)° -764(1-0)? -26°%(1-6) * #(56-4)

A(1-0)3(P-36-2) -6(1-0)%1560-8) -6*(1-6)(150-13) -6°(560-6)

. . . ° row (column). It is interesting to see that terms proportional
e o o o) lo 0 o w to ¢° and ¢° cancel out in such cases except fgy=0 or
n==0. Alternative specific models of the jump rates can be

used, for example such in which the rate does not depend on
o . . . the number of bonds formed but only on the number of
63) bonds broken and the number of nearest neighbors at the
barrier site which the atom passes through.
° ° ° ° As a particular example we consider the case in which the
only jump rates which are not equal ¥ are those in which
one, two, or three bonds are broken and assume that the
ok Lk .k .k rates,I'y, I',, and I'5, respectively, do not depend on the
- 8{3(5|n25x + sz_zx) - 4(s|n45x + 5|rf‘—2Y> number of bonds formed in the process. This case is a two
dimensional counterpart of the WDM interaction model in
one dimensior(cf. Fig. 1. If we further writeI";=yW and
assume thaf’,=v’W and I'3=9°W, which is a reasonable
. ) o ) ) assumption based on a thermal activation of the atomic
which must still be be multiplied b§2(8,5;L°,N). The final  jymps, then the diffusion coefficient is obtained by adding to
approximate result is obtained fka<1. In fact, only 15 out Wz the ng=1, 2, and 3 terms in the last row in Table |

of the total of 39 groups of diagrams must be evaluated bemyltiplied by W(y-1)a2, W(y2-1)a2, and W(y*-1)a2, re-
cause for many of them thi,,k )-dependent factor is the spectively. We get

same. For example, it is easy to see that the expression given
in Eq. (64) corresponds not only to the group given in Eq. D(6)/a®=W1+6(56-6)(1-)]1-61-y]. (66)
(63) but also a similar group in which the pair of atoms in the Presently,
top or in the bottom row are removédut not the lone atom
in these rows The resulting group is one of five possible
(3,1,) configurations and must be multiplied by
Q(8,3;L2,N). VI. SUMMARY AND DISCUSSION
The limit L2—o, N—c with the condition thatN/L?
=0 is a finite coveragg€between 0 and )laffects only the
environment factor. It is easy to show that in this limit

+
!
|
!

and results in thek,,k )-dependent factor

+4 sinz%‘sinzlfzx ~ - 6(ka)?, (64)

two dimensional models with strong repulsive in-
teractions and structural transformations are being investi-
gated and the results will be reported elsewhere.

We have applied a kinetic lattice gas model to investigate
diffusion in systems of interacting particles executing a ran-
dom walk among sites arranged in a regular lattice. Particle-

Q(8,n;;L3N) — 6% X1 - )", (65) particle interactions modify the inter site hopping rates and

affect a long range mass transport within the gas. We have

which for n, varying from 2 to 7 gives the coverage depen-designed a variational method allowing to derive an analytic
dence of the type(1-6)°" with n=1,2,...,6. Wepresent  expression for the gas densitgoverage dependent diffu-
the results in Table I. In order to get the correction to thesion coefficienD(6) for a wide class of the interaction mod-
diffusion coefficient due to all transitions breaking bonds  els. The diffusion coefficient is extracted directly from the
and simultaneously forming: bonds one has to multiply the master rate equations for the nonequilibrium probabilities of
expression given at the intersection of tigth column and  microscopic states of the system. Employing the microscopic
neth row by (T, .~W)a* wherel',_,_is the jump rate for equations as the starting point for the calculations is a feature
such particular jumps. The elemeni=n-=0 is not specified which distinguishes our approach from all existing ones in
because jumps which neither break nor form new bonds rethe literature which usually start from a hierarchy of equa-
sult in the coverage independent diffusion coeffici@y  tions for the averaged quantities like the local particle den-
=W&. If the jump rates depend only on the number of bondssity and site-site correlation functions. Consequently, we are
broken(formed irrespectively how many bonds are formed free of uncertainties associated with various truncation
(broken) then the correction can be obtained from the lastschemes used in these approaches.
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The main goal of this paper is to provide a detailed deri-in the set{m’} are equal to the corresponding ones{in}
vation of simple, intuitively attractive rules allowing to ob- minus(plus) 1 (moving the reference atom changes positions
tain the coverage dependent diffusion coefficient in an anaef all the remaining ones with respect tg. iThe lattice Fou-
lytic form. The derivation is presented for a one dimensionakier transform results in exg-ika)Wy (m P (K, t).
lattice gas but the resulting rules are provided in a form The k-dependent factor expika) can be incorporated

allowing for an immediate generalization to a lattice gas ininto the definition of the k-space jump ratesWimy, iy (K)
two dimensions. The equilibrium correlations present in theynich are just equal toWy g, in case (i) and

interacting lattice gas are accounted for by a proper choice oé ik P
L ) ; o a)W, , . In general
the variational candidates for the system microstates equmb—Xp(+I )W, vy 0 (iD). In genera

rium probabilities. This allows, in principle, to account for Wi im1(K) = Fr ey (O W ey (A1)
the structural phase transformations present in two dimen- .
sional systems. with Fiy my(0)=1 and [Fyy iy(K)|=|exp(+ika)| =1. For

In one dimension the method is applied to two cases: thé&l=2 for which{m}=m the condition|F,,,(k)|=1 is not sat-
one in which the interparticle interactions modify the hop-isfied but all essential conclusions listed later concerning the
ping rates only moderately and the one with strong repulsiveate matrix still hold. The matrix elements of tkespace rate
interactions capable of changing some rates by orders afatrix M(k) are then
magnitude. In both cases simple algebraic expressions for
D(6) excellently agree with the results of the Monte Carlo Mt 3 (K) = Wy gy (K) = B{m},{m/}E Wi (my, (A2)
simulations. Only the simplest two dimensional system—the {m'"}

one with moderate modification of the rates—is considere -
in this paper, mainly for the purpose of illustrating the appli-?Nh.ereé{f"}'{m’} 's a Kronecker delta equal to 1 only when all
' indices in{m} are equal to the corresponding ones{im}.

cation of the method in two dimensions. Diffusion in other_l_h ) tain . ted by th i
two dimensional systems, in which structural phase transfor- ¢ ‘€M con aininGm (v} is generated by the secotuliy

mations are expected at certain coverages, is now being if€'m at the right hand side of E¢B).

vestigated and will be presented in a future publication. In_equilibrium, the probability of the microstatec}
=[X;{m}] does not depend aX. The equilibrium probability

of the corresponding configuratidm} is P,. The detailed
balance condition foW; 1 implies a similar condition for
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Denoting W(k), W, andl'(k) the square matrices formed by
APPENDIX A the matrix elementsw{m},{m,}(k), Wi gy @Nd Fy i (K),
_ _ _ respectively, we see that and M(0) are real but not sym-
Essential properties of thiespace rate matrii(k) are  metric, W(k) and M(k) are not hermitian, whilé'(k) is her-

summarized here. The transition rates in the master®q. mitian. The same real diagonal matrix transformafiowith
do not depend on the position of the reference atofrsnd  elements

X', of the microstates involved, i.eW({c},{c"}) =Wm {m

[cf. Eq.(4)]. The transition rate®Vim, i, are equal tow, I, _ St ') A4
. An . ) U{m},{m’}——/T : (A4)

R, T, or any other rate which a particular interaction model \ P{r%}

requires.

In the first sum at the right hand side of E§)—the in  Which transformsW and M(0) into symmetric matrices, also
terms in the Master equation—one encounters several typdegansforms W(k) and M(k) into hermitian ones. Conse-
of transitions{c’} —{c}. (i) First, we have transitions leaving quently, the eigenvalues dil(k), denoted x™(k), are real
the reference atom in its original site so both microstétgs and one can show that*(k)'s are nonnegative for an.
and{c’} have the sam¥. The index corresponding in the set Otherwise, deviations from equilibrium would grow without
{m} to the jumping atom differs by +1 from the correspond- bounds. The formal proof is provided in Ref. 25 for0
ing index in{m’}. All other indices in{m} are equal to the only but it can be easily generalized.
corresponding ones ifm'}. The transition rat®V, (,y mul- ~ Let fé(")(k) and e“(k) be, respectively, the left and the
tiplies in this case the probabilitR({c’},t)=Pyyy(X,t) and, right eigenvectors oM (k) correspondm_g to the_e|g_envalue
after the lattice Fourier transforifY) is taken, the resulting ~\#(K). In order to use the usual matrix multiplication rules
term becomedV;y Py (K, 1). (i) Next, we have transi- €1 (k) must be understood as a single row arraiéié?(k)’s
tions in which the reference atom jumps in the counterclockwhile the components of* (k) are arranged into a single
wise (clockwisg direction fromX’'=X+ta to X. The corre- column. The rate matri¥l(k) is not hermitian so its left and
sponding terms ar®V;, «viPim(X£a,t) where all integers  right eigenvectors are not hermitian conjugates of each other.
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Instead, using the detailed balance condition one can®howhave done it in Appendix A above E¢A1). We split A
that X (k) into five contributions

(k) = U2 8@ (k) = [PEMT(k)]. (A5)

At the right hand side, the hermitian conjugate & (k)

converts it into a one-column array and complex conjugates
each its component which is then multiplied by the corre-The {=0 term is generated by the secafuiagona) term at
sponding component d?9 resulting in a one-column array the right hand side of Eq(A2), so it is proportional to

An, (B1)

NN

4
=2 AL (K.
€=0

[PERMT(K)].
From Eq.(A2) one gets

> My (0) =0, (A6)
{m}

_Cbml""'mN—l (the proportionality coefficient is equal to the
number of nonvanishing terms in the sum oyer’}). The
remaining four contributions in EqB1) are due to the first
term in Eq. (A2), i.e., A{m}:E{m’}F{m},{m’}q){m’}- The ¢=1
term accounts for jumps of the reference atom in the clock-

which is a mathematical consequence of the particle consewise direction (to the righy, i.e., creating microstates

vation. Consequently, there exists an eigenvalue \$3k)
which tends to zero ak— 0. This “diffusive eigenvalue”
accounts for chemical diffusion. The left hand side of Eq.
(A6) can be written a&®(0)-M(0) implying that the left
eigenvecto@?(0) of M(0) corresponding to x?(0)=0 has

all components equal to each other. The corresponding rigtgible
eigenvector contains as its components, according to Ec:[X;my, ...

(A5), the equilibrium probabilities of all configurations:
e9(0)=P°,

X {mH=[X;my, ... .my_4] from [X-a;{m'}]=[X-a;m
+1,... My +1]'s, soFyy my=explika) [cf. considerations
above EQ.(A1)]. Similarly, the =2 term accounts for the

jumps of the reference atom in the counterclockwise direc-

tion: Fym (my=exp(—ika). The term¢ =3 accounts for all pos-
transitions from the  microstates[X;{m’'}]
mi+1, .o my] to DX {mb=[X o my, .,
m;, ...,My_1]'s in which theith atom jumps in the counter-
clockwise direction. Similar clockwise jumps correspond to

The left eigenvectors are orthogonal to the right ones if¢=4. In both case& ; ;=1 and one has to sum contribu-

they belong to different eigenvalii@sand each eigenvalue
can be then evaluated as

BW(K) - M(K) - [PCBWT(K)]
(k) - [PeRMT(K)]

provided the left eigenvectors dfi(k) and the equilibrium
probabilitiesPy, corresponding td1(0) are known. In this
paper we approximate the diffusive eigenvalug®4k) by
evaluating Eq(A7) using plausible “variational” candidates
for 89(k) and P4 In the main body of the paper we denote
the diffusive eigenvalue afl(k) by A(k) skipping the super-
script ©=0.

_ )\(M)(k) =

(A7)

APPENDIX B

We provide a proof thatb(k) is a right eigenvector of

M(k) corresponding to Xxq(k) for the noninteracting system
with the site blocking, cf Eqg13), (12), and(14). Note that
M(k) is hermitian so the relation between its left and right
eigenvectors is a hermitian conjugation. Consequejufy
discussion below EqA6)] all components oP®? are equal
to each otherl\?](k) is given in Eqs(Al) and(A2) with all
nonvanishingWm, (wy's equal tow so, the left hand side of
Eq. (14) can be written adl -® (k) =WA(k) with the ratew
factored out for conveniencéy,, contains only the phase
factorsFyy, (). Recall that the composite matrix indémy}

is a set ofN-1 integeram;, i=1, ... N-1 ordered according
to the condition given in Eq(5). Each matrix element
An,....m,_, CanN be now identified by a careful consideration
of all transitions contributing to the annihilation or destruc-
tion of the microstatgd X;my, ...,my_4] similarly like we

tions from all possible initial configuratioqsn’} from which
the configuratiodm} can be reached.

A generic case is for the configuration{m}
=[my, ...my_¢] with m;#1 andmy_; # L-1 (the reference
atom has a free site at each its gided my#m_;+1 (i
=2,...N-1) (no two atoms occupy neighboring sites
Consequently, none of thd\2jumps creating the configura-
tion {m} nor 2N jumps destroying it are prevented by the site
blocking. We gefthe explicit reference to thie dependence
is suppressed

0 —
Agni,...,mN_l - 2NcI)ml,...,mN_la (B23)
A%i Mg ika(I)ml+1,m2+1,. ST g1+ Prn g
(B2b)
(2) — ok — ik
Aml,...,mN_1 =g @ mi-1my=1,...my -1~ ee-1 +q)ml,...,mN_1v
(B2¢)
N-1
3) —
Aml,. M- - = (I)ml,. . .,I'ﬂi+l,. - M-
=1-e"+ (N-2+e™ Dy, o,
(B2d)
N-1
(4) -
Aml,...,mNﬂ_ - (Dml,...,mi—l,...mN_l
=1-e+(N-2+)D, o .
(B2¢)
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Except forA% in Eq. (B2a) the collective subscript ob in Doty = Py, (€7@ DeTem,
the first form given denotes the initial configurati¢m’} (B6)
from which the configuratiodm} can be reachefin Egs.

(B2d) and(B2e) we have a sum over all such initial configu- ey summing this over ali’s with i #1,1+1,... ]+n-1
rz_it_ions]. The final exp_ressipns were obtain_ed using the defiyne first term gets multiplied by the number of teriisn
nition of @y, , given in Eq.(12). Adding all expres-  _1 in the sum while the second term contains the sum expo-
sions at the right side of EqeB2) we see that all terms not pentials excluding the atoms within the clustexcept the
containing® and the terms proportional td cancel out and  |ast ong which, using Egs(12) and (B4), can be converted

we get into
o ka
Aml,...,mN_1 =-4 SW?(E)CDml,...,mN_l(k)a (B3) -1 _ -1
S etmzo, . -1-3 et
as expected if Eq(14) is valid. _ i=1 j=0
What remains is to check if the same result is obtained for ~ '#M*1....J+n-1
Ay corresponding to configuratio{sn} which do not sat- (B7)

isfy the condition given above E@gB2). We consider now a
configuration {m}=[my, ... ,my_4] in which my#1 and Combining Eqs(B6) and(B7) we get
my-17# L—1 (i.e., the reference atom still has a free site on its

both side but we allow for a tight cluster ofi+1 atoms to N-1

occupyn+1 consecutive neighboring sites. The cluster starts Afﬁ)“__,m = <I>m1,___,mi+1,.._mN_l

with the Ith atom(counting from the atom next to the refer- v i=1

ence atombeing at a distancema away from the reference i#l1+1,...J+n-1

atom. The atomsn; and/ormy_; may or may not belong to n-1

the cluster(I=1 or |+n=L-1, respectively, when one of =(1 _e—ika)(l +2 e—ikam+j>

them doeg Consequently, the sequence Nf1 integers j=0

_[ml, ...,My_4] contains a ;ubsequence m# 1 consecutive +(N-2-n+e™d_ | (B8

integers{my, M1, ... ,Mynl, i.€., 1 TIN-L
myj=m+j, forj=1,2,...n. (B4) which replaces Eq(B2d) in this case and reduces to it for

— ; (4 . .
The cluster is specified by its beginnih@nd lengthn. n=0. Exactly n .the same Wa&ml""'mN—l Is obtained. -Here
Starting now WithA© :Aif?i-- we note that the con- the summation in Eq(B2e) must exclude all atoms in the

. . (m} TN-1 cluster except the firgthe leftmost one. The result replac-
figuration{m} can be destroyed in less thaN %vays because ing Eq. (B2e) is

n-1 atoms inside the tight cluster cannot be moved and each

of the two atoms at the cluster ends can move only in one N-1
direction instead of two. Consequently the number of pos- A - s ®
sible ways of destroying the configuration ifN22(n-1) R - Myre ML Mg
—-1-1=2N-n) and we get i£1+1042,.. J+n
(0) - _ — n
Amlv---va—l =-2N n)(I)r’”l"“'mN—l' (BS) =(1 —e‘ka)<1 + 2 e—ikam+j)
j=1

which replaces EqB23) in this case.
The contribution:aAfoi’.__’mN_l andAﬁiy___’mN_1 are due to the +(N-2-n+ed,,

creation of the configuratiopm;, ... ,my_4] due to the jumps ) ,

of the reference atom. Fon, # 1 andmy_, # L—1 the refer- The results given in Eq¥B2b), (B20), (BS), (BS), an(_d

ence atom is not restricted so both contributions still ardB9) have to be added and the E@4) used for atomic

given by expressions in EqeB2b) and (B2c), respectively. positions within the cluster. The terms not containing

Turning toAfﬁ)’“ we note that it is still defined as a _~ M- -Mn-1 cancel out and the result is again the same as in

LN H . .
sum Eq.(B2d) wlith tﬁel restriction, however, that the terms Eq.(B3). This proof holds, of course, when the configuration

have to be excluded which would result in two identicgb one unoccupied site. The special case in whig 1 can be

in the subscript ofb. This excludes from the sum the initial analyzed in a similar way. Here the reference atom cannot

SV%T;SUSSES”S tvr\:gh;};l:ggé It?]gvnlchrl g;etgg i?ttg s;g;n iediump to the right nor could have arrived from the right so
Py g P @ 1:O and the contributions A(n?) and
; -

by theith atom. In other words, the sum in E@2d) must Ty - Mgy Mg
excluden terms withi=1,1+1, ... ]+n-1 corresponding to Ay, ..., , &/S0 get modified. The result is again E&3).
all atoms in the cluster except the lg#he rightmost one  For my_;=L—-1 similar situation occurs but, in addition, the
which could have arrived from the site further to the right. periodic boundary conditiof®) must be utilized. This com-
Using the definition ofP’s in Eq. (12) we get ment completes the proof of E(l4).

(B9)

MN-1

[my, ...,m\_4] contains several clusters separated by at least
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APPENDIX C

We derive here the expression for the normalization facto
L-1

>

my,- - My-1=1

ML,N) = ®'(k) - D(k) = |

(C1)

for generalN. The summation is over all possible values of
N-1 ordered indicesm, ...,my_4] allowed by the condi-

tion in Eqg. (5). If N-1 integers in the sequence
[my, ...,my-1] were not ordered but still were different from
each other then, as seen from EtR), (I)ml""'mN—l(k) would

be fully symmetric with respect to arbitrary permutation of
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function ofk but, as we shall see, this dependence disappears
pue to the periodic boundary conditi¢®).

The quantitiesA, B, andC can be evaluated by deriving
first the recurrence relations for each of them. We provide
some details forA(L,N). To make the expressions a bit
shorter we denoté,=exp(—ikam). From the periodic bound-
ary condition(9) we get

L-1

AlL,2) =D e

m=1

L-1
kam= > fn=-1, (C5)
m=1

for all values ofk allowed by Eq(9), except fork=0. Using
Eq. (C4b) we get for A(L,N) the following sequence of

indices in the subscript. This allows to replace the ordere@qualities

sum in Eq.(C1) with the non ordered one havingN-1)!
times more terms and divide the result @y-1)! to com-
pensate for the overcounting. Thu&{(L,N)=9t(L,N)/(N
-1)! with

L-1

>

my,...My-1=1
(#)

N(L,N) = |(1+ eikam 4 ... 4 e‘ika”N—l)|2_

(C2)

The(#) symbol below the sum reminds that for each term in
the non orderedN-1)-fold sum over[my, ... ,my_4] each
index may assumany value from 1 toL-1 except values
already assumed by the remainihg-2 indices Expanding
|...J> we get

M(L,N) = {NC(L,N) + (N - D[A(L,N) + A"(L,N)]

+(N-1(N-2)B(L,N)}, (C3)
where
L-1
cLN= > 1, (C4a
my,...My-1=1
(#)
L-1 L-1
ALN= X etm= X e,
my,- . My-1=1 my,. .- My-1=1
(#) (#)
(C4b)
L-1
B(L, N) - E e—ika(mi—mj)
my,...My-1=1
(#)
L-1
= > gikamymyy) (C40)

my,...My-1=1

(#)

The final forms in Eqs(C4b) and (C4c¢) are obtained by
renaming the summation indices in the original form. In
principle, each of the earlier quantitied, B, andC, is a

L-1 L-1
A(L,N) = E ( E me_l) - fm1 - _me_2
my,.. . My_p=1 my-1=1
(#)

=-C(L,N-1) - (N-2ALN-1). (C6)

The expression following the first equality is obtained by
extracting the innermost sum ovex_; from the sum in Eq.
(C4b), letting its summation index to assume all values from
1 uptoL~1 and subtractin§-2 termsf,,,i=1,... N-1to
compensate for the resulting overcounting. The expression
after the second equality follows after using EG5) to re-
place the expression inside the round bracket with -1 and
using then Eqs(C4a and (C4b). In effect, Eq.(C6) is a
recurrence relation foA(L,N) valid down toN=2. A recur-
rence relation, C(L,N)=(L-N+1)C(L,N-1)—valid also
down toN=2, is obtained in the same way f6XL,N) from

Eq. (C4d. Together withC(L,2)=3F*1=L-1 it gives

(72

(L-1)!

CLN= 2N

(C7

Where(':):m!/[n!(m—n)!] is a binomial coefficient. The
recurrence relatio®C6) can be solved by its repeated appli-
cation to its right hand side. The result, using Eg5) and
then Eq.(C7) gives

N-2

_ 1\
A(LN)=(-DNN=-2)! [1+2 %C(L,€+1)]
=1 .
_ (L=
©(L=N)!
__C(LN)
== (C8)

To get the last result in EGCB8) one of the sum rules for the
binomial coefficients was usefl\We see thaA(L,N) is real,
as expected from EqéC4b) and (9).
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A similar procedure can be applied BiL,N). The recur-

PHYSICAL REVIEW B 70, 125431(2004)

nominator V(L,N) in one dimension the restriction due to

rence relation can be derived which after introducing auxil-the ordering was removed right at the start by introducing its

iary functions

D(L,N) =[C(L,N) + A(L,N)]J(N- 1),

F(L,N) =B(L,N)(N-2),
has the same form as that in E.6):

F(L,N)==D(L,N)=(N-2)F(L,N-1),

but it is valid only down toN=3 becauseB(L,N) is not
defined for N<3, cf. Eq. (C4¢. With F(L,3)=B(L,3)

=—(L-2) the solution is

(N-1)! times larger “nonordered” counterpaf(L,N). The
only restriction remaining was that no two atoms may simul-
taneously reside at the same sitg m; for any term in the
sum in Eq.(C2). In two dimensions all calculations are done
without ordering to start with, so the appropriate normaliza-
tion denominator iD(L?,N) defined in Eq.(C14) later in

L-1
which the symbolZm;,...my_1=1 must be understood as the
(#)
sum over all configurations with the only restriction that in
each termm; # m; and that for anyi in the summ’ and m/
are not equal to zero simultaneoudisuch site,(0,0), is
reserved for the reference athniith these comments, the

N3 gy evaluation of the norm of the eigenvector proceeds along the
N -1 . el : )
FILN)=(-DNN=-2)! | L-2+ >, (€ +1) same lines as shown earlier in this Appendix and the result is
= ' L-1
‘ﬁ(LZ,N) - 2 |(1 +e—iak-m1 + oo e—iak-mN_1)|2
XD(L,€ + 2)] My,...My_g=1
(#)
_ (L - 2)' _ L2 -2
==(N-2) (2 = (N-2ALN), (C1D :N(N—1>(N_1)!' (€14
from which we get This is, of course, the sameindependent result as in Eq.
C(L,N) (C13) except that now the number of sited rather tharl..
B(L,N) =A(L,N) =- T-1° (C12  we will show in Appendix E that ignoring ordering in one

dimension increases the numerafmalso(N-1)! times[cf.
To get the final result in EqC11), results from Eqs(C7)  Eq. (E2)] leaving the ratio unchanged.

and(C8) were used in Eq(C99) to getD(L,€+2) and com-
paring the result with the intermediate result in EG8).
Using Eqs.(C7), (C8), and(C12) in Eq. (C3) we get

L=2' _ (L_2>:/\/(L,N)(N—l)!-

LN =N TN (N

(C13

This result, although formally derived fad=3 is, in fact,
valid for N=1 and 2 also. FoON=3, the earlier result agrees
with the results obtained by direct evaluation in E2g).

It is quite amazing that the earlier calculation proceeds
without major modifications for the lattice gas on a two di-
mensional square lattice. In this case the atoms are labeled
again(0,1,2,...i,...,N-1) with O denoting the reference
atom placed at the sit@, 0). Positions of all remaining at-
oms with respect to the reference atom are specified using
two dimensional vectors;=(m‘,m¥) with m*=0,1,... L
-1 with the restriction that bothm andmY cannot simulta-
neously be zero. The unnormalized eigenvector of the rate
matrix without interactiongbut with the site blockingis, in
this case, given by the expression formally similar to that in
Eqg. (12) in which kam is replaced withak -m;. Its compo-
nents®y,, are equal to the coefficients in the expansion of
P(k,t) analogous to Eqg(1l). In one dimension the atoms
were taggedi=1,2,... N-1, and an orderingEq. (5)] of
the atomic positions with respect to the reference atom was
introduced. Although tagging the atoms is possible also in
two dimensions, ordering;’s within a configuration{m} is
not. Evaluating, however, the “ordered” normalization de-
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APPENDIX D

The typeA and B contributions in Eq.(31) due to the
transitions occurring at the ratdsandR are

L1
AP=N X (P23m,. .

m,...My-1=4

- q)1,3m3,...,m,\‘_l)*q)l,3m3,...,mN_li (D1a

L-4
_ ((bml,...,mN,3,L—3,L—2
my,...my-3=1

ord

_q)ml,...,mN_3,L—3,L—1) q)ml,...,mN_3,L—3,L—1v (le)

L-1

A®=N 3

My, M-1=4

G —

ord

- (I)Z,mz,...,mN_l)*q)Z,mz,...,mN_la (ch)

L-4

AN S

my,...My-p=1

(P, my_pl-1

ord

- q)ml,...,mN_Z,L—Z)*q)ml,...,mN_Z,L—2- (Dld)
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APPENDIX E label ordering is arbitrary but which have the same overall

) _ occupation pattern. Therefore
To evaluate the environment factbx(l,,n,;L,N) defined

in Eq. (36) we consider a lattice gas consisting Mfatoms D(Iana;L,N) = (N= D!I'D(I5,n4;L,N). (E2)
placed inL sites distributed uniformly around a circle. The
system is divided into an active cell with sites containing
n, atoms and the environment with-1, sites andN-n,
atoms. The ordered surﬁh{l"a,_ymN_n in Eq. (36) may be

We see that this is the same relation as the one between the
normalization factorsV(L,N) and 9t(L,N) appropriate, re-
spectively, for the lattice with and without the ordering con-
o dition. Thi_s proves the first two equa!ities in E39). _
replaced with the sunih{l'a . [cf. below Egs.(6) and It remains to evaluat@(l'a,na;L,N) mdgpendent!y, W|th-
e out any reference to labeling and ordering. Specifisites
(C2) for the explanation of the notatiprdivided by (N within the active cell are occupied in each ®f configura-
-n,)! becauseéN-n, summation indices are permuted in all tions. The first among these sites can be occupied by any of
possible ways as the result of such a replacement. Using thél N atoms. For each such choice the next site can be taken

Egs.(C4a and(C7) we get up by one of the remainingl—1 atoms. Proceeding in this
way we arrive to then,th site which can be occupied by one
D(lgngL,N)=—C(L-1,+1,N-ny+ 1) of the remainingN—-(n,—1) atoms. Consequently, the num-

(N=ny)! ber of possibilities of getting, atoms to occupy specifia,

a
L-1, sites within the active cell iSN(N-1)-...{(N-ny+1)
=N N-n./’ (ED  =N1/(N-n)!. The remainingN—n, atoms must be distrib-
a

uted among alL -1, sites of the environment. The reasoning
is similar to the one just made with the role of atoms and

which complﬁtes the derivfafltion. h f i ith sites reversed. The first atom can get onto any oflthé,
We want, however, to offer a method of dealing with sys-gajjaple sites. The next atom has ohlyl,—1 sites avail-

tems in which no reference is made to any ordering of atomsja and proceeding in this way we see that the Idst
right from the start. We start with a somewhat different IOOk—na)th atom has only~I,—(N-n,-1) available sites Con,-
a a .

at t_he Iattlce gasin V\.'h'Ch atoms are tagged and_ ordered. Thseequently, the total number of possibilities of distributiig
lattice consists ot sites arranged around the circle. A cell _ ", =0 amonglL-I, sites of the environment is
consisting ofl, specific consecutive sites is selected as anthla) (L=1,~1)- -(L—Ia N+ 1) = (L= )1/ (L~ ,~N
active cell, while the remaining -1, sites constitute an en- +nl The a rodu.cltl e thg o Serived numbers isa oact
vironment.N atoms are then randomly distributed among a"’D(I “n n Np)' y
sites(N=<L) and then labeled=1,2, ... N starting with a artiar =

randomly chosen atom as 1 and proceeding in a clockwise NI (L—1,)! L-1,
direction. In this process a certain numbgr of consecu-  D(l5,n,;L,N) = | ;= ! ( )
tively labeled atoms ends up in the active cell determining (N=ng! (L ~1a=N+np)! N-n,
certain geometrical occupation pattern of this cell. (E3)

D(l,,n,;L,N)—given in Eq.(36)—is a number of all pos- which is consistent with Eq¢E1) and (E2).

sible nys.t In W.g']ChN I‘:}betlﬁd atoms can bt_e dlstr;?utedf The derivation leading to the result in E@&3) does not
amonglL sites with exactly the same occupation patteérn o require any labeling and ordering of the atoms. It does not

the active cell but with arbitrary occupation patter in therely on the one dimensional character of the lattice gas either

environment as long as atoms remain ordered .C.lc.’(.:kW'SSnd for the lattice gas in two dimensions one simply has to
along the circle. The sum in E¢36) counts all possibilities replacel. with L2

of distributingN=n, atoms among the -1, sites while pre-

serving the order of the atomic labels while the fadtbmn APPENDIX F
front of the sum accounts for the possibility that any of khe ) o
atoms can be the leftmost atom in the active cell. We want to prove EQ(46) starting from the definition

To remove the restriction due to the ordering of the(44)- Note thatN>L/2 and that the summation in E¢4)
atomic labels we fix the geometrical occupation patterrfUns only over such configurations of labeled and ordered
within the active cell but allow the atomic labels, both within 8toms in which distances between two consecutive atoms are
the active cells and the environment, form an arbitrary sen0t larger than & (O,-pair configurations
quence of integers. We denote By(l,,n,;L,N) the total For the purpose of this calculation we label the reference

1S PUTHDSE OF nowe X
number of configurations consistent with this requirementsat0M asj=0 with my=0. We then writd....|* in Eq. (44) as

Each one of theD ordered configurations considered in the @ Product of [explikamy) +explikamy) + - - +explikamy-,]
preceding paragraph gives rise to an arbitrary ordered corfimes its complex conjugate and expand the sum. The result
figuration by permuting the atoms in the former among theS Vk;L,N) being a sum oN terms labeled=0,1,... N
occupied sites. There aN! permutations buN among them —1. Thejth one is

are cyclic ones which convert an ordered configuration into op
an ordered one due to the cyclic boundary condition imposed > [gkatmomy) 4 gka(m-m) -y gkalmy-gmm)] o (F)
on the system. Consequently, to each ordered configuration {m}
there correspondll! /N=(N-1)! configurations in which the ord
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Consider a particular configuratigm}. In the exponents we To get the last result in EqF2) we have assumed thht
have the distances between tjte atom and all remaining is odd and note that instead of counting the atoms in the
ones in a given configuratiofm} with the distances in the clockwise direction ad,2,3,... N-1, we can count them
counterclockwise direction taken as negativg;-m; <0 for in the counterclockwise direction using negative integers
s=0,1,...j—1. Using the cyclic boundary conditiofeq. —1,-2,...,¥N-1) and consider the distances from the ref-
(9)], the negativea(ms—m;) can be replaced witla(ms+L erence atom in the counterclockwise direction as negative
—m;) which is positive and equal to the distance from jtie (m; <0 for j>0). The jth atom in the clockwise direction

to thesth atom counted now in the clockwise direction. Con-counts agN-j)th in the counterclockwise direction and the
sequently, the exponents effectively list distances from théum of distances to the same atom in both directions equals
jth atom to all remaining atoms in the clockwise direction inaL, i.e., mj—m;_y=L. Replacing thusn; with m;_y+L in all

this particular configuration. Summation oven} explores terms withj=(N-1)/2,... N-1, using the periodic bound-
all possible distances between fitie atom and all the others, ary condition[Eq. (9)], and renaming —N to j (being now
consistent with (-pair configurations. Théth atom is not Negative we get the final result in EqF2). The first term in
privileged in any way so the entire contribution in Egl)is e bracket in Eq(F2) (i.e., 1) gives the first term in the

the same for each Choosingj =0 with m.,=0 to represent square bracket of Eq46). In the second term in EqF2)
each of them we get one can reverse the order of both summations because each

term exgikam) for some configuratio{m} reappears for

[N N-1 . . . .
. some other configuration as &imamy.). This completes the
. — kal
NK;L,N) = N% (1 + gl ¢ nﬁ) derivation of Eq.(46).
ord ! Note that the restriction of the summation oen} to
o AN-12 O-pair configurations is irrelevant for the considerations
_ h am made in this appendix. Consequently, E46) (without Q,
= NE 1+ _ 2 el (F2) restriction above the sunis valid also forA(L,N) defined in
{m} j=—(N-1)/2 E C1
ord i q. (CD.
j#0
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